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SUMMARY 

As the result of extensive trajectory calculations it is found that when the 
hydrazine-oxygen propellant system is employed, a satellite carrying a payload of 
500 pounds may be established on a periodic orbit by using a rocket of about 85,000 
pounds initial gross weight. In order to achieve satisfactory duration an orbital 
height of 350 miles is recommended. The investigation shows that in this case a 
three stage rocket is best and that a maximum load factor of about 5 should be used 
for each stage. The study is presented in two parts. Part I consists of a pre
sentation and simplified discussion of the various parameters upon which the tra
jectory performance depends. Arguments are given to show how, for all practical 
purposes, it is best to use independent staging, constant mass flow burning, and to 
use the same v (propellant weight to gross weight ratio) and the same n(maximum load 
factor) for each rocket stage. The flight path control is accomplished by tilting 
the rocket which, since the axis of the motors corresponds essentially with the longi
tudinal axis of the rocket, provides a component of rocket motor thrust to give lift. 
Qualitative arguments are presented to show how it is best to have a trajectory which 
starts in the vertical, has a small amount of tilt beginning early in the flight, and 
has a long period of coasting occurring late in the trajectory. Finally a very use
ful simplified formula is derived giving the basic relation existing between the 
various trajectory parameters. 

In Part II the accurate equations of motion are presented, and the method of 
integration is discussed. The ultimate aim of the calculations is to determine 
the optimum trajectory for a three stage rocket as based on the best tilt program, 
best coasting arrangement, and the best value for the maximum load factor. Some re
sults are presented for different propellant systems, rockets having other than three 
stages, and for various orbital heights. Some attention is given to the questions of 
trajectory accuracy, orbital stability, and the descending trajectory. 

vii 
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February 1, 194-7 
.... : .... 

FLIGHT MECHANICS OF A SATELLITE ROCKET 

I NlRODUCfION 

The basic problem to be discussed in this report is that of establishing circular 
orbital motion about the earth in the equatorial plane with a rocket so that the 
rocket becomes a satellite of the earth, and which will therefore be referred to as 
a satellite rocket. Some of the general features of this problem have already re
ceived some attention in a preliminary report(t). However, since the present analysis 
has been organized in such a completely different manner, the presentation contained 
herein has been made complete in itself. 

The establishment of a circular orbit about the earth requires that the satel
lite rocket be designed to attain a final orbital speed of the order of 25,000 ft/sec 
in order that the force of gravity acting on the rocket will be exactly balanced by 
the centrifugal force resulting from the orbital motion. Besides the problem of 
achieving the orbital speed there is the even more important problem of determining 
the best trajectory to use in order to establish the orbit with a rocket having the 
least possible gross weight, and it is this aspect of the problem which forms the 
basic investigation presented herein. The investigation is divided into two main 
parts. The first part deals with the subject in a somewhat general and approximate 
manner which, nevertheless, yields some important simplified results. The second 
part contains a detailed trajectory analysis together with the results of the com
plete trajectory study. 

I. GENERAL CONSIDERATIONS OF PERFORMANCE AND DESIGN 

PARAMETERS OF A SATELLITE ROCKET 

Before taking up the analysis of the flight mechanics of establishing circular 
orbital[t] motion with a satellite rocket, it will be advanta~eous to first discuss 
the problem from a more general standpoint in order to become familiar with the funda-

(1) For references see page 89. 

[1]1'01" footnote, see page 2. 
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mental parameters which govern the motion of the rocket along a trajectory. The 
basic problem is that of establishing the orbit with a rocket having the least possi
ble gross weight, where the gross weight is defined as the total initial weight of 
the rocket, consisting of basic weight, propellant weight, payload, etc. The funda
mentals of this problem can be discussed from some relatively simple concepts. 

It is found that certain fundamental basic parameters connected with the struc
ture and operation of the rocket may be chosen, and that these parameters have certain 
optimum values corresponding to a trajectoryll] of optimum shape such that the re
quired gross weight is a minimum. The concepts and basic principles involved are 
discussed first in part I in a simplified and rather qualitative fashion in order that 
the more rigorous quantitative procedure in part II may be better understood. It is 
first necessary to introduce the concept of specific impulse. 

1. The Specific Impulse 

In rocket motor nomenclature, the materials which are burned are called the pro
pellants and consist of fuel and oxidizer. The high speed exhaust gases resulting 
from combustion of the propellants produce the thrust which drives the rocket. It is 
readily shown by use of Euler's momentum theorem that the thrust F produced by a 
rocket motor is given by the expression (1), (6) 

F = Iv J Fez 
(1) 

where the integration extends over the exhaust area, and where 

Vez = axial component of exhaust velocity relative to the nozzle exit 

do- :: element of exhaust area 

Pe = exhaust pressure 

= free-air pressure 

= element of mass of propellants flowing through the exhaust area of the 
nozzle per second (i.e., rate of mass flow of propellants through an 
element of exhaust area). 

It is seen, in general, that unless there is complete expansion of the exhaust gases 
to give PI! = Po' the thrust will consist of two parts, one part called the velocity 

[1J The ascending trajectory, usually referred to simply as the trajectory, is de
fined as the controlll!d part of the flight path over which the rocket mov~s and in 
addition any section of uncontrolled flight followed by more controlled flight. In 
general this will consist of the flight path when either thrust or lift forces are 
operating plus the flight path during coasting. The orbit is defined a~ the path of 
the motion which is established at the end of the trajectory, a path which is nearly 
repeated after each revolution about the earth. In the case of descending motion, the 
corresponding flight path may be referred to as a descending trajectory even thou,h 
there may be no control exercised on the motion. 

2 
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thrust and a second part called the pressure thrust. In the case of the ideal rocket 
motor in which there is complete expansion of the exhaust flow and the exhaust velo
city V, has no radial component (i.e., one-dimensional), the thrust is simply 

(2) 

where dapt/dt is the total rate of mass flow of propellants (2] • This equation shows 
how fundamentally the thrust depends upon the exhaust velocity. 

The thrust may be increased through the term d.pt/dt , since this may be made 
arbitrarily large simply by providing adequate means for delivering and burning the 
necessary amounts of propellants. This is not the case with the exhaust velocity 
which is more strictly a characteristic of the propellant used and is thus a parameter 
upon which the relative performance of different propellants might be based. For 
this purpose however it is customary to use a closely related quantity 1 known as the 
specific impulse which is defined by the relation 

F 
1 = (3) 

where gs is the standard sea-level acceleration of gravity[3], and where 1 is expressed 
in units of pounds of thrust obtained per pound of propellants used per second. It 
will be found, Refs. (6) and (9) that the specific impulse may be computed in terms 
of the temperature and pressure in the combustion chamber, the ratio of the specific 
heats, the molecular weight of the ejected gases, and the amount of expansion in the 
exhaust nozzle. Thus when the specific impulse is known, the thrust is given very 
simply by 

dm.Pt 
F = 8 .. -;;;-1 ( 4) 

2. Rocket Performance 

Let us now consider in an elementary fashion the motion of a rocket along a tra
jectory defined in a stationary two-dimensional rectangular coordinate system as shown 
in Fig. 1. For simplicity it will be assumed at first that there are no aerodynamic 
forces or forces due to the earth's motion so that the only forces acting are gravity, 
the thrust of the rocket motor, and centrifugal forces. If v denotes the speed in 
the direction of the tangent to the trajectory, the equation of motion of the center 
of mass along the path (traj ectory) is 

dv 
/It dt = F - /ltg sin e , ( 5) 

[2] It is convenient for the later developments to introduce the subscript t here to 
indicate that the quantity is variable with time. 

W a The T.lue 8, is the standard value of gravity, 32.174 ft/sec , used in converting 
from slugs mass to pounds weight. 
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where a is the mass of the rocket and e is the angle between the horizontal and the 
tangent to the trajectory (the angle of inclination of the trajectory). In the 
absence of lift forces, the corresponding equation of motion in the direction normal 
to the trajectory is 

tl 9 

- ag cos e + a-; cos e (6) 

where r is the distance from the center of th~earth to the rocket (see part II). In 
the equations of motion, g is the absolute value of the acceleration of gravity corre
sponding to the distance r of the vehicle from the center of the earth. Absolute 
gravity is distinguished from apparent gravity which contains the centrifugal force 
effect of the earth's rotation and which is less than the absolute value by this 
amount. Since the mass rate of change of the rocket is connected with the mass rate 
of propellant consumption by the relation[4] 

dm alA Pt = ---at at 
the specific impulse may be introduced by means of 

dnt 
F = - g-1 

. 'dt 

where am/dt 15 negative during burning, and Eq. (5) becomes 

am. av = - gl-- g sin Bdt . 
III 

F = thrust of rocket motor. 

e = angle of inclination of trajectory 
from the horizontal. 

Earth assumed not to rotate. 

SCHEMATIC DIAGRAM TO ILLUSTRATE MOTION OF ROCKET 
ALONG A TRAJECTORY 

flG I 

(7) 

(8) 

It is understood here, without using the subscript t, that. is a function of time. 
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Assuming as a first approximation that the specific impulse remains constant dur
ing the burning, the integration of this equation yields 

t f 
II. f ga1 log-i- - g sin e dt 
ft. 

(9) 

l 

where the subscript i indicates the initial conditions at the beginning of the burning 
period and the subscript f the final conditions at the end of the burning period. 
The length of the burning period is the difference t f - ti which will be represented 
by tb' This approximate equation emphasizes the two most fundamental parameters in 
rocket performance: the specific impulse, which depends in large part on the exhaust 
velocity, and the ratio of the total mass of the rocket at the beginning and end of 
the acceleration (burning), which depends upon the proportion of the total mass com
prising propellant mass. It is evident that any increase that can be secured in the 
values of 1 and mil"! will result in increased velocity gain of the rocket. Letting 
.p denote the mass of propellants consumed during the burning period, the equation may 
be written 

f:J.v edt. (10) 

Since the first term on the right is independent of time, it follows that the gain in 
velocity due to the thrust of the rocket motor for a given mass consumption of propel
lants is independent of the manner in which the burning takes place. The burning time 
t b, on the other hand, is strictly dependent upon the manner of burning and here one 
may distinguish between two fundamental cases: (1) burning with dmptldt ::: - dmldt ::: 
const. which by Eq. (4) gives operation at constant thrust assuming 1 does not vary, 
and (2) burning with FI"::: const. (i.e. l/m x dmptldt ::: -11m x dInldt ::: const.) which, 
by Eq. (5), gives operation at approximately constant acceleration if the secondary 
effects due to the inclination of the path are neglected. Before evaluating the burn
ing time for these two cases of rocket-motor operation, a quantity called the load 
factor is introduced. 

3. 1he Load Factor 

A parameter n t called the instantaneous load factor is now introduced by the 
defining equation 

dv 
+ g sin e . 

dt 

This defini tion follows automatically from Eq. (5), 

F ::: ~+ g sin B • 
" dt 

(11) 
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where it is convenient to express the total acceleration, or force· per unit mass, 
(dvldt + 8 sin e), in terms of the standard acceleration of Rravity 8 s ' When the 
only forces present are those entering into Eq. (5), the definition then also satis
fies the relation 

F = 
III 

(12) 

The maximum load factor occurring 1n any burning period will be denoted by n without 
subscript where 

= (ddVt + ., sm e' .. ').e1ll:., (13) 

which, with the same restrictions as for Eq. (12), also satisfies the relation 

(14) 

The quantity ng$ is the maximum force, per unit mass of rocket, which is exerted on 
the structure in an axial direction opposite to the thrust force F. It is the sum of 
the axial inertia force and the axial component of the ~ravity force. The load 
exerted on the structure at any instant is given by the product mnt8s and the maximum 
load will be g3 (mn t ).4%. For operation with constant thrust it follows that mntgs = 
canst. F, and since in this case the load exerted on the structure will be constant 
during any particular burning period, there will be no maximum load, although there 
will be a maximum value n for nt, On the other hand, for operation with E!1lI = const. 
there will exist, in general, in any particular burning period, a greatest value for 
the product mntgs ' 

4. The Propellant-Gross Weight Parameter 

In view of the fundamental importance of the ratio lfIi/llIj occurrinR in Eqo (9), 
it is found convenient to introduce a propellant-gross weight parameter l.J defined by 

v = (15) 

where K'p is the weight of the propellants and Wi is the gross weight [5] of the rocket 
(see section 6). From the direct proportionality between weight and mass, it follows 
from the notation used 1n Eq. (10) that v = Wp/Wi = IfIp/mi and Eq. (10) may be written 

6. v = gill log I :. v -. g sin 8 x t b (6) 

where to is the burning time and where for simplicity the integrand has been replaced 
by its mean value g sin e. 

[~J 
For a single stage rocket the gross weight is defined as the total initial weight 

of the rocket including the weight of the propellants. From the definitions it is 
seen that WPI mp. Wi, and mi are constants independent of time. 
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5. The &rning Times 

We may now evaluate to 1n terms of the parameters I. n. and v, for the two funda
mental cases of burning. 

Case L 

Burning with dmldt = const. (constant rate of mass flow of propellants) 
which, if 1 is constant, corresponds, by Eq. (7), to operation at constant 
thrust. In this case since F is constant, the value of Fl. is a maximum at the 
end of the burning period when m is a minimum, and therefore Eq. (14), nBs = 
Fl.,. The burning time is evaluated by integration of Eq. (7) which gives 

gsi 
to = F (Illi - .,) 

= g8
111

, llli ) 
F I\m.f - I 

Introducing the parameters n and v, this may be written 

1 v 
= 

n(l - v) 
(17) 

Case 2. 

Burning with FIII1 = const. [1/111 (dmldt) = const.] which corresponds approxi
mately to operation with constant acceleration. In this case since FI_ is con
stant, any value of Flm occurring during the burning period may be used in 
Eq. (13), and we have nBs = (FIII1).4%. = FIII1 = F,lm,. The burning time is evalu
ated by first dividing Eq. (7) by 111 giving 

F 

Assuming constant 1, integration of this results in the expression 

Introducing the parameters n and v, this may be written 

1 = -log _I_ 
n 1 - v (18) 

It may be pointed out that for the same values of I. n. and v, the value of to 
given by Eq. (18) will be less than that given by Eq. (17) for the range of 
values of the parameter V of practical importance. 

6. Orbital Speed and Staging 

1he problem of establishing a rocket on a circular orbit encompassing the earth 
is primarily one of accelerating the rocket to a high enough velocity, called the 
orbital velocity, which is determined by the condition that the centrifugal force is 

7 
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exactly balanced by the gravity force. The problem of guiding the rocket into the 
orbital path is secondary as far as the requirements of performance and design are 
concerned. Let us consider the limitations on acceleration imposed by structural 

. considerations. Using the following notation, 

Ws = basic weight, which includes all component parts except payload, 
rocket motor propellants, and auxiliary fuel. 

Wp = total initial weight of rocket motor propellants 

W
L

• = weight of pay load 

W, = total initial weight of .auxiliary fuel 

Wi = total initial weight, or gross weight :: IrS + Wp + Wp + IrL • , 

the propellant-gross weight parameter may then he written 

v = (9) 

Since Wp/Wi is extremely small and relatively unimportant compared to the other terms 
in this equation, it will be neglected for the present and the parameter v will be 
treated on the basis of the relation 

(20) 

The auxiliary fuel will be brought into the discussion later, Eqs. (77) and (78), 
where a quantity v* is defined in accordance with Eq. (19). Although large accelera
tion gives high performance, the associated large value of the load factor necessi
tates a heavier structure with a resulting higher value of the ratio WS/Wi' and, as 
shown in the Structure and Weight Report(3), in order to obtain optimum performance 
there is a limitation on how small IrB/Wi may be. Thus, since IrL • is constant, the 
limitation on Ws/W, sets a limit to the largest value permissible for v and therefore 
to the largest acceleration attainable. Likewise, as shown in the Liquid Propellant 
Report(9). there is a limitation as to how high a value can be attained for I. 

~ng to these limitations on I and v, it is seen from Eq. (16) that there is a 
corresponding limitation on how large a value may be obtained for 61i. Since the 
main problem is to establish an orbit with a rocket having the least possible gross 
weight, it follows that we must seek conditions (both launching and orbital) which 
will make the required 6v as small as possible. Accordingly, not only should the 
orbital velocity required be as small as possible, but also it would be highly desira
ble to launch the rocket with an initial velocity as large as possible. The idea of 
launching anything as large and heavy as the satellite rocket with an initial velocity 
is, of course, highly impractical and is dismissed immediately. Also, there is very 
little choice in, or control over, the magnitude of the required orbital velocity. 
However, we do have a choice in selecting the launching site, and in this respect it 
is found highly advantageous to have the launching take place at the equator with the 
trajectory directed eastward. 
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Although the rotation of the earth has been neglected in the simplified discus
sion of part I, it is evident that when the launching takes place at the equator and 
the trajectory is directed eastward, the fullest possible advantage is taken of the 
linear velocity at the surface of the earth due to earth's rotation. Launching the 
rocket in this manner at the equator makes the required change in velocity 6 tI as 
small as possible and the orbital velocity required with respect to the rotating earth 
as small as possible. Since the linear velocity at the equator is 1525 ft/sec, the 
required velocity 6 v is less by this amount than it would be for a non-rotating earth. 
This saving in required velocity change results in an important saving in the re
quired gross weight of the rocket. The importance of this saving may be readily 
appreciated by the fact that when the rocket is launched at the equator, the gross 
weight required is about 30 percent less than if it were launched at one of the 
poles. Launching at the equator also has an important additional advantage, for, 
since the orbit will then lie in the equatorial plane for which there are no north
south components of the Coriolis' force, it is then possible to maintain orbital 
motion in a fixed plane relative to the earth without the application of any forces 
to control the path. 

In view of the important advantages accruing from an equatorial launching of the 
rocket with its trajectory directed toward the east, this type of launching will be 
assumed in all succeeding discussion. However, in spite of the saving i~ gross weight 
resulting from an equatorial launching, it is still found that the largest value 
practically attainable for t:l v is not sufficient to accelerate a single rocket up to 
orbital speed. 

The only practical way of overcoming this shortcoming is to proceed on the basis 
of a staged rocket (multi-stage rocket), that is, a rocket which contains two or more 
rocket motor units which may be operated either simultaneously or consecutively and 
which are discarded when their propellants are consumed. 

7. Independent and Dependent Staging 

There are two basic methods of staging which may be referred to as independent 
staging and dependent staging. With independent staging the rocket motors are operated 
consecutively. As an illustration consider a two stage rocket. The primary rocket, 
which is the one to be established on the circular orbit, is carried along over part 
of the trajectory as the payload of a larger secondary rocket which furnishes the 
acceleration over the first part of the trajectory. When the secondary rocket has 
exhausted its propellants, and hence its usefulness, it is discarded; the primary 
rocket then continues to accelerate further under its own power, adding its own 
velocity increase to that imparted by the secondary rocket. In general, independent 
staging consists of an assembly of progressively smaller rockets each of which is 
carried as the payload of the preceding rocket. 

As an illustration of dependent staging, consider a three stage rocket. Initially 
this will contain three rocket motors which are all in operation over the first part 
of the trajectory. The arrangement is such that after a first part of the trajectory 
has been covered, one of the motors and its propellant tanks are discarded and the 
rocket continues with only two motors operating. Later a second motor and its pro
pellant tanks are discarded, and the final stage continues with thrust supplied by 
only the single remaining motor. Thus the motor in the final stage operates continu
ously over the whole trajectory. 
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In order to make a choice as to which of the two methods of staging is prefer
able, consider two staged rockets, one with dependent staging and the other with 
independent staging. Assume that both rockets use the same type propellants and 
rocket motors (and therefore have the same specific impulse I), have the same struc
tural load factors and structural weights (WB/W)i' and also that the thrust program 
(variation of thrust with time) is the same for each. Although not strictly justi
fied, if it be assumed at first that the rocket weight per stage is the same for both 
cases, it then follows from this, plus the additional conditions assumed above, that 
the trajectory and flight conditions will be the same in both cases although the 
manner in which they are produced will be different, since the rocket arrangements 
are different. Actually the combined weight of the rocket motors may be made less 
when dependent staging is used than when independent staging is used, and on this 
basis alone it would appear better to use dependent .staging since this would give a 
smaller initial gross weight. However, owing to the additional auxiliary equipment 
which would be required by this design, the actual net saving in weight, if any, would 
be small; and since a dependent staging design would be a much more complex one, it 
has been decided to adopt independent staging for the satellite rocket. 

8. Performance With Multiple Independent Staging 

Having adopted the independent staging scheme, the performance equation (16) may 
be considered again, this time from the staging point of V1ew. In the case of multi
ple staging the parameter v is defined for each stage by 

weight of propellants used 1n the stage 

gross weight of the" stage 

where the subscript j indicat.es the particular st.age[6] , With tnts nctati.o£l ices n'3 
longer necessary to use the subscript i to indicate the ini tiai total {gross} weight. 
Consider for example a three stage rocket, where the stages are indicated by the sub
scripts 1, 2, and 3. With independent staging the payload of one stage is the gross 
weight of the following stage. Thus 

(W~~l = ;a , (W~.) = ::' (W~'\ == 
WL , 

(2l) 
W 

1 II 3 

where the symbol WL, without numerical subscript is used to denote the payload in the 
final stage. From Eq. (20) it then follows that 

[6] 
When a particular stage is indicated by the subscript j, it will not be necessary 

to use any other subscript (auch as i) to indicate that it is the gross weight of the 
stage which ia involved. Thus in the expression (Wp/W)j' it is to be understood that 
W is the gro!!s weight of the jth stage. The expression Wi (or /IIi) is used to indicate 
the gross weight in a more general sense not pertaining to any particular stsge. When 
W (or III) hss no associated subscript, it ia then aimply the total weight and is vari
able with time. When it is necessary to indicate a quantity, in a particular stage, 
which is also variable with time, the subscript t will be used together with j as 
indicated by Wjt (or IIIjt ), for example. 
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1 - V 
1 

, 
= (':11 + (W~11 - (~11 

= f':)2 + t'~~ 2 = ~~12 + _3_ 
W a 

= t~) + ('~') 
3 3 

= (~1 
3 

This last expression may be written in the form 

'L I W If 
+-x-.!x-!... 

W t w 
1 a 3 

which. by use of relations (22). may finally be expressed in the form 

When v and ~B/~ are the same for all stages this may be written 

(22) 

(23) 

( 24) 

where W
1 

1S the initial gross weight. In the general case for N stages this gives 

( 25) 

For a staged rocket, the perfonnance equation (16) may now be written 

N 

L 
j = 1 

N 

.L 
J :: 1 

N 
log -:--_1_ _ \ 

- 'Vj L 
j = 1 

where the summation extends over all of the stages. 

g. sin 8· x tb. , (26) 
J J J 

If the rocket starts from rest ruld attains its final velocity vF without coasting 
(see section 13). it follows that 6. v = vF• I f coasting occurs over part of the tra
jectory and the change in velocity during coasting is t,v c• then t,v = vF - t,v c' 
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where 6 v c will be small compared to 6 v and is negative. If the final velocity at
tained corresponds to an orbital veloc1ty vorb .' which will always be the desired 
condition, then lIF :: lIor'" All discussions of 6 11 are to be thought of on this basis. 

Consider a fixed value given for 6 11 of such magnitude, including any coasting 
effect that is present, that it will permit the attainment of an orbital velocity, 
Le., 611:: 11 orb - 611 c' It will now be shown that when (WS/If) i and gj sin Bj are the 
same in all stages, i.e., ("S/If) j - "S/Wi , gj sin Bj = g Sln "8, a minimum value re
sults for the initial gross weight "i provided Vj has the same value for each stage. 
The method by which this is proved will be illustrated by treating the case of a three 
stage rocket. Assuming (WB/It)j = WS/"i ;;; ("B/lf)l = const. in Eq. (23), form the 
derivative d(ItLi/ltl) dV

1 
holding va constant, obtaining 

1 = 

Setting this equal to zero to satisfy the condition for a maximum in "L,/W
1 

(a minimum 
in If ), we have 

1 

elva 
1 - va - (~) 

1 
dv 

:: -
1 (.~) 1 - l.I -

1 

(27) 

1 

For a three stage rocket with g = const., Eq. (26) becomes 

[ 
1 III 

6 11 = g s I log 1 - V 1 + log 1 - va + log I - vaJ 

Perfonning the differentiation djdv , using d/elv = d/dv x dv /dv and remember-
1 1 II ~ 1 

ing that 611 is considered as having a given fixed value results in the relation 

( gs I dt" ) - g sin (J __ 1 

d 1 - 1/ dV
1 I = (28) 

elv (~ dt ). 
1 - g sin B~ 

1 - va dv 
3 

It is evident that the equivalent Eqs. (27) and (28) are compatible only if II = 
VI' and therefore this is the condition which must be satisfied if the gross weigtt 
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W1 is to be a minimum. In a similar manner it can be shown that minillUll gross weight 
requires that va = v.' Hence, if there are N stages. 

(29) 

is the required condition for minimum gross weight WI' in the special case that 
g sin 8 and Wslft are the same in all stages. This is an important result since it 
indicates that even in the general case, where g- sin Bj and (WsIW)- vary with stag~ 
ing, the values of Vj are not expected to be mar'edly d1fferent if {he conditiOn for 
minimum gross weight WI is to be fulfilled. What is finally desired, of course, is 
the optimum distribution of Vj with staging to give a minimum gross weight WI in the 
general case where the quantities in Eq. (26) vary from stage to stage. 

Actually sin 8j will vary considerably from stage to stage. It is apparent that 
in the first stage Where the trajectory is more nearly vertical, the term gj sin 8- x 
tbj will be relatively larger, compared to the thrust term g, 1 log 1/1 - Vj' thanJin 
the second and remaining stages. In this connection suppose that there 1S a given 
weight of propellants available for burning. Then it is seen from Eq. (26) that the 
greatest increase in velocity flv will result when relatively greater amounts of the 
propellants are burned over those portions of the trajectory where gj sin ej is rela
tively small. Therefore, as can be readily shown analytically, the optimum distribu
tion of Vj will always be such that VI < va < va .•• < vN' In other words, it is 
most efficient to burn relatively greater amounts of the propellants (in terms of the 
ratio v) in those stages where the burning can produce the greatest velocity increase 
as far as the retarding effect of gravity is concerned, that is, where the trajectory 
is relatively horizontal. In some preliminary investigations of an approximate 
nature it appeared that a decrease in gross weight amounting to about 10 per c en t 
could be achieved by a proper staging of v. However when a more accurate study was 
made, which included the effects of changes in shape of trajectory and variations in 
the values of (flslfl)j' the actual decrease in gross weight which could be achieved by 
means of a staging of v turned out to be less than 5 per cent. The investigation of 
the optimum distribution of v- among the various stages (optimum staging of v) has 
therefore proceeded far enoug& to show that no appreciable decrease in gross weight 
can be achieved by this means. Thus since the condition v- = v = constant is very 
nearly optimum, the flight mechanics investigation contained in this report has been 
carried out on this basis, i.e., v = constant as far as staging is concerned. 

Aside from the fact that Vj = constant represents practically optimum condi
tions, a further important concept expressed by Eq. (23) should be emphasized. 
Suppose VI = V = va' then since flL' has a fixed value, it follows from Eq. (23) that 
when the (WBI i) i are fixed, the ini tial gross weight W will be a minimum when v is 
a minimum. It has been found from structural calculalions(3) that, as far as the 
variation of the important parameters (other than the load factor n) which determine 
the trajectory is concerned, the values (WsIW) - remain practically fixed and are 
approximately equal to each other, i.e., as inaicated approximately by Eq. (24). 
Therefore, the determination of these parameters to give minimum v is a satisfactory 
approach to the determination of minimum W

1
, On the other hand, the variation of the 

maximum load factor n has just as important an effect in determining the structure(3), 
and therefore (WalWJ -, as it does in detennining the trajectory. The determination 
of the minimum requi{ed value for W , which in most cases corresponds to the problem 

1 
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of finding the m1n1mum value for v, constitutes the basic investigation of this re
port. The details of the calculations required to solve this problem are discussed 
in Part II. 

Assuming the values Vj to be independent of staging and equal to v, the perform
ance equation (26) may be written 

N N 

6. v = .L .L (30) 
J = 1 J = 1 

On the basis of staging, the expressions (17) and (18) for the burning times are 
written 

= Iv 
(31) 

for burning with dm.jdt = constant, and 

I 1 
= n log---

j 1 - 11 
(32) 

for burning with FjlA. = constant. 

9. Qualitative Analysis of the Relative Optimum Staging Values of nj 
and the Best Method of Burning to Employ for Obtaining These Values 

The overall problem to be discussed in this section is that of determining the 
best method to employ for burning the propellants during flight. The manner (includ
ing rate) in which the burning takes place obviously determines the burning time tbj' 
which by Eq. (30), for constant I and 11, determines the trajectory perform ance. 
Furthermore, by Eqs. (31) and (32), it is seen that tb' also determines nj and there
fore essentially determines the structural loads whi~h the rocket must be designed 
to withstand. This, of course, determines the weight of the rocket structure. Thus, 
it is seen that the determination of the best method of burning, through the burning 
time tbi' is the fundamental basic problem involved since it is fundamental in deter
mining trajectory performance, and also determines the structural strength (weight) 
which the rocket must have. In fact, since weight and trajectory performance are 
closely related. the best method of burning is that which gives the least initial 
gross weight -1 with regard to both structural weight and trajectory performance. 
The argument presented here emphasizes the flight mechanical point of view, while a 
similar argument given in Ref. 3 emphasizes the structural point of view. 

Although there are several different ways in which the burning problem could be 
analyzed and discussed, it is convenient, and at the same time results in no loss in 
generality, to separate the problem into two parts. Using tnis type of approach we 
first seek the relative magnitude of the best (optimum) values for n j • where the 
best nj are determined from both structural and fli~ht mechanical considerations, 
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and where, in ~his first part of the analysis, the manner in which the burning must 
take place in order to give the best "j is specified only to the extent that the 
same type of burning is assumed to take place in each stage. 

Having this result, the second part of the analysis proceeds to compare d if
Ierent methods of burning, on the basis that the burning always leads to the same 
(best) values for the ni , in order to determine which type of burning is best to 
give the least gross weight for the rocket. In this way the burning is always dis
cussed on the basis that it gives the same value for the applied load on the struc
ture (and also the same "1) at the end of a particular burning period, although the 
loads at the beginning of the burning period may be equal to or greater than the 
load at the end of the period. The relative applied loads corresponding to the 
relative values found for "j are discussed on the basis of two particular types of 
burning, burning with dMldt = const. and burning with Flm = const. These two types 
of burning are sufficiently diverse to include within them any other type of burn-
ing which would be of practical interest. . 

Considering the trajectory performance Eq. (30) together with expressions (31) 
and (32) for the burning times, it will be observed that the larger the value of the 
maximum load factors "j' the smaller will be the value obtained for 11 when b:. v is 
beld constant. In fact, from this point of view, when 8j sin ej is different from 
zero the least value for 11 would result when nj 00, that is, when tOj O. On the 
other hand when n. increases, strength considerations require that (WBIW). increase, 
since the structuie must be made heavier. Accordingly, for a given value elf {lv, it is 
seen that the relation between the parameters v, (WB/W) i' and nj is such that an 
optimum value must exist for n j , an optimum value always being understood as a value 
which leads to a minimum value for the gross weight. 1+'1' Since it is important that 
these various optimum r.'onditions be dezu"'1'1 understood, the follDwing illustration 
may be helpful. 

First of all it should again be pointel out that, since the rocket is to be 
established on a circular orbit at a given height above the surface of the earth, 

N 
the necessary total change in speed 6. 1) S' .L b:. v}' to accomplish this is approxi-

} .. 1 

mately the orbital speed itself which, together with b:. v, will be considered as 
constant in the following treatment. Considering for the moment a two stage rocket 
with (WB/W)j the same for each stage, we have from Eq. (25) that 

Since 'L' has a constant fixed value, it is clear that WI will be a mInImum (in this 
particular case with Vj + (WB/W)j = constant with staging) when the sum v + (WB/W)l 
1s a minimum. Now when n increases, while 6. v remains constant, the orbi tal velocity 
is attained in a shorter burning time and therefore, from this effect alone, a 
smaller value of 11 would be required. An increase in n, on the other hand, will 
require an increase in weight of structure per unit of gross weight, that is, an 
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increase in the ratio (WslW) • As a result of these oppositely directed effects of 
change in n, it is apparent that a minimum value must exist for v + (WB/W) and there
fore also for t

1
• and the problem is to find the value of n which gives thts min~ 

value. Consider now the more general case where (WB/t)j may vary with staging. 
Referring again, for simplicity, to a two stage rocket we have 

= 

where it is now desired to find the values of n for each stage, independent of the 
other stages, which will result in a minimum value for the gross weight WI of the 
first stage. The manner in which this is accomplished is illustrated, for example, 
in (A) of Fig. 2 which shows schematically a typical variation of (WB/t) , v, and 
W

1 
with n~. The optimum values of nj are defined as those values which lead to a 

minimum value for the gross weight WI of the first stage. 

~ 
I 

t 
w 

A A 
I I 

n,_ 
nr -

A. FIRST STAGE OF A TWO STAGE ROCKET 8. SECOND STAGE OF A TWO STAGE ROCKET 

SCHEMATIC DIAGRAM TO ILLUSTRATE THE OPTIMUM STAGING OF n. (SEE REF. 3) 

FIG. 2 

The question may now be asked how the optimum value of n will vary with stag
ing. This is illustrated for a two stage rocket in Fig. 2 where (A) represents the 
first stage and (B) the second stage. It is shown in the Structure and Weight 
Report(3) that in going to a higher stage, from the first to the second for example 
the variation of (WslW)! with n becomes smaller so that curve 2 of (B) has a slightly 
smaller slope for a given n than curve 2 of (A). It is also found, because of the 
much smaller sin 8, that the variation of v with n not only becomes smaller in going 
to a higher stage but that the decrease is much more pronounced than for the WBIW 
variation. Thus curve 1 of (B) has a considerably smaller slope for a given n than 
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curve I of (A). 
for optimum n 1 ' 

The net result of this is to give a smaller value for optimum n. than 
1.e., ".opt < n 10pt ' In general it is found that 

" >n >n > lopt lopt /lopt >n 
'Nope (33) 

It must be emphasized that this result has been based on ahypothetical or ideal con
cept in which the fact that the rocket stages are carried within each other has been 
completely disregarded. When this necessary restriction is imposed, the relations 
(33) can no longer be completely fulfilled, as will become apparent from the discus
sion which follows. 

For a three stage rocket, for example, the second and third stages are carried 
by the first stage, and the third stage is carried by the second stage. Thus any 
stage must undergo, at the very least, the maximum acceleration of any of the pre
ceding stages and in particular that of the first stage. 

Suppose that the optimum values of " have been determined for a three stage 
rocket as specified by the previous discussion (each stage considered independently 
of the others), and the staging of n is optimum on this basis so that 

n < n < n 
8 0p t 20pt 10pt' (34) 

where the nopt are the maximum load factors which are now assumed to exist in the 
different burning periods as far as trajectory performance, Eqs. (30) to (32), is 
concerned. In view of the fact that each stage is to be carried along over part of 
the trajectory within a preceding stage, consider the maximum structural loads to 
which each of the individual rockets will actually be subjected when motion over the 
entire trajectory is taken into account. Now the maximum applied load ~.G. to which 
the structure of the third stage rocket is subjected is given, in general, by ~.4:tt = 
8, (-/It" t).GS' where the subscript t refers to instantaneous values which are vari
able witt time and which may occur over any part of the trajectory(e]. Similarly, 
the maximum load endured by the structure of the second stage is expressed by ~.4%= 
8 (a ,n f).h.' The load Q imposed on the structure of the third sta~ rocket during 

• :I II V~ a 1 . • 
its travel with the first stage will be Q = g - .n1 ,where - 1 1nd1cates the 

31 1/ lI' agt II 
total initial mass of the third stage rocket with full pr pellant tanks. 

Since, when n ="3 , the maximum load during the third burning period would 
8 OR f 

never exceed 8'-3,n30pt ' 1t follows from relations (34) and Q31 = 8,aainlopt that, as 
far as the applied load which the structure of the third stage rocket must withstand 
is concerned, the structure of stage 3 must be made heavier than would be indicated 
simply by the optimum staging value n 30pt alone. Thus since the structure must be 
made at least as heavy as that required by the loading Q8t' the value for the maximum 
load factor n3 in the third burning period may therefore he chosen greater than n 3Qpt 

without entailing any increase in structural weight. Similarly for the second stage 
structure the maximum load applied over the first stage of the trajectory is Qa1 = 

[8]See footnote on page 10. 
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g$-2 in2 opt' Since, for operation with nz = nao t' the maximum load during the second 
burning period would never exceed gs.zinzo t' hut since th~ applied load Q is al
ready greater than this by virtue of Eq.P(34), it follows that the sec~n~ stage 
structure must be made heavier than would be indicated by the value nzope alone. 
Therefore, as in the case of the third stage, the value for the maximum load factor 
"a in the second burning period may be chosen greater than "zopt without entailing 
any increase in the structural strength (weight) which is required by the applied 
load Qal' In view of these results that nz and n may be chosen larger than"z , 
"30 p t without entailing any increase in structuraf weight, the question immedia~~Iy 
arises as to what are the best values to use for "z and "a' 

It has already been indicated in connection with Eq. (30) that, when the struc
tural weight is fixed, the trajectory performance improves with an increase in the 
maximum load factor". That is, if there is no increase in structural weight in
volved, it is always better from the trajectory standpoint to use the largest possible 
value for ", since, Eqs. (30) and (32), this will lead to a smaller retarding effect 
due to gravity. Accordingly, it is desirable to make "2 and "3 as much larger than 
" ," as IS possible without necessitating any increase in structural weight. 
20pt 3 0p t 

To discuss" and n further requires a consideration of the load factors n i' 
"ai at the beginnfng of ~he second and third burning periods, since, as can be sh~wn 
from Eq. (12), for the two types of burning being considered here, the maximum applied 
load in any burning period always occurs at the beginning of the period. Thus, if 
there is to be no increase in structural weight beyond that required by the loads 
Q21 and Q31' we must have gsMai"a i ~. gsMai"lopt and gsMaiTlai :? 8 s lll

a i"10ptl that is, 
" . ~ n1 t and " . ~ "lot. Furthermore. in order to satisfy the condi ti 0 n 

2\ OR < 3 \ P < 
gs(lItatTlat),.u '" 8slllai"lopt, it is evident that rl2 must be '" n 1opt ' Thus, since from 
trajectory considerations the best value for n

2 
i3 the largest value, the value "a 

"lopt is adopted for the second stage burning period. 

Since stage 3 is carried by stage 2, the additional condition must be satisfied 
that M ." • < /II .". Hence the conditions which must be satisfied during the third 

:1\3.= ala 
stage burning. period are 

" lopt' 

(35) 

It is evident that" may be chosen greater than n 1 if it is desired, provided "3; a opt • 
does not exceed "1 t' However, the advantage accruing from such a choice is so 
small as far as traj~ctory performance is concerned, because of the small effect of 
gravity in this burning period, that "3 = "1

0 
t is adopted and therefore the per

formance of the satellite rocket will be based ~ the adopted values 

The determination of the value of "1 IS discussed later. 
op t 

18 

(36) 



February 1,1947 

The discussion above is illustrated by the diagrams in Fig., 3 for the two cases 
of burning, constant mass flow (dm.ldt = const.) and constant Flm 0/- elm/dt = const.). 
For the simplified conditions of Eq. (12) the instantaneous load factor R t is given 
by B.R t = FI_, For burning with constant rate of mass flow of propellants, and with 
1 assumed constant, the thrust F is constant and therefore the applied load Q = ,.Ant 
is constant and equal to F. Since F is constant, R t varies from its lowest value at 
the end of the period. For burning with FI_ = constant, the value of R t remains con
stant duting the burning period, and since tbe condition II'" dmldt = const. gives an 
exponential variation of -, the applied load Q = ,.fltR t therefore varies exponentially 
from its greatest value at the beginning of the burning period to its least value at 
the end of the period. 

It will be noted that the value of R t at the end of a burning period is the same 
for both types of bu~ning. This follows in accordance with the basic method of attack 
employed as discussed at the beginning of the section. 

I 
APPliED LOAD 

Q'Q.m "t 

Tlt = Instantaneous 10a4 rae tor, (Eq. 11) " 
n::: Maximum load rae:t.o ... with .. par tleular 

burnIng period, (Eq, 13). 
1 .. 8urnlnl with constant rate of.a.ss rlt)w 

of propellants; F = constant. 

2. BUrnIng"ltll~ constant; R t = constant. 

Raopt<n20pt<nlopt' (Eq. 33) • 

.NOTE: L~a.st gross .el,ht or rocket occnrs 
(I) ~ith operation a~50clated wlth 

!Subcrlptlon topt' when the af"
feet of the n or th~ preceding 
.s ta.ge '1$0 neglAO'te-d. 

{2) Wi th. op""t'a t.!on mark~d foes"!;.' 

t '" h .,; n : h ~ l! f f' >:. c L 1) 1" t h ~ rt r. f' r,n ~ 
1¥"..r--gsrflaji1:oP( pr'9cBdlng sta.g:.:: 13 1:di<":?'f) into 
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The question of the best manner in which to have the burning occur may be 
answered at this point in order to simplify succeeding discussions. It was pointed 
out, Eq. (18), that burning with FI_ remaining constant gives a shorter burning time 
than for burning with constant rate of propellant mass flow (da/dt = constant); and 
considering the gravity term in the performance equation (30), it would appear better 
to have burning with FI_ = constant. For a three stage rocket, for example, it is 
probably best to employ this type of burning in the second stage. For, in view of the 
adopted value HZ = Hl t' the structural strength is adequate for both types of burn
in~, but since burni:: with FI_ = const. has the shorter burning time, this type of 
burning is to he preferred. On the other hand, the length of the third stage burning 
period has but little effect upon the trajectory, and the main consideration is one of 
structural weight, and burning with amldt = const. is recommended. In the first stage 
the applied load Q1t = 8smltnlt which the structure must withstand is, for the same 
value of n

l
, less for burning with amldt = const. than for burning with Flm const. 

Also, as shown in the structure investigation(3), the saving in gross weight ~1 by 
using dmldt = const. is greater (for structural reasons) than the increase in gross 
weight resulting (for trajectory reasons) from the use of dmldt = const. Therefore, 
in the first stage, burning with amldt = const. is recommended. 

Calculations based on burning with Flm = constant in the second stage indicate a 
saving of 6 to 8 per cent in gross weight, while the corresponding saving in the 
third stage is considerably less. Actually it is questionable whether there would be 
any saving at all, since burning with Flm = constant would require additional equip
ment to produce variations in combustion chamber pressure or throat area, and this 
added weight required would probably result in a final net saving in gross weight 
which is practically zero. Also, such a system would present a much more complex 
engineering problem. Hence since the saving in gross weight, if any, is small and 
the increase in complexity is large, the succeeding analysis will be based entirely 
on a burning system with constant rate of mass flow of propellants. However, the 
whole question of the staging of n and the method of burning should be further in
vestigated if small gains are desired. 

10. Considerations Concerning the Optimum Number of Stages 

The discussion so far has resulted in simplifications in the analysis to the 
extent of using constant v, constant n, and constant rate of mass flow of propellants. 
Since these discussions were based on a non-variable number of stages N, the optimum 
number of stages which the rocket should have may now be considered. The performance 
equation (30) may be written in the form 

N 

g. sin e. x tb 
} } j 

(37) 

As usual, 6v is considered as having a constant fixed value. If, in addition, it is 
assumed that the discussion is based on trajectories which are more or less geometric
ally similar, then the term 
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will remain approximately constant, and thus the right hand side of Eq. (37) may be 
considered to remain constant. Eq. (37) then shows, in general, that when N increases, 
v must decrease. Assuming for simplicity that (WB/W)j = (WS/W) = const. for any 
given trajectory, it then follows from Eq. (25) that an optimum v!lue must exist for 
the number of stages N. Using appropriate trajectories and the smallest values of 
(WB/W)jconsistent with present day materials and structural techniques. it is found 
that the optimum N has a value of 2. 3. or 4 depending upon the propellants (through 
the specific impulse I which are used. Hence most of the discussion, analysis, and 
calculations contained in the remainder of the report will be restricted to a rocket 
having either two or three stages. The four stage rocket is not given any further 
consideration because the gains are very small and the increase in complexity is con
siderable. 

11. Drag 

In the simplified performance equation (30) certain quantities and refinements 
were neglected in order to simplify the discussion, and these will now be taken into 
account. First the lift and drag of the rocket, which were neglected in Eq. (30), 
must be considered. Of these two forces it is only the drag"D of the rocket which 
enters the equation of motion (6) along the path, and this becomes 

dv 
dt 

= J.i 
m 

. 8 D - g Sl.n -- (38) 
m 

When a lift force L normal to the trajectory is present (lift positive In the direc
tion of e + n/2, the equation of motion (6) becomes 

;: = ~ (: - g cos 8 + 11r2 cos e) 

which may be approximated by the difference equation 

= 1 
11 

(8$ ; - g cos e + vr

2 

cos 8) t:,. t 

( 39) 

(40) 

At this point we may also take account of the fact that the specific impulse I will 
vary slightly with staging, owing mainly to the changes in the free-air pressure, so 
that the performance equation is now given by the expression 

N N N 

L L 1 L t:,.v = t:,. v j 8 s I j log 1 - 11 8j sin 8 j x to. 
j '" 1 j .. 1 j = 1 

} 

N 

( ~)j - g& L x to. ( 41) 

j '" 1 
J 
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where the bar indicates the mean value[7] during any particular stage, and where 
W= ag8 is the weight referred to standard sea-level conditions, g denoting standard 
gravity at sea level (8. = 32.174 ft/sec2). 8 

Since the drag is discussed in detail in Ref. (6), it will only be mentioned here 
that as far as practical trajectories of interest are concerned, the maximum value of 
the ratio D/W in the first stage is about 0.5, and its average value during this stage 
is about 0.2. These values become considerably smaller in the succeeding stages where 
the drag approaches zero owing to high altitude. Thus, since (D/W)j is relatively 
small compared to sin Bj , the previous arguments based on the simplified performance 
equation (30) are not Invalidated by the neglect of the drag term. In view of the 
more exact performance equation, (38), it follows that the max~ load factor n is no 
longer given by Eq. (14), but must now be defined by 

1 (F - D) (F - D) n= -- =-W-
8. • .4% .4% 

(42) 

where W is the weight referred to standard sea-level conditions. It was pointed out 
in connection with Eq. (17) that when the burning occurs with constant rate of mass 
flow of propellants, the maximum value of F/W occurs at the end of a burning period. 
On the other hand, the ratio D/Wbecomes quite small at the end of a burning period, 
typical values being 0.05 at the end of the first period and 0.00 at the end of the 
second period. Accordingly, here again, the inclusion of the drag term has little 
influence, and the maximum load factor is still determined for all practical purposes 
by (F/W).u as before. 

12. Lift, Guidance, and Tilting 

As far as lift (force normal to trajectory) is concerned, this is required in 
order to achieve the major control over the shape of the trajectory, particularly in 
order to turn the trajectory into the circular orbit, and for these purposes the 
lift required will always be directed toward the center of curvature of the trajectory 
and will therefore be negative. The need for lifting forces will become apparent from 
the following remarks. First of all it should be pointed out that because of the high 
temperatures existing in the ionosphere(4), the decrease in density, and therefore 
drag, with height is relatively small, making it necessary to establish the orbit at a 
height of 300 to 350 miles if the endurance is to be of the order of several months. 
In investigating possible trajectories it is necessary to consider the fact that the 
air resistance, starting from its initial value of zero, will increase rapidly at 
first as the rocket accelerates in the high density portion of the atmosphere. As the 
rocket gains altitude and the density becomes small, the drag forces begin to decrease 
and become negligible at a height of about 250,000 ft. The variation of rocket speed 
with height and of atmospheric density with height are such that the maximum drag 

[7] In Tie. of the convention adopted in footnote [0]. the drag term would be written 
(Dej/Wtj) = (Dt/Wt}j to indicate that the mean value is based on values of drag and 
weight which are variable with time. However, since this is clear from the context, 
the subscript t will be omitted 
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occurs at a height of the order of 50,000 ft. It is apparent that the initial portion 
of the trajectory should be nearly vertical so as to reduce as much as possible the 
length of flight path over which the rocket is subject to appreciable drag. On the 
other hand, if too much of the trajectory is steep (large sin 8) there will be an 
adverse effect on velocity because of the presence of the gravity term gj sin Bj x t6j 
in the performance equation (41). Thus to minimize the adverse effects of the drag 
and gravity terms in Eq. (41) it is necessary to arrange that the rocket travel over 
a specified trajectory, which c~ be achieved only by the use of lift forces. 

Although some negative lift could be obtained from the body and external surfaces 
of the rocket by operating the rocket at an angle of attack, these, in general, are 
not nearly sufficient to control the trajectory, especially in the first stage wher~ 
relatively large amounts of lift are required and where aerodynamic lift is small 
owing to the relatively low speed. Moreover, at the heights corresponding to the 
upper par.t of the trajectory the density of the air becomes so low that, in spite of 
the great speed, the dynamic pressures are inadequate to produce any appreciable 
aerodynamic lift. Accordingly, the only practical scheme for producing lift for 
trajectory control must be based on the use of rocket motor thrust. The question then 
arises whether it is better to use a number of small rocket motors thrusting in a 
direction normal to the centerline of the rocket and passing through the center of 
gravity, or to have an arrangement using the moment produced by small rocket motors 
to tilt the rocket and thereby give a component of the thrust of the main rocket motor 
in a direction normal to the trajectory (lift) which may be used to provide the neces
sary lift. These two methods of obtaining the necessary lift for trajectory control, 
or guidance, are illustrated in Fig. 4. It is readily shown that as far as propellant 
consumption is concerned, the latter arrangement is much superior. Although the basic 
argument used to show this has been presented previously in the first satellite inves
tigation(l), it is included here, since it is essential for completeness and continu
ity, and since it also provides the opportunity for making necessary changes in 
notation. 

Let L denote the lift force normal to the trajectory, positive in the direction 
a = + n/2, and let a be the angle of attack (angle of tilt of rocket). The angle of 
attack a is defined as the acute angle measured from the tangent to the trajectory 
(the direction of air flow) to the centerline (zero-lift chord line) of the rocket. 
The angle a is taken as positive in the direction opposite to that of the center of 
curvature of the trajectory, that is positive in the + e direction. 

Case 1. Lift Obtained from Small Rocket Motors 

It will be assumed that the specific impulse of the small rocket motors is 
the same as that of the main motor in the satellite rocket. Using the thrust 
expression (7), the thrust Fo required from the main motor when none of this 
thrust is used for lift may be written 

Fo = - g, (~)o I 

where (dR/dt) is the mass rate of propellant consumption corresponding to the o 
thrust Fo' The lift force produced by the small rocket motors is 

L = _ g (da) I 
, dt 

1 

23 



24 

Feb T U a T Y 1, ,1 9 4 7 

where (dm/dt)l is the propellant consumption required by the lift motors. Since, 
with this arrangement all of the main rocket motor thrust is directed along the 
traJectory, the thrust remains at the value F

9
, Hence the ratio of the mass rate 

of propellant const8llption with and without gll1dance for Case 1 is given by 

(:;) + (~) 
o 1 

; --------------
(;;) (;;) 

o o 

(:) 
1 

; 1+-- = 
(::) 

o 

L 
1 +7 

o 

where dm/dt 1S the total rate of propellant consumption. 

F= o 
L = 

diI'", 
dt 

(~t= 

O.5r----t----l 

11 rt required 

weight rate ot propellAnt flo. 

weight r .. te of propellant I'low 
corresponding to &11 thrust ln 
the &xl .. 1 direct-ion and equal 
to F. o 

c ..... 1. 

111't obtalned by Using small rocket 
motors. 

CaSe 2. 

11ft obtained by using a component 
or maln rocket motor by t11ting the 
rocket. 

PLOT SHOWING SUPERIORITY OF OBTAINING LIFT BY USING A COMPONENT 
OF THE MAIN ROCKET MOTOR THRUST 

FIG. 4 

Case 2. Lift Obtained as a COmponent of the Main Rocket Motor Thrust 

(43) 

In this case, Fig. 4, since the vehicle must be tilted with respect to the 
trajectory, the thrust required of the main rocket motor must be sufficient to 
produce a thrust F directed along the trajectory and a force L normal to the 
trajectory. Denoti~g by Fa the main rocket motor thrust required in this case, 
we have 

F :; F2 cos a :; - 8$ (;;) I cos a t and 
0 2 

L = Fa sin a :; - 8s (-::1 I sin a. 
= 
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where (dm/dt}2 is the total weight rate of propellant consumption, and where 
F. = ± vi '0 I + U' = - 8,1 (dm/dt).. Therefore the ratio of the propellant 
consumption rates for Case 2 is 

= 
(::) 
__ I 

(#t) 
o 

(::j 
o 

Having the ratios (43) and (44), one may compare the relative rate of propellant 
consumption corresponding to the two methods for achieving lift. 

The ratio of the consumption rates with and without small auxiliary rocket motors 
are plotted in Fig. 4 against the ratio LIFo. It is immediately apparent that Case 2 
is markedly superior to Case 1. In fact, using the scheme of Case 2, substantial 
guidance forces may be obtained without appreciable penalty in thrust, and the method 
of Case 2 will therefore be adopted as the means whereby the lift forces are obtained. 
Since jet vanes are not to be used, this method of obtaining lift will require the 
use of certain rocket control motors to produce the necessary tilt of the rocket. 
These rocket motors are to be movable to the extent that they can produce thrusting in 
various directions and in this way produce moments about a transverse axis. It may be 
shown, by an argument similar to that used above, that the total propellant consump· 
tion of the control rocket motors and the main rocket motor will be least when the 
control motors are as large as possible. This means that the main rocket motor should 
actua<l1y consist of a group of movable control motors which are used not only to pro· 
vide the necessary thrust for propulsion but also to provide the necessary control 
moments( 13) • 

Since the scheme adopted for achieving lift requires that the rocket have a vari
able angle of tilt a, this must now be taken into account by the introduction of the 
factor cos a in the performance equation, since the thrust used in that equation is 
always defined as the thrust directed along the trajectory. Hence, with angle of 
tilt present, the component of thrust along the trajectory is, from Eq. (7), 

elm 
F cos a = - 8, (It I cos a , 

where F is the total thrust of the rocket motor. Using this expression for the thrust 
occurring in Eq. (38), the performance equation becomes 

N N 

L I L 6v = g, (1 cos a)} log 1 - v - g} Sln 8} x t b < 

J 

j = 1 } '" 1 

(45) 

j=1 
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Si~larly the expression (42) for the maxllnum load factor must now be written 

(46) 

However, preliminary calculations based on actual typical flight conditions and tra. 
jectories have shown definitely that the effect of the factor cos a and of the term 
(D/a).ax is entirely negligible so far as Eq. (46) is concerned; and it is quite 
adequate as far as structural load is concerned to use the simpler expression, Eq. (11), 

(47) 

where it is to be so arranged, as discussed previously in connection with the optimum 
value of n, that the maximum load factor n has the same value in all stages, since 
this represents the best that can be done as far as staging of n is concerned. The 
quantity (1').0% represents the maximum value of the specific impulse in any particu· 
lar stage ~ich, owing to the beneficial influence of decreased external pressure, 
will always occur at the end of a stage. Since the rocket is to be operated with n 
and V constant, it is seen from Eq. (47) that this corresponds to the condition that 
(li ).ax/ tb · remain constant with staging over any given trajectory. This may be 
readily ac6ieved by the proper choice of motor size (see flefs. 6 and 14). 

In determining the best trajectory, it must be decided how the tilting, and 
therefore the lift forces, must be programmed. As already pointed out, this must not 
only be such as to minimize the adverse effects of the drag and gravity terms in the 
performance equation (45), but also such that the angle of tilt necessary to bend the 
trajectory does not become so large that excessive decreases result in the component 
of thrust along the trajectory, since this is the effective thrust producing the ac
celeration. In view of the relatively great height at which the orbit must be estab
lished, it is found that these conditions can best be met by the proper use of a 
period of coasting along the trajectory. 

Actual trajectory calculations have shown that it is best to launch the rocket 
in the direction of the vertical and to have most of the tilt very near the beginning 
of the flight where its hending effect on the path is largest and where the maximum 
angle of tilt is only a few degrees. it might appear that non-vertical launching 
would be better inasmuch as this would require less tilting. However, this method of 
launching turns out to be inferior because it results in a greater length of flight 
path in the high drag region of the atmosphere. Moreover, it is highly undesirable 
because a launching track would be necessary. 

13. Coasting 

Although coasting motion was not explicitly involved in the foregoing discus
sions of the performance equation, it Ylas implied nevertheless by the relation "'orb = 
~v +~vc (mentioned in section 6) that such motion might be present. In order to 
establish efficiently an orbit at high altitudes (it appears that the height of the 
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orbit IIIll8t be about 350 miles), it turns out to be highly desirable to have a period 
of coasting (non-powered flight) somewhere near the end of the trajectory. The reason 
for this will become apparent from the following qualitative discussion. 

The basic requirement of the trajectory is that it must lead to final values of 
speed·(v,) and direction (e, = 0) appropriate for the establishment of a circular 
orbit situated at a sufficiently great height (about 350 miles) to satisfy endurance 
requirements. The height attained by the._ rocket is determined by the integral 

( 48) 

where T is the total duration of the flight over the trajectory. Neglecting for the 
moment any variation in T, it i~ apparent from this equation that the greatest height 
is attained when v and e are so scheduled that e is large when v is small, and con
versely, v is large when e is small. Considering the time T, it is also clear that 
when the scheduling of v versus e is fixed, h will increase with increasing T so long 
as e remains positive. A large value of T may be obtained either by employing long 
burning periods, which by Eq. (31) corresponds to small n, or by employing shorter 
burning periods but allowing the rocket to travel over part of the trajectory without 
power, that is, by allowing the rocket to coast. The question then arises as to which 
is the better method to use in order to attain the high altitude necessary for the 
orbit. 

Consider two trajectories, one in which either one or more long burning periods 
are used and the other in which shorter burning periods and coasting are used. Sup
pose the tilting program is so arranged that the two trajectories have the same final 
orbital conditions, curves A, Fig. 5. Depending upon the length of the burning 
periods, the rocket will require different amounts of time to reach the same height 
but will always have the same speed (orbital velocity) at the end of the trajectory, 
point E. If short burning perio~s and coasting are employed (curves B) with coasting 
occurring near the end of the trajectory (it will be shown that coasting is best as 
near the end as possible), the velocity may at some height, point C. be greater than 
the orbital velocity, since the vehicle must slow down in the coasting region C to E. 
When there is no coasting and all of the trajectory is under powered flight with long 
burning periods, the speed of the rocket in the latter part of flight decreases less 
with height than when coasting is present, finally attaining the orbital velocity at 
E, curve 1 of Fig. 5, B. Accordingly, for given heights along the trajectory particu
larly in the latter part except the end points, the velocity for the case with short 
burning periods and coasting will, in general, be greater than for the case with long 
burning periods as indicated in B of Fig. 5. The rapid change in velocity with alti
tude indicated at the very end of curves B is due to the necessary final boost in 
speed required tn attain orbital conditions after coasting or when slow burning is 
employed. This matter is discussed further later on. 

According to Eq. (40) when the lift is negligibly small and v2jr is < S, for a 
gi ven distance D. % back from the end of the traj ectory, the change in e is less for 
the case with coasting than for the long burning period case. Hence, in A of Fig. 5 
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the trajectory with coasting is the higher of the two. 
curves of A and B and the expression 

E 

or T =f~dh 
tI sin e 

o 

By consideration of the 

for the total time of flight to traverse the trajectory, it is seen that the flight 
time for the trajectory with coasting is less than or at most equal to the flight time 
for the long burning period case. It also follows from Eq. (40) that the change in e, 
proceeding backward from E, will be indicated in C of Fig. 5, that is, smaller for the 
coasting case. It may be noted that in practice the curves of Band C may have 
several slope discontinuities. 

It has heen pointed out previously that the final velocity attained by the rocket 
when coasting is present is given by "E = 6.v +6. v c' where 6. v c is the velocity change 
during coasting, The term t:. tIc is entirely similar in character and effect to the 
gravity terms in Bj sin ej which occur in the performance equation. The entire effect 
of gravity upon trajectory performance could therefore be summed up by an expression 
of the form 

T 

f g sin edt • 

o 

where T is the total time of flight over the trajectory including coasting. From a 
consideration of C of Fig. 5 it follows that this integral is less for the case with 
coasting present. Since from trajectory considerations it is desirable to have gravity 
effects as small as possible, it is seen that this may be accomplished by using coast· 
ing (near the end of the trajectory) and burning periods as short as possible. AI· 
though the discussion of coasting thus far has been very qualitative in nature, it has 
been found justified as the result of some earlier trajectory studies. In fact these 
results are more generally true than here discussed; for example, the simplification 
of having the same range need not have been made. The result is true even when the 
cases are compared at their optimum ranges. 

As far as the effect of coasting on the determination of n is concerned. if the 
discussion of n in section 9 were now repeated to include coasting, the conclusions 
reached before would remain unchanged. This follows because when altitude is obtained 
by coasting, it is still desirable from trajectory considerations to have the maximum 
load factors as large as possible and since this was also the basis of the arguments 
in section 9, the conclusions reached there remain unchanged. Likewise, the effect of 
introducing a period of coasting in the performance equation is negligible as far as 
the other previous results and conclusions associated with this equation are concerned. 

Having pointed out the desirability of attaining altitude by the use of coasting 
with" large when e is small, the question which then arises is how best to gain alti
tude in the lower part of the trajectory where vis relatively small and where e = 90°, 
This might be done, for example, by launching the rocket vertically (e = 90°) and then 
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starting the tilt late but using large amounts of tilt to bend the path sufficiently 
rapid to give the required condition BF = 00 at the end of the trajectory. However, 
this would be an inefficient method of obtaining altitude since it would result in a 
large reduction in velocity due to the effect of gravity (g sin B) and a large reduc
tion in thrust due to the large tilt angles (1 cos a). Although it is always best to 
have launching in the vertical, the trajectory studies show that the most efficient 
tilt program is such that the maximum is small (never more than a few degrees) and 
occurs early in the first stage, while in the succeeding stages the tilt is zero. 

Since it is advantageous to have a period of coasting in the trajectory, a coast
ing term must be introduced into the performance equation. Since the coasting period 
will always be located near the end of the trajectory where drag is negligible, the 
rocket may be considered as a free body moving in a potential (conservative) force 
field, the field of gravity. Consequently, along the coasting part of the trajectory, 
the motion of the rocket will be governed by the condition that the total energy 
(potential plus kinetic) remain constant, which is expressed by the equation 

(49) 

where the mass of the rocket will be constant since there is no consumption of propel
lants, and where h is height measured in the vertical. The subscript i denotes the 
beginning of the coasting period and the subscript I the end of the period. Replacing 
the g under the integral by a mean value gc appropriate to the height interval hi -hi' 
this may be written 

( 50) 

where t::.hc = hi - hi 1$ the change in height during coasting. from this, it follows 
immediately that 

(51) 

where t::. v c is the decrease in velocity during the coasting period. Since the coasting 
will always occur near the end of the trajectory where Vi and v, do not differ greatly 
it is sufficiently accurate to write 

= 
V 

c 

where Vc is the mean velocity during coasting. 

(52) 

In the performance equation (45) the velocity change t::.v refers only to the change 
velocity which results while the rocket motors are in operation. By introducing the 
expression (52) for the velocity change during coasting, Eq. (45) becomes 
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N N 

L I I 6 V T = 8. (I cos a) j logr=v - 8j sin 8j x to. 
j = 1 j '" 1 

J 

N 

L g, ~). 
i c 6hc 

x t b , - v 
. J J c 

(53) 
J = 1 

where /j, v T is the total veloci ty change resul ting from rocket motor operation and 
coasting. Since a is always very small, never exceeding several degrees, cos a may be 
replaced by unity as far as Eq. (53) is concerned. Thus, when the vehicle starts from 
rest under its own power and finally attains the required orbital velocity voro ' we 
have 6 vT = voro and, if tbj be replaced in terms of Eq. (31), the performance equa
tion (53) may then be written 

I 
I j log 1 - 11 = 

j = 1 

N 

Vorb + L 
j = 1 

g, vIj 
(1-v)n (~1, + 

J 

(54) 

Suppose that the powered flight is interrupted somewhere in the trajectory by a 
period of coasting and that the orbital velocity to be attained is specified and 
therefore a constant. Relatively speaking, as coasting occurs successively later in 
the trajectory, Vi becomes larger, which causes Vc to become larger, which in turn 
causes Fe /j, he/ve to become smaller. Since for approximate results, it is permissible 

N -
to treat I j and ~ (~). as quantities which remain constant, it then follows from a 

j = 1 J 

consideration of Eq. (54) that the value of v must also decrease as Vi (or ve ) in
creases. Since, as pointed out previously, a small value of v leads to a small value 
for the initial gross weight WI we always seek conditions leading to small v. There
fore, in view of the coasting effect on v, this alone would indicate that the coasting 
should take place as near as possible to the end of the trajectory where ve has its 
greatest value. 

On the other hand, as the coasting occurs successively later in the trajectory, 
the average value of sin 8 over the entire trajectory will increase, since the greater 
length of trajectory with powered flight before coasting results in greater length of 
trajectory with the larger values of 8. A systematic investigation, using accurate 
trajectory calculations, has shown that the effect of the positioning of coasting on 
v is more important than the effect on 8, and that in order to obtain least v, the 
quantity Vc should be as large as possible, a condition which is satisfied when the 
coasting is positioned as near to the end of the trajectory as possible. In this con-
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nection however, it must be pointed out that at the very end portion of the trajectory 
it is necessary to have a final burst (short duration) of powered flight to secure the 
exact speed and direction which the vehicle must have in order to establish the circu. 
lar orbit. Thus the period of coasting may not extend completely to the final end 
point of the trajectory where the circular orbit is established. Taking this restric. 
tion into account, detailed trajectory studies reveal that the optimum position for 
coasting is within the last burning period (i.e. within the last stage) beginning at 
that point on the trajectory where the last period of burning has reached about 97 per 
cent completion. The motor is shut off at this point allowing a specified period of 
coasting. The motor is then turned on again for the final burst of powered flight 
which has a duration equal to the remaining 3 per cent of the last burning period. 

Let r denote the percentage completion of the last burning period when coasting 
begins. Then, consistent with the restrictions imposed by the necessity of having a 
final burst of powered flight, the optimum coasting occurs when r~ 0.97. If the 
coasting is positioned farther than this along on the trajectory, it becomes impossi
ble to establish the conditions for a circular orbit. Furthermore, positioning the 
coasting at the value r = r.ax = 0.97as found above, results in such a long range 
(practically half way around the earth, which is too far from the standpoint of 
communication limitations) before the circular orbit is established that it is found 
necessary, on this account, to shorten the range by using r appro«imately equal to 
0.75 and having the remaining 25 per cent of the last burning period occur after 
coasting. Using the value r :: 0.75 as demanded by range limitations, it is found that 
the gross weight is about 15 per cent greater than if the optimunl position of coasting 
were used. The systematic investigation of this will be discussed in Part II. 

Accordingly, since the coasting occurs so late in the trajectory, the mean speed 
v c will not differ much from the orbital speed tlor & anel If; S 5,r[tlcient.lv CtCcurate to 

use iic :: vorb in Eo. (54) which may then be .. ntten 

N N ' ............ ---. -~~-.---~,~ 

I fj 1 Vorb I v gj 

log 1 - v :: + (l - v)n g Ij S1n f3. 
gs s J 

j = 1 j = 1 

( 55) 

This simplified approximate equation is of fundamental importance in the analysis of 
the rocket and its motion since it expresses, in a highly practical form, the basic 
relationship existing between the fundamental parameters. 

The performance equation (55) finds its principal application when it is desired 
to find the effect on v of changes in the other parameters. For example, if the main 
features of the tilt a and coasting r programs are kept fixed so that the main 
features of the shape of the trajectory remain the same, the formula (55) may be used 
to great advantage for deriving the change in v resulting from variations in the 
values of the other variables such as I, h orb (orbital height), and N. One use of 
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Eq. (54) should be mentioned in particular; since it is best to have the coasting 
occur very near the end of the trajectory, the positioning of some of the coasting 
earlier in the trajectory will be inefficient. However, some coasting of this nature 
is unavoidable owing to the small time interval which elapses between stages. Calcu
lati~s for a three stage rocket of the increase in v caused by three seconds coasting 
between the first and second, and between the second and third burning periods, re
sulted in a 2 per cent increase in gross weight. 

The formula (55) may also be used to estimate the change in v with height, and 
for this purpose it is convenient to make a further modification. First, it may be 
pointed out that the minimum gross weight studies have shown that the optimum values 
of n must lie within the range 4 < n < 8. It is found from many trajectory calcula
tions that when the orbital velocity is attained under optimum conditions, the burning 
times are such that the burning is practically completed by the time the vehicle has 
attained a height of the order of 100 miles, that is, the non-coasting change in 
altitude is about 100 miles. The condition for the circular orbit is that the centri
fugal force he equal to the gravitational force, which is expressed by 

vorb2 

r (56) 

where r is the distance of the orbit from the center of the earth, R is the radius of 
the earth, and &R is the absolute value of gravity at sea level. The orbital velocity 
is therefore givan by 

1 .;-r :: x 

-1. 

=riTx&+~)a, (57) 

where h = r - R is the height above sea level. Since h/R is small compared to I, the 
last expression on the right may be expanded by the binomial theorem, and if only the 
first two terms in the expansion are retained, the orbital velocity may he expressed 
to a high degree of approximation by[8] 

( 58) 

Since the orbit is to he established at a height of the order of 300 miles and since 
powered flight ends at about 125 miles height, the heights of interest for coasting 
motion will range from 100 to 400 miles. Let Vorb a and Vorb t he the orbi.tal veloci
ties at the heights h and h respectively, where h > h. If B' denotes the rate 

lil 1 a 1 
of change of orbital velocity with height, it follows from Eq. (58) that 

B' '" 
h - h 

II 1 

= _ fSi 
...J4ii . (59) 

[8] 
In tbis last expreaaion only the first two terma are retained aa an approximation 

to tbe expansion of (1 + h/R)·~. For values of h of intereat here. h/R ia of tbe 
order of 0.1 and the approximation is accurate within 1 per cent which ia entirely 
adequate for the present analysis. 
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The orbital velocity at a height h, where hI < h < hal may be expressed in.terms of 
voro by the relation 

a 

= v " - B' (h. - h) # or a 

which may also be written in the form 

~ B(h - h)J varo = voro 1 + a , 
a 100 

(60) 

. .. 5.280 x lOG [ii" 
where B 1S a constant hav1ng the value B = + v

or
". ~ 4R and where h is expressed 

in miles. This enables the height interval (hi - h) to be expressed in terms of a 
unit of distance of 100 miles, which has certain advantages as far as the calculations 
are concerned. Using the relation(60) with hi = 300 miles, vor"2 = voro390' using 6he 
= h - 125 since coasting begins at about 125 miles altitude, and n'eglect1ng the minor 
effects due to variations of gravity, the performance equation (55) is finally written 
1n the simplified form 

N 

L 1 
-v 

j ;; 1 

r. 8(300 - h)l l! + 100 J + 

N 

L ""'(l:--~-v""")-n I j sin 8 j 
J :: 1 

+ v _ (D) 5.280 x lOIS (h - 125\ 
(1 - v)n \ ~ 1 + voroaoo 100 J (61) 

in which the height h occurs explicitly, and where the quantity [; + B (30~0~ h)) 
which strictly should also appear in the denominator of the last term has been re
placed by unity without affecting the accuracy Df the equation. The constwlts have 
been based upon a height of 300 miles since this is approximately the required orbital 
height for the satellite rocket. 'From this equation it is found, for example, by 
using constants corresponding to a three stage hydrazine-oxygen trajectory, and by 
neglecting the variation of all terms on the right side of Eq. (61) not containing h 
explicitly, that dv Jdhoro is such that the gross weight changes about 10 per cent 
with a 100 mile change in orbital altitude. 

The simplified performance equation (61) is very useful. For example, it may be 
used to advantage in obtaining an initial estimate for the value of v to be used in 
the exact trajectory calculations. Its most important use, as pointed out in connec
tion with Eq. (55), is in determining the changes in v which result when the parameters 
I, n. h, N, and sin ej are varied one at a time. The most important of these is the 
dependency of v on I. This effect may be studied for changes in I up to 15 per cent 
by holding constant the right hand side of Eq. (61). It is also found, from accurate 
trajectory calculations, that the right hand side of Eq. (61) may be considered to 
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remain constant in determining the change in 11 due to change in N. provided N does not 
change by more than ±l. The variation of the initial gross weight " .. with the number 
of stages N based on the final design value of 11 for the three stage hydrazine-oxygen 
rocket is shown in Fig. 18. 

The simplified formula Eq. (61) is not suitable for revealing the change in 11 

resulting from change in n because n is strongly involved implicitly in the term 
l: sin 8r 

The use of Eq. (61) for computing change in 11 due to change in (D7i>j gives 
results of qui te satisfactory accuracy. This enables one to ascertain the change in 11 

shape of the rocket and is therefore important in determining the optimum shape for 
least gross weight as this depends on drag as well as structural weight. This will be 
discussed further in Bef. (6). 

Another interesting use of formula, Eq. (6l), is the calculation of the reduction 
in 11 which results when the rocket is launched from a high altitude such as a mountain 
top. If the rocket were launched at a height of 10,000 feet, for example, the reduc
tion in drag due to the lower density at launching results in a decrease of 3 per cent 
in the gross weight. 

II. FLIGHT MECHANICS AND TRAJECTORY CALCULATIONS 

In part I the problems of establishing a rocket of minimum gross weight on a 
circular orbit as a satellite of the earth have been discussed from a more or less 
general point of view and in a somewhat qualitative fashion. By means of this some
what elementary but fundamental discussion, it was possible to derive a simplified 
performance equation, (61), which is extremely useful in showing how the various 
performance parameters are related. These approximate relations must now be treated 
on the basis of more exact mathematical formulations which will lead to accurate 
determinations of trajectories and of the optimum values for the various performance 
and trajectory parameters. 

1. The General Equations of Motion of a Point Mass Moving on a Path In the Equatorial 
Plane of a RO'tating Planet. 

Since the present study is concerned only with the special case in which the 
satellite orbit lies in the equatorial plane, the analysis of the motion will become 
somewhat simpler. Although the equations of motion may be derived with neatness and 
brevity by employing Lagrange's dynamical equations, a longer but perhaps more physi-

35 



February I, 1947 

cally significant method will l:le used here. The basic equations of motion are those 
for a point mass moving on a path situated in the equatorial plane of the rotating 
earth. Consider a rectangular system of coordinates having its origin at the center 
of the earth and rotating with the earth at the constant angular velocity n, where the 
arrow is used to denote a vector quantity. ~e vector n passes through the center of 
the earth and is directed toward North. If f is the true resultant force acting on 
the particle of mass II, the vector force equation is(S) 

I = ;, 

" 
( 62) 

where r is the position vector of the particle measured from the origin at the center 
of the earth, a' is the apparent linear acceleration of the particle, and V' is the 
apparent velocity of the particle, r; ii'. and v' all being measured relative to the 
rotating system, of soordinates. The term n x (0 x r) represents the centripetal re
action, and 20 x v' is known as the Coriolis' acceleration. The position vector r 
has the same magnitude regardless of whether the system of reference is rotating or 
not. 

Since the motion of the point mass is to be identified with the motion of the 
rocket, we consider a trajectory, as shown in Fig. 6. which starts at the ear-th's 
surface at the launching point L, travels in a clockwise (eastward) direction of 
rotation with respect to the earth. and establishes the circular orbit at the end 
of the trajectory at the point E. 
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The earth rotates in a clockwise direction (when viewed from the South) with 
angular velocity n. The line h*h*, which may be referred to as the original hori
zontal. specifies the direction of the horizontal at the time of launching and rotates 
with the earth in a clockwise direction. Only the clockwise (eastward) direction of 
motion of the vehicle will be considered here, since this case requires less energy to 
establish the orbit than when the motion is in the counterclockwise direction. Since 
the position vector is restricted to the plane of the equator and since the angular 
velocity vector IT is normal to the equatorial plane, and points North, the vector 
product IT x (n x r) will be a vector in the direction of -?, and the vector product 
n x 1i I will be a vector normal to the p,!th. With the type of trajectory being treated 
here. Fig. 6, it is apparent that n x v' will always be directed toward the center of 
curvature of the path (i.e., 90° clockwise from 7), and if this direction be denoted 
by the unit normal vector -n (Ii positive in "the direction 90° counterclockwise from 
7), the force equation (62) may be written 

(63) 

If T is a unit tangent vector in the direction of 11' and g. is the inclination of the 
trajectory with respect to the original horizontal, h·h·, the apparent acceleration 4' 
may be expressed in terms of the components tangential and normal to the path in the 
following manner. 

By definition 

a' a (tv) .... au' 
Vi 

at 
(64) = t - + at dt dt 

The quantity at;dt may be expressed in the form 

dt dt de--
dt de· dt 

Since I dTl = I df)·I, and since dt is normal to the r.rajectory, it is convenient to 
define dt as positive when it corresponds to a positive value of the differential de", 
Hence dt;~ will be a unit normal vector which, for the trajectory treated here, will 
be identical with n. If e' is the inclination of the trajectory with respect to the 
instantaneous horizontal h'h'. Fig. 6. the instantaneous angular speed of rotation ~I 
of the instantaneous horizontal is ~' = v' cos 8 '/r, and it follows that 

df). 

dt 

df)1 
= dt 

v' cos e I 
r 

Hence the expression for a' becomes 

_ au'.... I I df)' v' 2 cos e·' .... 
(i' - dt t + \t' dt - r )n. 

( 65) 

(66) 
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Noting that in the total force equation (63) the vector -021 may be resolved 
into the components -r 0 2 sin 8' in the direction of -; and - r 0 2 cos 8' in the direc
tion of A, Eq. (63) may then be expressed in the following form, entirely in terms 
of the unit vectors t and n. 

(
dV' ) ! = dt - rna sin 8' 7 

( 
d(3' 

+ v ' -dt 
V" cos 8 1 

r (67) 

Hence the true force It in the tangential direction -1 and the true force In ~n 
direction of the positive normal to the trajectory n are 

the 

It dv' 
= dt - rna sin 8', and • (68) 

Itl d(3' 
- = V'- - -----
11 dt 

V,I cos 8' 
- roa cos 8' - 20 v' . 

r (69) 

2. Application of the Equations of Motion to the Satellite Becket 

38 

1he following quantities are now introduced. 

F = total thrust of all rocket motors when all of the thrust ~s ~n the 
axial direction 

Fe = total magnitude of the thrust of the rocket control motors 

D ::: drag 

w = weight based on standard sea-level gravity = Ilgs 

gil = standard sea-level value of apparent gravity = 32.174 ft/sec a 

g = absolute gravity 

La = aerodynamic lift, positive ~n the direction of +n 

a. = angle of tilt of vehicle relative to direction of trajectory, positive 
in the direction of ~ 

= difference between Fe cos a and the component of the thrust of the 
rocket control motors in the direction 1 

= component of rocket control motor thrust normal to the trajectory. 
positive in the direction of + n 
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Resolving the forces acting on the rocket into components in the direction of r 
and n# we have 

f t = Fcosa.-D-agsin8' + ftc 

fn = + F sin a. + La - IIlg cos 8' + f nc , 

and the force equations may then be written 

dv' 
dt 

dI)' 
v'-dt 

F D ftc 
. 8' + d un m cos a. -w g, + iii ' an 

( II) v':iI F L4 f llc = - g - r 0 cos 8' +-r-cos 8' + 20v' +m-sin a. +lfg, +.' 

(70) 

(71) 

(72) 

(73) 

It will be noted that weight is defined on the basis of the constant standard sea-level 
value for the acceleration of gravity, g., and therefore does not vary with height. 
The absolute acceleration of gravity g varies with the distance r from the center of 
the earth according to the formula 

(74) 

where R is the radius of the earth and gR is the absolute value of gravity at sea 
level. The absolute value gR is the measured or apparent gravity at sea level plus 
the centripetal acceleration due to the earth's rotation. At the equator gR= 
32.199 ft/sec:il, the apparent gravity being 32.088 ft/sec:il. 

In these equations F is the combined thrust of all the motors, including the 
control motors when they are aligned in the axial direction. If the control motor 
deflections are small, which is a control motor design criterion, then ftc is negli
gible in Eq. (72) compared to F cos a and it will therefore be omitted in the follow
ing development. On the other hand Lct is not negligible compared to F sin a. in 
Eq. (73) and consequently may not be disregarded. The value of Lcz and the required 
value for f llc depend to a great extent on the aerodynamic characteristics of the 
rocket(6), and both f nc and La are usually smaller than F sin a.. If it now be assumed 
that the servo-control system is capable of supplying, through a program on the inde
pendent parameter a., any reasonable desired program on the net value of F sin a. + La + 
f,.c' it becomes convenient to define a new independent parameter a* by the relation 

F sin 0.* = F sin a + La + f nc , (75) 

so that the determined lift program shall henceforth be specified through a program on 
the effective angle of attack 0.*, It will be noted that the condition a. = a* corre
sponds to the case of no aerodynamic or control forces. When a program on a* is 
determined from considerations in this section, it can be converted to a program on a 
by means of Eq. (75) as discussed in detail in the aerodynamics report, Ref. 6, When 
aerodynamic forces are absent and a* is constant, 0.* is practically equal to a, 
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differing from it only because f~c must still supply the moment necessary to turn the 
rocket so that the condition of constant a· is maintained along the trajectory. In 
order to simplify some of the calculations to follow, we shall seek optimum a* pro
grams by representing the variation of a* with time by means of a step function. Such 
a program could not of course be supplied by the servo-control system so that it must 
be remembered that the program finally chosen must be suitably 'rounded off'. There 
still exists a cos a term in Eq. (72) which is practically unity for values of a in 
the range 0 - 30 as in this study. Thus, although the approximation cos a ~ 1 might 
be used in this equation, it is somewhat more accurate to employ the approximation 
cos a = cos a·, which will be done here. B¥ neglecting ftc and letting cos a = cos a· 
in Eq. (72) the error in the final velocity is less than 10 ft/sec. It is not permis
sible to make any simplifying approximations in Eq. (73) and in this equation a· must 
be used in accordance with the exact definition, Eq. (75). By making the above sim
plifications in Eq. (72) and using a* accurately in Eq. (73), the present trajectory 
analysis has been divorced from some of the less known aerodynamic characteristics and 
all of the rigid body dynamics and servo-control interaction. The modified differen
tial equations truly describe the motion of a point mass. 

certain of the forces appearing in the equations of motion may now be replaced in 
terms of the performance parameters discussed in Part I. We first return to Eq. (7) 
and, assuming operation with constant rate of masS flow of propellants (dm/dt 
const.), evaluate the quantity F/I!! for any time t within the burning period tb' It 
follows from (7) that 

.!..::: -gIl cia 
I!! s iii dt (76) 

Also, since dl!!/dt is constant, it follows that -dm/dt = ~p/gBtb and therefore that 
ft = Wi/g. - (Wp/g.th)t, where Wi is the gross weight at the beginning of the burning 
period and Wp is the total weight of propellants consumed during the burning period 
th' Thus 

F g. Iv 
(77) - = 

t ' II 
tb ( I - v tb) 

Wp 
where v = T' , 

A refinement of the analysis may be made by considering the weight of fuel used 
in furnishing power for various auxiliary purposes such as propellant pumps and servo
mechanisms. The weightWp is used to denote only the weight of propellants consumed 
in obtaining thrust from the rocket motor. Let Wp denote the weight of fuel used 
during a burning period for auxiliary purposes and introduce the factor E defined by 

W * p W + It' ::: p p 

Itp 
or € ::: I +T , 

p 
(78) 

where t p * = €tp is equal to the total weight of propellants and fuel consumed in the 
burning period to' This is equivalent to defining a total propellant-gross weight 
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parameter 11* such that 11* = tEll, see Eq. (9), and when the extra weight of auxiliary 
propellants is taken into account, Eq. (76) must be written 

F = (79) 

In general, if Wi denotes the initial gross weight for a given stage and W 
denotes the gross weight at any time t during the burning period tb of the stage, we 
have 

t 
It. - It .. 

tb It .. Itp It l P P t t t 

W. = Wi = 1 - -w;- tb = 1 - €-- = 1 - €VT· (80) 
l 

Wi tb 6 

Using this relation, the drag and lift terms In the equations of motiQn are evaluated 
by means of the relations 

D Cg4q 

If = 
(1 - EV /,,)' 

and 
W. 

t 

(81) 

Lq. CLAq 

It = (1 t )' Wi EV-
tb 

(82 ) 

where CD and C
L 

are the drag and lift coefficients, A is a representative area (maxi
mum cross section) of the rocket stage, and q is the dynamic pressure. The coeffi
cients CD and C

L 
are discussed in Ref. 6. With the aforementioned simplifications, 

the equations of motion (72) and (73), referred to the rotating system of coordinates, 
may now he written 

dv' 
= 

dB' 
v'-dt = 

gs Iv cos a* 

tb (1- Ell ttJ 

gs Iv sin a* 

t (1 - EV _t ) 
6 tb 

where the gravity relation Eq. (74) has heen introduced. 

(83) 

V,2 

+-r-cos 8' +2Dv' • (84) 
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3. Integration of the Equations of Motion 

In general these equations of motion cannot be integrated analytically. An ex
ception to this, however, occurs in the highly specialized case of coasting at high 
altitudes where the lift and drag forces are negligible; in this case, the equation 
may be integrated to give motion in an elliptical orbit as discussed later. Thus, in 
order to obtain accurate results, it is necessary to solve the differential equations 
of motion (83) and (84) by numerical methods. Many such methods are available(1).(S), 
differing considerably in complexity and amount of labor involved. Since the main 
term in the equations of motion is the thrust term which is essentially integrable, a 
rather simple method of successive approximations is used in this study which is based 
upon a combination of the method of Picard (Ref. 7, pp. 218 to 225) and the Cauchy
Lipschitz process (Ref. 8, Chap. XIII). The equations (83) and (84) apply to any 
burning period tOj (i.e. to any stage) and to any time interval 6t within a burning 
period. Since the method of successive approximations requires that each burning 
period be broken up into small time intervals, to avoid complicated notation the 
particular stage in question (the subscript j) will not be specified. However, it is 
necessary to specify the finite differences within a burning period, and these will be 
denoted by the subscript.. Considering Eq. (83) for example, the formal integration 
process would be indicated by 

Iv cos a* d t) t 
t (1 - €V-

b '\ tb 

- r DJ sin B'dt - (85) 

where 6vie ~ via - Vkl is the change in velocity in the .th time interval 6 t • = ta -
t. If the time interval 6t. is taken small enough, which is always the case when the 
n~rical method is employed, certain of the quantities vary so slowly with time, and 
therefore altitude, that it is sufficient to replace them by their mean values during 
the small time interval 6t, whereby they are then treated as constants. In this way, 
Eq. (85) is replaced by the expression 

t 
1 

I - €v-

- ~.~' 'OJ 
gIl. 

.. to 
cos ak • 

6vi log t sin Bit • 6 t • 
t 2 

1 -€v-
to • • 

-(~\ gl • 6t. , (86) 
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and Eq. (84) becoue.s 

(87) 

A third equation defining the height h = r -R must now be introduced; this is dh/dt = 
v sin 8' which is used in the finite difference form 

(88) 

where ~L = r L - r L • The numerical method of successive approximations ~s now 
, '" '"a ,'"1 

appl~ed to the equat~ons (86). (87), and (88). 

In carrying out the numerical solution, the procedure is to begin with Eq. (86) 
and calculate ljv, using a sufficiently small value for /lt ft and using either known 
initial values or estimated values for the mean value quantities. This gives a value 
for v, which is thenJ!..sed in Eq. (87) to get M k• This will give a value for 8k 
which, together with vk. is used in Eq. (88) to compute~e corresponding value for 
/:::JIft' Then using these new values of hi! (Le. I rft) and 61., the process is repeated 
several times until the values of Vi, Bli and h converge. In using this method pre
cautions must be taken that the time intenal utile is not too large. For even though 
convergence is secured, if the time interval is not small enough, the final converged 
values obtained may still differ from the true values by an amount greater than the 
required accuracy, One simple test of a very practical nature is to compare the con
verged values based on a given /lt~ with those obtained when ljt k is taken half as 
large. If the difference of the two sets of converged values is less than the re
quired accuracy. it may be concluded that the original time interval was not too 
large. The accuracy which has been specified in most of the calculations is about 
10 miles in total height ~ft and about 50 ft/sec in total velocity change ~V' ft' 

4. The Trajectory Calculations 

Various results which were discussed in a general way in Part I will now be 
treated in more detail. Sufficient discussion has already been given in Part I to 
show that the best that can be done for a rocket with independent staging is to use 
a constant value of n throughout the non-coasting part of the trajectory, and also 
that the use of constant v corresponds to conditions very near the optimum. According
ly all calculations are carried out on the basis of n'and v constant as far as staging 
is concerned. The purpose of the trajectory investigations is to determine, on this 
basis, the particular trajectory which will satisfy the required orbital conditions 
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with the least value for gross weight, which in most cases means the least value for 
11. The basic value for the specific impulse 1 is determined by the type of propel
lants used and the combustion temperature as described in Ref. 9, and is to be treated 
in the trajectory equations as a quantity specified in advance, although a variation 
will be allowed to take account of the effects of changes with height Qf the free-air 
pressure (see Ref. 6) and the changes in design from stage to stage. Likewise, since 
the general features of the shape of the rocket are known, the value of the drag' 
coefficient CD' and its variation with speed.and altitude, may be considered as known 
in the trajectory equations (see Ref. 6). 

Thus, calculations must be made for various trajectories which differ in the tilt 
program u(t), in the time T which specifies where the burning period is interrupted 
and coasting begins, in the amount of coasting ~he' and in the maximum load factor n 
which enters the trajectory equations implicitly through the burning period, Eq. (31). 
Consistent with the required orbital conditions (height, velocity, and angle), the 
problem is to determine, by means of the trajectory equations, the optimum values for 
least 11 of u*(t), 6he , and T for various values of n. Then, from these values, an 
optimum n may be chosen corresponding to a minimum value for gross weight by making 
use of the weight studies of Ref. 3. 

Considering particular orbital conditions which must be satisfied by means of the 
trajectory calculations, these may be expressed in functional form by 

Vi 
orb 

Vi 
o1"b [a*(t), Me' T, n, Il ] 

req req 

e~r6 0 = e~rb [a*(t), Me' 7, n, Il ] (89) 
req 

hor6 horb [ u" ( t). Me' 7, n, Il ] . 
req req 

The orbital angle condition e~rb = 0 must always be satisfied on a circular orbit, and 
the angle of inclination must be zero in both the fixed and rotating coordinate 
systems. In fact, this is the only value for which the angle will have the same value 
in both systems of coordinates. The orbital velocity is determined mainly through the 
effect of v, the orbital angle through'the effect of a, and the orbital height through 
the effect of Me' Strictly speaking the number of stages N should be treated as 
still another variable, so that all of the following discussion should, in principle, 
include consideration of variations in N. However, the best value for N is more 
readily determined by means of the simplified performance equation, Part I, which 
indicated that most of the trajectory shape study should be carried out on the basis 
of N = 3, but that some consideration should also be given to the rocket with N = 2. 
In view of this result it is not necessary to consider variations with N in the 
following discussion, since N will always have a fixed value of either 3 or2. 

The problem of determining the best form of a continuous function u*(t) is essen
tially a problem in the calculus of variations. However, this problem can be simpli
fied here since it has been found by actual calculations that it is of no value to 
have any tilt in the higher portions of the trajectory and that the most important 
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factor associated with tilt is the position, or time, in the lower part 'of the trajec
tory at which tilting hegins. To specify this, the parameter A is introduced which is 
defined as the fraction in time of the first burning period tb at which a first has a 
value different from zero. Since it is inefficient to use tilt in the higher portions 
of the trajectory, the tilt angle a must go to zero again somewhere along the trajec
tory. To determine where the tilting should end and a ~ 0 again, the effect of ending 
tilt at various positions in the trajectory was investigated over a wide range extend
ing from the middle of the first burning period to the end of the trajectory. It was 
found that the performance of the rocket and the resulting value for v were, within a 
wide range, practically independent of where the tilting was ended. Actually it was 
found that when the tilt ended early, slightly larger values of a were required in the 
first part of the trajectory, but that the net effect on the required value of v was 
negligible. Accordingly, all of these results indicate that it is quite satisfactory 
to employ the following simplified a·( t) program. 

Start the tilt program at the time A early in the first stage. 
Keep the effective angle of tilt a· constant up to 0.9 of the 
first burning period (0.9 tb ) and then keepa· ~ 0 thereafter. 

1 

Near the very beginning of the first stage and in the last stage a· is practically 
equal to a due to the small magnitude of the aerodynamic forces. As pointed out 
before, Part I, section 12, the required lift force will always be negative (in the 
direction toward the center of curvature of the trajectory) and accordingly the tilt 
angle a is always negative. 

Consider further the required orbital conditions, Eqs. (89). The method of cal
culation which will be used here does not allow one to arrive at specified orbital 
conditions directly. Rather, the calculations proceed on a somewhat indirect basis, 
since it is noted that for any chosen set of values for a*(t), ~c' T. n, and v, a 
definite value will result for the velocity at the end of the trajectory. If this 
velocity is high enough it will correspond to the velocity of some type of orbit but 
not necessarily to a circular one. Moreover, the angle of inclination e' at the end 
of toe trajectory will not necessarily give the proper direction of motion requir~d 
for establishing a circular orbit. To meet the conditions required for establishing a 
circular orbit, the velocity v, at the end of the trajectory, at the height h, where h 
is whatever value results from the calculations, must have toe value given by Eq. (57) 
and the angle e~r& must be zero. Functionally, the equations (89) show that by proper 
choice of two of the variables, saya· and 6hc , it is possible to satisfy two of the 
orbital conditions, for example the velocity and angle; when this is done, the third 
orbital condition is still dependent upon the remaining variable. Thus, in order to 
find a trajectory which corresponds to any circular orbit at all, it is necessary to 
have trajectories for various a· and 6hc from whico, by interpolation, a trajectory 
can be picked out which corresponds to a circular orbit. If the trajectory curves are 
comprehensive enough, it will then be possible to find a trajectory which will satisfy 
the orbital conditions corresponding to a specified height horb ' 

req 

Accordingly, we may imagine the elimination of the variables 6h c and a· by means 
of many trajectory calculations. which would then result in a relation of the form 
horb = horb (A, T, n, v) where horb is any orbital altitude and not necessarily the 
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required one. If the range of v covered is great enough, one may then specify the 
value for horb and get 

req 

v (A, 7, n), (90) 

where the orbital conditions v~rb' e~rb' and horb are now considered satisfied and 
req req ~eq 

therefore do not enter the functional relation as variables. Having a relation of 
this type, it would be possible to investigate the variation of v with A, 7, and n. 
However, it is found much more convenient to proceed by first considering relations of 
the form horb = horb (A, 7, n, v) for a given value of v. Optimum values of A and r, 
for various n, are then found which give the maximum value for h orb • Thus the maximum 
values of horb are found rather than the minimum values of v. This procedure is 

. justified by the following remarks. 

In the simplified performance formula (61), the main effect as far as changes in 
v are concerned is determined by the term on the left hand side of the equation. The 
terms in h on the right hand side are nearly independent of A, T, and n. The sin e 
term varies with h but its variation with h does not change much with A and n; that 
is, when A and n are held constant, the value of the derivative (ov(ah)A T n does 
not depend to any appreciable extent on the particular constant values which X and n 
have. On the other hand, the derivative (Ov;ah)~ T n does vary somewhat with r, and 
this is adequately taken into account in the analysis, as will be seen later. It is 
found that (ov/oh)A T n is nearly constant over height intervals of the order of 
200 to 300 miles, and the use of this property allows important simplifications to be 
made. For example, because of this property it is possible to deduce the value of 
v = v (i-.. , T, n) for a hOrb from the value o! h"rh = hod (>-.. , "-, ;1) at ':;onstant v. 

req 

Use is also made of a further general propert-j that the optimum \ and ,. to give the 
maximum orbital height is the same as the optimum". and T to gIVe the minimum ,-" These 
details will become more apparent in the later discussion. 

5. Coasting 

Before explaining in detail all of the various steps employed in using the tra· 
jectory calculations, it will be necessary to discuss the coasting portion of the 
trajectory. Since there is no rocket motor thrust present during coasting, and since 
the coasting always occurs at such great heights (100 miles or more) that the drag and 
lift are negligible, the equations of motion (83) and (84) are considerably simplified 
and may be integrated. To do this it is convenient for the integration to refer the 
equations of motion to a fixed (i.e. non·rotating) system of coordinates with origin 
at the center of the earth, rather than the system of coordinates rotating with the 
earth, which has been used up to the present. In the fixed system of coordinates the 
speed and angle variables will be denoted by v and e without the primes; h is the same 
in both systems. In the fixed system of coordinates the only forces acting on the 
rocket during coasting are the gravity and centrifugal forces, and the equations of 
motion become 

dv = - g sin e (91) 
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along the tr,jectory, and 

8 
V 

= - g cos 8 + r cos e (92) 

normal to the trajectory. As shown 1n Appendix I, these equations are quite easily 
integrated yielding the solution 

(constant total energy) (93) 

and (constant angular momentum) (94) 

where the subscript i is used to denote the beginning of coasting, and where E is the 
total energy per unit mass (kinetic plus potential). These integrals could have been 
written immediately from the well known dynamical law that the motion of a particle in 
a conservative field of force, the field of gravity in this case, must always be such 
that the total energy and the angular momentum are conserved. When the field of force 
is one of gravity, which varies inversely as the square of the distance, we have the 
well known case of Keplerian or planetary motion for which the path of the particle is 
known to be elliptic, parabolic, or hyperbolic, depending on whether the total energy 
is negative, zero, or positive(lO). 

When the particle is at rest at infinity, its total energy is zero; and it. can be 
shown(ll) that the coasting portion of the trajectory will be elliptic, parabolic, or 
hyperbolic, depending on whether the actual velocity is less than, equal to, or greater 
than the velocity it would acquire in falling from rest at infinity under the action 
of gravity, that is, the escape velocity. Since the circular orbit velocity is 
obviously less than the escape velocity, the velocity during coasting will likewise be 
less than the escape velocity, the total energy 2E will be negative, and, as shown in 
Appendix I, the coasting trajectory will be an ellipse such that one focus is situated 
at the center of the earth. Letting 2 E = -Va where V is a positive number having the 
dimensions of velocity, it is shown in Appendix I that the semi-major axis a of the 
ellipse is defined by a = r i

2 g i lva and that the semi-minor axis b is defined by b = 
ViTi cos eilV. Hence the coasting motion is such that, with the center of the earth 
located at one focus, the coasting begins at a point i near this focus and ends at a 
point f in the direction toward the other focus. Denoting the end of coasting by the 
subscript f, the time of transit between the two points i and f is computed from 
~tc = t f - til where the instantaneous time t is related to B by the formula 

t = a sin-
1 (~tan e) + b tan e 

V 
(95) 

which is derived in Appendix I. Eq. (170). In this expression a is the semi-major 
axis, b is the semi-minor axis, and c is defined by c = I a2 - b2 • 

The changes which take place during coasting may be combined with the values at 
the beginning of coasting, and the changes after coasting to give the final values at
tained at the end of the trajectory. Considering the final burst of powered flight 
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after coasting, let the changes which occur over this end portion of the trajectory he 
denoted by twe , /j,0e' and Me' TIre changes which occur during coasting will he denoted 
by t:w e' Me' and Me' Thus, t.he final conditions attained at the end of the trajec
tory, denoted by the subscript " are 

(96) 

(97) 

(98) 

In these relations it is assumed that all values have been referred to the fixed 
system of coordinates. Values computed on the basis of the rotating coordinate system 
may be referred to the fixed coordinate system by means of the relations 

v sin 0 = v' sin 0' 

II cos 0 = v' cos 0' + rn , (99) 

r == r'. 

In the special case that the final conditions at the end of the trajectory are condi
tions corresponding to a circular orbit, we have II, vorb' OF = 00rb = 0, and hF = 
horb = r oro - R. 

Combining Eqs, (93) and (94) and other elliptical characteristics for the coast
ing motion and imposing the orbital condition that OF = 0 yields[9] 

(100) 

where from (97), cos /j,0e = cos Of' Using Eq. (93) together with Eqs. (96) and (98) 
with the imposed orbital conditions II, = vorb' hF = horo' results in the expression ~J 

(l:J:; 
VI +7-r- = no}) 

These are two independent equations in 6h c involving the three orbital conditions 
v b' 0 L 0, and h 0' Having these equations it is now possible to explain in or oru or 
more detail the method employed in the trajectory calculations. 

[9J In Eq. (100) the positive value of the radical must be used, since the negative 
value would correspond to negative values of ~c. The positive value of the radical 
Dlust also be used in Eq. (101), since otherwise the curves for Eqs. (100) and (101) 
cannot intersect to give s circular orbital solution. 
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6. Procedure Followed in the Trajectory Calculations 

,-, 

--

1. Considering first the final burst of powered flight after coasting compute, 
for a certain chosen set of values of v, n, and 'T, the changes t,v , M , and M as50-
. d . h h' I! I! I! c1ate W1t t 1S end portion of the trajectory. For the orbital hei~hts of interest 

here (about 350 miles), these values are essentially independent of orbital height. 
The calculations 1 may be expressed in functional form by the relations 

6vl! = 6ve(v, 'T, n) 

68 e = t,8 <:(v, 'T, n) 

t,he = ~I!(v, 'T, n) 

(02) 

2. For a certain chosen set of values v, 'T, A, and n, calculate trajectories up 
to the beginning of coasting usi~g various a*. The values of v and 'T used are the 
same as in 1. This 1S expressed in functional form by 

v. = Vi {(v, 'T, A, n], a*) 
t 

8· = 8 i ([v, 'T, A, n], a*) (103) 
t 

h. = hi {(v, 'T, A. n] , a*) 
t 

where it is to be understood that the calculations are carried out for certain chosen 
values of the quantities occurring within the bracket. The quantity outside the 
bracket may be viewed in the manner of a running variable such that it varies over a 
range of values for each set of conditions specified ~ithin the bracket. Unless it is 
specifically understood otherwise, as in coasting and in the final burst of powered 
flight, all values are first computed in the system of coordinates which rotates with 
the earth and are then transformed to the fixed system of coordinates. 

3. Using the results (102) and 
gives relations of the form 

(103) in the coasting equations (100) and (101) 

!::he = !::he (IY, 'T, A, n], a*) , 

and plots are made of t,he against a* as shown in Fig. 7. 

1 

[.t T. A,n J =CO,..STANT 

a * 
SCHEMATIC SKETCH TO ILLUSTRATE HOW AN 

ORBITAL CONDITION IS OBTAINED 
FIG.7 

(l04) 
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Curve 1 is obtained by always satisfying the conditions of Eqs. (102) and (103) in 
Eq. (101), while curve 2 is obtained by always satisfying the conditions of Eqs. (102) 
and (103) in Eq. (100). The set of values (a"', Me) corresponding to the points P and 
p' where the two curves intersect will obviously determine a circular orbit and will 
therefore be denoted by (a"'or6' l:!hcorb)' The circular orbit will therefore correspond 
to a certain height hor6 which may be expressed functionally as 

= h L or" ( 105) 

In this way for any given set of values [v, T, A, n). a circular orbit may be estab
lished at some known height horb which is not specified in advance and which is there
fore not necessarily the orbital height desired. Moreover, the values (v, T, A, n) 
will not, in general, be the best values to use from the standpoint of minimum gross 
weight. The point pi nearly always corresponds to negative ei and to ranges which are 
more than halfway around the earth. Moreover, although 6hc is higher, hi is lower for 
p' than for P causing the rocket to be subjected, usually, to more drag during coast
ing which tends to make the calculations by which pi is reached erroneous to the 
extent that horD for pi may well be lower than that for P. 

4. Steps 1, 2. and 3 are now repeated holding [v, A, n) constant but using 
various T. This process may be indicated by the notation 

(06) 

where the symbol (T) is used to indicate that T varies over a range of values while 
the other numbers v, A, n remain constant. From the process indicated by (106) a cer
tain largest physically possible value of T is found, which may be indicated by T.

4
% 

and which corresponds practically to the largest value attainable for horb ' That is, 
the value T = T. 4 % is very close to the value T = Topt which makes horD a maximum. In 
a diagram such as that of Fig. (7), T = T. a% corresponds to the case in which curve 1 
intersects curve 2 only once, which occurs at the minimum point p.' The value T = Topt 
is such that curve 1 intersects curve 2 twice very close to the minimum. It is not 
clear in the present study, due to the neglected drag effect. whether the optimum is 
at P or at pi, but it is apparent that P or pi is so near to the minimum that the horb 
value for T = T.

4
% and T T opt are so nearly the same that we shall assume them 

approximately equal in this discussion. This problem should be more thoroughly Dr 
vestigated in any study where the emphasis is not on short ranges such as are desired 
here. This value T = Topt = T.

4
% is important since, as discussed in section 13 of 

Part I, this value of T leads to the least value for v. It was pointed out (section 4. 
Part II) that the value T = Topt for maximum horb would give the least value for v if 
horb were fixed or specified 1n advance. In fact, since it will be found desirable 
later to have the dependence of (av/Oh}A T n on T, it is worthwhile at this stage to 
repeat the calculations for various v a~d in this way obtain the relation between v 
and horb for various T. This relation immediately gives (av!Oh)A,T,n as a function of 
T, and also gives Topt for minimum v at constant horD' This is the same Topt as al
ready discussed for, since 

(107) 
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it follows that for the same value of T both (Ov~) II and (dh~) are zero. T,n, T,n.~ 

Using the Toet determined in either of the ways mentioned above and returning to the 
discussion of the variation of horb with fixed v, we may write 

(l08) 

5. Steps 2, 3, and 4 are repeated for various A giving 

(l09) 

6. Steps 2, 3, 4, and 5 are repeated for various n giving 

h orb ( llO) 

Thus far, Eqs. (108) to (110), the calculations described are still based on the 
original value chosen for v which will now be denoted by vo' On this basis, the.cal
culations carried up to the stage indicated by (110) give, over a range of values for 
A and n, the values of Topt and the corresponding maximum orbital heights for a cir
cular orbit. Thus, for each of the values (A) and (n) the calculations determine the 
value of To t and the corresponding maximum value of horb ' It now remains to determine 
the minimumPv corresponding to the desired orbital height of 350 miles. 

7. Corresponding to each of the different values of n, the optimum value of A 
(A = Ao t) is chosen which gives the greatest of the corresponding maximum orbital 
heightsf this may be denoted by horb ' This process may be looked upon as finding a 

double maximum or the ultimate maximum since for each (n) there is found for a series 
of values A the corresponding values of To t' and from these A there is chosen a Aopt' 
In this way the ultimate maximum orbital lieight can be determined as a function of n. 
This relation is then used to find the minimum value of v, v = vain (as a function of 
n), which will just suffice to give the desired orbital height of 350 miles. To do 
this, use is made of the approximate result that· (av/Oh) \ nis independent of the 

",,1\, 
values A and n. 

Since av/Oh ~s fairly constant with h we may write 

= v 
o horb ) , 

req 
(111) 

which may be used to calculate the value of v req for a given horb when any horb is 
req 

known for a particular v. Using this procedure it ~s necessary to know (avjdh)~ ~ n 
as a function of T. It °will be seen later, Figure 8, that it is more convenient to 
use the range instead of the parameter T. 
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In particular. for the values T =To~t, Eq. (Ill) may be used to obtain v as a 
function of A and n from the known relation of horb to A and n. Further, for the 
condition Ao t and T opt ' the relation between v.in and n may be calculated, and from 
this W

1 
may ~ obtained as a function of n from structural considerations. This last 

relation will have a minimum which will determine nopt ' which in turn will determine a 
final v. ill ' 

8. The value for v.ill as obtained above will be slightly in error owing to the 
approximate nature of the relationship (dv~)7: A II = const. which was used. Therefore 
a final optimum trajectory must be determine~.' Using the fixed values Topt, Aop.t' 

no t' determined above, trajectories are computed for three or four values of v having 
vaiues in the neighborhood of the value v. ill ' Each of these trajectories will deter
mine an orbital height. By interpolating between these orbital heights for the desired 
orbital height (350 miles), the corresponding interpolated value of v is the final 
minimum value which gives the final optimum trajectory (see for example Fig. 8 dis
cussed later). 

The method which has been used here to determine the optimum trajectory (To t' 

Aopt ' nopt' v. ill ) has been based on the determination of maximum orbital heights !nd 
on the use of the relation (dv/dh)A T n = const. Although this relation is only 
approximate, its use has been found j~stified since the optima are broad and because 
actual calculations of (dv/oh)A,T,n at different sets of values [A and nJ have veri
fied the approximate constancy of the derivative. The procedure adopted here for the 
trajectory calculations, although somewhat indirect, allows the optimum trajectory to 
be found in much less time than if the calculations were carried out in the more 
direct manner based on the specification in advance of the desired orbital height. 

7. Range 

Before the results of the trajectory calculations can be discussed with complete
ness, it will be necessary to make a few remarks concerning the range. The range 
corresponding to any portion of the trajectory is defined as the distance intercepted 
on the earth's surface by the two radius vectors extending from the center of the 
earth to the end points of the portion of the trajectory, Thus the range is deter
mined by projecting the trajectory onto the surface of the earth by means of the 
verticals at the two end points of the trajectory. Letting ¢ and r be the polar 
coordinates (with origin at the center of the earth) of a point moving along the 
tra.iectory, and letting sh be the horizontal projection of the trajectory at the 
distance rand Sh the corresponding projection at the surface of the earth at r = R 
(the range), it follows that 

dSh = Rd¢, 

dSh = r d¢ and 

Since ds h = v cos e dt, the di fferential equation for the range lS 

R 
dSh ::: r v cos e dt • (12) 
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from which the range itself 1S given by the integration 

(113) 

v cos B 
where r dt = d¢. For the non-coasting portions of the trajectory, the range is 
obtained by numerical integration of Ea. (113). 

Since the coasting part of the trajectory is a portion of an ellipse, the range 
for this part of the tra.iectory may be obtained analytically by integration or from 
the analytic geometry of the ellipse. If ¢i and ¢I represent the polar angle 'at 
the beginning and end of coasting, the range during coasting is 

( 114) 

and it is therefore required to find the expression for the angle ¢ for this part of 
the trajectory. This expression is derived in Appendix I, Eq. (165), where it is 
found that 

(115) 

where 

Ji., ::: gT (116) 

Thus when Bi , Bf , r i' and r I are given, the range 1S computed immediately by use of 
Eqs. (114) and (115). 

It should be pointed out that in this study we are mainly concerned with ranges 
referred to the rotating earth. This will be denoted by Sh' The above formulae refer 
to a non-rotating coo,rdinate system and can be converted to values referred to the 
rotating earth in the case of the calculations for powered flight by using 'primed' 
values in Eq. (113), and in the case of coasting by subtracting from Eq. l114) the 
term R n ( t f - t i ). 

Having introduced the range, it may now be noted that to a first approximation 
the range of the ascending trajectory is determined when r is given; that is, r governs 
range in the main. Since we are more interested in the range (actually we want to 
limit it to 2500 miles on the earth's moving surface so that communication does not 
become too difficult) than in r, it is convenient to replace the independent variable 
T by the independent variable Sh' Since it has been found that (Cv/Oh)~ A ft varies 
mainly with T, it then follows that «}/.-/oh)S';,A..,1l varies mainly with Sj.. ' This is 
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illustrated by Fig. 8 which. for various ranges Si. shows the variation of 11 with h.,,., 
for a three· stage hydrazine.oxygen satellite rocket. 
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8. Results of the Trajectory Calculations for a Three Stage Satellite Aocket 

The calculations discussed here refer to a three stage hydrazine·oxygen rocket 
having the optimum shape as determined by the analysis of Ref. 6. The two stage rocket 
will be discussed later. Basic to the optima study is the use of (av/dh)Sh A n which 
must be known for different values of Sh' Fig. 8 contains a plot of h orb ·v~. v for 
various ranges and therefore determines (av/Oh)S' A n as a function of S~. For the 
three stage rocket the trajectory calculations gi;~ + t = T = 0.97 for h b 350 op lIIa% or 

req 

miles; it is found. however, that this gives a total range extending about halfway around 
the earth. For greater orbital heights the value of To t becomes more nearly unity 
and in order to escape the earth entirely the value is eiactly one. For the purposes 
of communication it is essential that the total range from launching to establishment 
of the circular orbit does not exceed about 2500 miles. For this reason it is necessary 
to choose a smaller (range control) value for T and it is found that values in the 
neighborhood of 0.75 give the maximum allowable range of about 2500 miles. This will 
cause an increase in the gross weight, but the change is small. Using the final 
values adopted for (WB/~f) j and WL together with v us. S~ for hod from Fig. 8, the 

,. eq 

variation of gross weight with range may be computed giving the result shown in Fig. 9. 
Fig. 9 shows the importance of using a large value for T. It also shows the decrease 
1n weight which would result if ranges of the order of 7000 miles could be allowed. 
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Having chosen the range and the corresponding approximate value for T, the varla
tion of horb with A and n for this range can be converted by use of (av/dh)s' A n 

h' , 
to a variation of v with A and n by using the values of (av/Oh)S' A n derived from 

h' , 
Fig. 8. Although these calculatioils were not as exhaustive as could be desired, they 
sufficed, nevertheless, to indicate that the variation of v with A over the range of n 
of interest was quite small. Using weights as determined in Ref. 3 for the final 
rocket design, the variation of v with A can be converted to the variation of ~1 with 
A giving the results shown in Fig. 10. These results are valid for values of n lying 
between 4 and 7, and they indicate that a value A 0.1 or somewhat smaller is best. 
The value A = 0.1 was chosen as best because a smaller A would have caused greater 
bending of the path and hence greater dynamic pressure q in the latter part of the 
first stage and in the second stage. This would result in higher temperatures and in 
more difficult control problems. Using the values of Aopt as determined previously 
(which vary slightly with n but are approximately equal to 0.1), Vain can be deter· 
mined as a function of n in a manner similar to that used for A, and this in turn can 
be converted through structural considerations into ~1 vs. n. While v vs. n has a 
minimum when n = ro, W

1 
vs. n has a minimum at about n = 4.5 as shown in Fig. 11. How

ever, before the value n = 4.5 had been obtained. calculations had already been started 
using n = 5.0 which, at the time, appeared to be the best value. Since, as shown by 
Fig. 11, the use of n = 5.0 instead of 4.5 has a very small effect on the magnitude of 
W

1
, for the hydrazine-oxygen rocket it did not seem worthwhile to start the final 

cilculations over again and they were therefore completed using the value n = 5.0. 
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ID. carrying out the calculations for the final trajectory, use was made of the 
IIIOst recent aerodynmc data(6) (see the drag curve, Fig. 12), atJJlo8pheric data(4), and 
specific impulse data(9). The final optimum trajectory consistent with the range 
limitation is based 00 the values ~ :: 0.1, n :: 5, and ,..:: .762. 'Ihe calculations have 
been based upon specific impulse values corresponding to the hydrazine-oxygen syst~ 
of propellants, which, from all considerations, appears to be the most practical 
system to use. 'Ihe values of specific impulse versus height for the first stage burn~ 
ing period are shown in Fig. 13. In the second and third stages it is sufficient to 
use the constant value I. :: I II :: 296.7 seconds. 

USing the value ~ :: 0.1, the simplified tilt program discussed in section 4 would 
be as shown by the full lines in Fig. 14. Actually, for various control reasons, it 
was found necessary to adopt a more gradual type of tilt program as indicated by the 
dotted lines. In this program the tilt was assumed to begin at ~ :: 0.05. With time 
expressed in terms of t/tb ' the effective tilt a* was then assumed to vary as a sine 
curve reaching a maximum Jalue at 0.15, to remain constant at this value up to 0.5, 
and then to decrease linearly to zero at 0.9. As far as the trajectory is cOncerned 
however, the result is practically the same as if the step function tilt program were 
used with ~ = 0.1. The program of the actual tilt angle a is discussed in Bef. 6. 

t 
---- SIMPLIFIEO STEP FUNCTION TILT PROGRAM 

- - -- ACTUAL TILT PROGRAM AOOPTEO 

EFFECTIVE 
ANGLE OF 
TILT. CI * 

~: , ............ ...... ...... 
/ SINE CURVE .................. __ ...... 

O~~~~·~--------------~------------~~-----
.05 0.10.15 0.5 0.9 ---

..L
t 

(TIME EXPRESSEO IN TERMS OF FlRST eURNING PERIOO) 
bl 

SCHEMATIC DIAGRAM TO SHOW TILT PROGRAM 
FIG. 14 

The characteristics of the final optimum trajectory are shown in Figs. 15 and 16. 
The final value obtained for the minimum required value of the gross weight is WI = 
84.400 pounds which is based on the final value v.in = .6533 resulting from this study 
and the final structural considerations. However, since this final minimum value for 
WI became available only at the very end of the study, all curves in this report 
referring to the three stage hydrazine-oxygen rocket corresponding to the conditions 
horb =350 miles and Sit = 2500 miles are based upon the value "1 == 86,400 pounds. This 
value represented the minimum gross weight up to that stage in the analysis where the 
final optimum trajectory was calculated. The 2000 pound difference in the two values 
is entirely negligible as far as the trajectory is concerned. 
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CALCULATIONS BASED ON: 
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FIG. 16 

The final optimum design for the rocket corresponding to the optimum trajectory 
and the value found for the minimum gross weight is shown in Figs. 17 and 17a. The 
characteristic features of the design are discussed in flefs. 6 and 3. 

9. Results of Trajectory Calculations for Rockets HaTing From 'IWo to Six Stages 

Although the calculations for the two stage rocket have not yet been completed, 
there is no indication from the results available at the present stage of the investi
gation that the optimum values for 7, A, n will differ appreciably from those obtained 
for the three stage rocket. Proceeding on the basis that this result will be horne 
out by the completed investigation, the minimum value of v which will give an orbital 
height of 350 miles may be obtained from the corresponding value va ain for the three 
stage rocket by use of the simple formula 

1 1 
2 log I - v = 3 log '1-=-~--

a ain va ain 
(117) 

where va ain refers to the two stage rocket. 
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Very early investigations showed that this simple formula could be used with 
confidence in deducing comparative values of V for different rockets varying in nwnbe~ 
of stages as much as from one to five. The basic reason underlying this result is 
that optimum trajectory shapes are quite similar regardless of the number of stages. 
Using the estimates of (tB/t)j for a two stage rocket and using the same average 
specific impulse I (hydrazine-oxygen) as for the three stage rocket, the variation of 
gross weight with the number of stages is obtained(3) as shown in Fig. 18. These 
results are based on an orbital height of 350 miles. CUrves are also included for the 
hydrazine-fluorine, alcohol-oxygen, aniline-nitric acid, hydrazine-anhydrous hydrogen 
peroxide, and hydrogen-oxygen propellant systems. It should be pointed out that the 
gross weights which have been derived here are based upon a final stage payload 
(weight of fixed equipment) WL' of 1080 pounds (satellite payload 'L = 500 pounds). 
The gross weights derived here may be altered to suit the condition WL ' = 700 pounds 
simply by multiplying them by the factor 700/1080. Although it is seen from Fig. 18 
that the three and four stage hydrazine-oxygen rockets have about the same gross 
weight, the choice of the three stage rocket is obvious because it is less complex. 
It is also apparent that the hydrazine-oxygen propellant system, which is the one 
chosen for the satellite rocket, does not represent the best system which could be 
used. It is only the practical, but highly important, considerations of handling and 
availability that have led to the choice of the hydrazine-oxygen system. 

Although the curves of Fig. 18 indicate that a three stage rocket is best when 
the orbital height is 350 miles, it is found that if higher orbital heights are re
quired the optimum number of stages increases. This is shown by calculating It versus 
horb for a three stage hydrazine-oxygen rocket from the results of Fig. 8 ~d then 
using the simplified formula 

1 
3 log =-----

.- t.'~ ain 

1 
== 4 log ~--L·-'4I-.-ill 

to obtain /.I" .in from which Itt versus horb may be calculated for a four ;stage rocket, 
This result is shown in Fig, 19 from which it is seen that at the higher orbital alti
tudes a four stage rocket requires less gross weight than a three stage rocket. Since 
the results of Fig. 8 have been greatly extrapolated in order to obtain these high 
altitude results, the greatest orbital height attainable with a three stage rocket is 
really higher than that indicated in Fig. 19. Also, since the results were based on a 
range of 2500 miles, the heights indicated are lower than those which would be 
obtained for optimum ranges. In connection with these attained orbital altitudes it 
is interesting to note that the rocket of final design (three stage hydrazine-oxygen 
rocket of 86,400 pounds gross weight) would be able to attain a maximum height of 
about 2300 miles by travelling on a perfectly vertical path. 

10. The Accuracy Ii th -,ich The Orbi tal Conditions Must Be Established 

Since it probably will not be possible in practice to attain exactly the circular 
orbital conditions which are specified, it becomes necessary to investigate the orbit 
which results if the specified circular orbital conditions are not exactly satisfied. 
If the flight values at the end of the trajectory differ from those which are speci
fied in order to establish the desired circular orbit, the rocket will then, in 
general, establish an elliptical orhit. Although a circular orhit is the desired one, 
an elliptical orbit will be acceptable under certain conditions. 
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From the drop per revolution which results (section 11) because of the atmospheric 
density values prevailing in the upper atmosphere(4), it is found desirable to estab
lish the circular orbit at a height of 350 miles if a long duration of orbital motion 
is requireQ. Since the minimum duration acceptable corresponds to an initial circular 
orbital height of about 250 miles, if an elliptical orbit is established it follows 
that the very least condition which will be acceptable is 'that the ellipse be such 
that its ainimam height from the surface of the earth be 250 miles. Since it is safer 
to require. when an elliptical orbit is established instead of a circular one, that 
the height of the elliptical orbit never fall below about 3Q() miles, this value for 
the minimum height will also be consid~red in the following discussion. In view of 
these limitations on height for an elliptical orbit, it becomes necessary to determine 
the corresponding amount of error which may be allowed, for example, in the final 
values of velocity and angle of inclination at the end of the trajectory. 

In answering these questions use will be made of the properties of elliptical 
motion derived in Appendix I (see Fig. 23) and these results will be used here without 
any additional definition or explanation. In Appendix I. relations (166), it was found 
that the maximum and minimum distances of the ellipse from the center of the earth, 
the points 1 and 2 in Fig. 23, have the values 
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r. lI% 
:: r 

1 
= 4 + c~ where 8

1 
= 0, 1;1 :::: 0, and 

r.in = r
l 

= a - c, where 8
1 

= 0, ¢. = n. 

(US) 

(119) 

It was also shown, Eq. (167), that the parameter ~ has its minimum value at point 1 
where 

c 
= ~1 = 1 a • 

and its maximum value at point 2 where 

c 
~.4% = ~2 = 1 + a . 

(120) 

(I2V 

It was shown further, Eq. (170), that at the points 3 and 4, Fig. 23, where the minor 
axis meets the ellipse, and where r = r = r = /bl + c2 = a, the parameter ~ has the 

3 " value ~ = ~3 =~" 1. The maximum angle of inclination was found to occur at the 
point 3. having the value. Eq. (168), 

(122) 

while the minimum angle occurs at the point 4 and has the value 

c 
(123) 

Thus, 8. in = - 8.olt ' or the extreme value of e is always given by 

(24) 

Since I bl! + ell = a, it follows that thi s may also be wri tten 

(125) 

Suppose now that the required orbital height horb and velocity uorb (the sub
script req used previously to denote required values is no longer necessary here) for 
the circular orbit are obtained at the end of the trajectory, but that the angle is 
wrong. When the height and velocity stand in correct relation for a circular orbit, 
it follows from Eq. (56) that ~ = 1 and therefore, referred to an ellipse, the rocket 
must be situated at a point such as 3 or 4 where r :::: I bll + c2 = a. Thus the orbital 
distance at which the orbit is established in this case is rorb = a. Since the cor
rect value for the angle is e = 0° and since the actual value is lei :::: 8in- 1 cia, the 
error in angle, which will be denoted by I t::.8 I. is simply I t::.e I = sin- 1 cia, or 

sin It::.e I = 
c 
a I (126) 
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where 4 = r or &' Since an elliptical orbit. Fig. 23. will be established instead of a 
circular one if there is an error in angle. and since this will be established at the 
points 3 or 4. where' = 4 = 'or&. it follows that the greatest decrease in height 
during a traverse of the elliptical orbit will occur at the point 2. and will there M 

fore be of anount 'or& - (a - c) = c. Letting t::.h = c denote the decrease in height 
'which occurs during a traverse of the elliptical orbit, and replacing, for small 
angles, the sine by the angle, it follows from Eq. (126) that 

'orb' 
(127) = 

Using h r& = '0 b - R = 350 miles, it is found that It::. B I = 1. 3° for t::. h = 100 miles 
and 0.68 for t::.h = 50 miles. Thus if the minimum allowable height. above the earth's 
surface is 300 miles. the angle of inclination at the end of the trajectory must be 
controll~d with an accuracy of about one-half of a degree. 

Having discussed the effect of an error It::. B I in the angle, we now asswne that 
the proper values of height and angle, h orb and Borb = 0, to establish a circular 
orbit exist at the end of the trajectory but that the velocity is too low. In this 
case also an elliptical orbit will be established, and since BF = Borb = 0, the 
ellipse will be established either at the point 1 or 2. Since the velocity is speci
fied as being too low. it follows from Eq. (56) that ~ must be less than unity and 
therefore that the elliptical orbit must start at the point 1 where ~ = ~1 = 1 - cIa 
and where r orb = r 1 = a + c. It then follows in this case that t::. h = r 1 - (a - c) = 
2c. Since ~1 = 1 - cIa, the quantity ~1 may be written 

and since rorb is of the order of 4300 miles while 6h is only 50 to 100 miles, it is 
permissible to neglect t::.h compared to 2r oro and to use ~1 == I - t::.hI2rorb' or 

t::.h 
I - ~1 = 2-'orb • 

(28) 

If -t::.v represents the error in the velocity vorb' required for the circular 
orbit, the velocity VI at the point 1 is v = voro - t::.v, and from the definition 
~ = v2 /gr and from relation (56) it follows t1at 

= 
2 

(Vorb - t::.v) 

grorb V 2 
orb 

11 _ vt::.v )2 
V orb 

Since V~rb is of the order of 25000 ft/sec , the quantity (t::.v/vorb )2 appearing in the 
expansion will be a small higher order term which may be safely neglected giving 
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A comparison of £qa. (128) and (129) results in the relation 

= 4T'or" • 
(130) 

Using hor" = 350 miles it is found that an error in velocity of 0.6% gives a value ~ 
of 100 miles, while an error of 0.3% gives 50 miles. 

When the trajectory values vi' Bi , Ti at the beginning of coasting differ, 
because of error or inaccuracy, from those which are required in order to satisfy 
specified orbital conditions, an elliptical orbit will be established rather than a 
circular one. Errors in the values vi' Bit r i may be partially compensated for by 
adjusting the coasting height interval 6hc in such a way that the elliptical orbit 
which is established has its minimum distance from the earth Ta = (4 - c) as large as 
possible. Since r is always taken as large as possible consistent with range restric
tions, it is found that this leads to values of the angle Bf • at the end of coasting, 
which are practically zero, of the order of a few tenths ola degree (see Fig. 16 for 
example), The best way of adjusting 6hc to compensate for existing errors in the 
initial coasting conditions is to adjust the duration of coasting so that B, has a 
value as close to zero as possible. The proof of this statement is conta1ned in 
Appendix I. A method is discussed in the Communication Report(12) for obtaining the 
condition BF = 0 by adjusting the duration of coasting on the basis of measurements 
made during flight of the conditions at the beginning of coasting. 

Table I 

ERROR IN VELOCITY OR ANGLE AT THE BEGINNING Of COASTING 

TO GIVE SPECIfIED VALUES OF rorb - r 
2 .ax 

v. - v. e. - B io' !::,vF • r r
ll 

t to t 
orb - aa% 

1) io degrees ft/sec 

SO miles 0.0036 O. 66 
O. 0.83° 115 

100 mi l,es 
0.0072 O. 132 
O. 1. 62° 230 

V io and eio are the values of velocity and angle 

at the beginning of coastingwhen there exists no 

error of any kind • 

Table I gives the error, at the end of coasting, in either the velocity VI (when 
the error in angle is zero) or the angle Bf (when the error in velocity is zero) which 
results in the values of 50 and 100 miles for the difference T oro - Ta aa%' The 
notation ra ao% refers to the elliptical orbit which nas its minimum distance ra as 
large as possible. The figures in the table show that the path control apparatus must 
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be designed to control the flight path with an accuracy of either ~ in velocity or 10 

in angle. The table also shows the increase in velocity which is required, over and 
above that of the final burst, in order to establish a circular orbit. This last 
increase in velocity could be accomplished if a slight reserve of propellants is 
available. 

As far as stability and control of the rocket are concerned, the aerodynamic 
stability is to be accomplished by means of fins(6) and the dynamic control (13) is to 
be brought about by the use of rocket control IIIOtors( 14) • 

In order to insure that the attitude (i.e. the angle of tilt a) of the rocket, 
when it starts in the final burst, is the desired one with the nose of the rocket 
always pointing in the direction of motion, it may be necessary to allow for a slight 
change in the shape of the final part of the trajectory. This necessity arises 
because, unless the control motors are operating, the attitude of the rocket will 
change by about 30° during coasting. If the control motors are used during coasting, 
the coasting period becomes essentially analagons to a very long burning period stage 
having a value of n of about 0.08. Although this would necessitate a slight compen
satory change in v, and vf • the net effect on required gross weight to reach a 
350 mile orbit is quite negligible. 

11. Stability of the Orbital Motion and Duration of Flight After the Orbit is Estab
lished 

Once the satellite body is established on its circular orbit, it is important to 
know the effect on the orbital motion of the drag resulting from the extremely small 
density of the rarefied atmosphere(4) existing at the orbital height. Although the 
drag itself is extremely small, since it is continually present while the rocket is 
revolving about the earth, the integrated effect over large time intervals results 
eventually in a decrease in orbital height such that the rocket finally reaches the 
surface of the earth. Thus, because of the delicate balance which exists between the 
gravity and centripetal forces when the motion is orbital, the stability of such 
motion is quite sensitive to the presence of any dissipative (drag) forces. Assuming 
the initial orbital height to be 350 miles, we shall investigate the time and number 
of revolutions about the earth required before the rocket drops to a height of 100 
miles. This height interval, 350 to 100 miles, is chosen for discussion since condi
tions remain practically orbital in this range, and the decrease in height per revolu
tion of the satellite in its orbit may be determined from a particularly simple 
formula. 

Assuming that the satellite has been initially established on a circular orbit 
(at a height of 350 miles for example), the problem is to integrate the equations of 
motion of a free body moving in a central force field in which dissipative (drag) 
forces are present. and thus to find the variation of the motion with time. Since it 
is not possible. in general. to integrate these equations of motion in closed form, 
approximate methods must be employed. One such method which is especially appropriate 
to the present problem has been given by Chien(lS). This analysis is given in 
Appendix II. Referred to a fixed non-rotating system of coordinates with origin at 
the center of the earth. the approximate integration of the equations of motion in 
polar coordinates as derived in Appendix II gives the result 
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= ; (cu t - 2 sin cu t) 
000 

2 
(sin cu t - cu t) cu • 0 0 

o 

1 
!lcu = r cu (3cuo t - 4 sin cuot) , 

1 0 0 

(131) 

where roo vo. andcuo are the initial equilibrium conditions at the beginning of the 
circular orbital motion, and Ilr , !lv , ~ are the deviations or perturbations 
from these equilibrium conditio:s re:ultin~ from the effects of the atmospheric 
drag D. 

Writ.ing D/_ = g,D/W, the variation in height r - ro is expressed by r - ro = 
8. (D/I') Ilr l' or 

r - r 
o 

= 2 (. t t) D ~ sin cu - cu 8. If . cu .. 0 0 
o 

The corresponding variation in velocity is 

1 D 
v - v = - (w t - 2 sin CUo t) g~ -, • o Wo 0 • 

(132) 

(133) 

Although the values of v and r computed from these equations show some variation over 
an orbital period, it is found that the final values at the end of the revolution are 
almost exactly the same as the values at the beginning, and therefore the net effect. 
of drag during only one revolution is very small. However, the integrated effect of 
drag over a large number of revolutions becomes appreciable as will be shown by the 
following analysis. 

For one complete revolution of the satellite. the change in height Ilr is deter
mined by 

!lr 

Making use of the relation 

v a 
o 
r 
o 

(133a) 
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Eq. (133a) may be written 

( 134) 

Using the appropriate value for D based on the designed body SIze, it is found, for 
example, that at a height of 350 miles, llr = - 34 feet. 

Let Nr denote the total number of revolutions (referred to fixed space and not to 

the rotating earth) which the satellite must make before the height has decreased to a 
certain value hL , say 100 miles. Since Nr will be a relatively large number, the 
decrease in height per revolution llr may be replaced by the derivative dr/dNr giving 
the differential equation 

'. D dr = - 477 g Wr<IVr 
o 

Using D = CD ~ Av· with CD = 2 as discussed in Ref. 6, this becomes 

dN = r 

( 135) 

(36) 

Since for relatively small changes in height the percentage variation in r itself will 
be small. the densityp(r) will be the only quantity in this expression which varies 
appreciably with " and to a fairly close approximation we may use 

r 

J 14: dr 

p(r) 
(137) 

where the bar indicates the mean value appropriate to the height interval (ra k - r
1
k)' 

rak is the upper level of the kth height interval, and rlk the lower level. The total 
height interval covered by the integration is f (rak - r

1
k) '0 - 'L' 

Since d(log p)/dr is approximately constant if the change in height is not too 
large, a variation in density of the form 

(38) 

is used, where Pak is the density at an upper level at distance '8k' Pk is the density 
at any lower level r. within the ith interval, and K. is a constant which determines 
the density variation within the kth height interval and is different for each height 
interval chosen. In practice it is found satisfactory over ranges in height from 350 
down to 100 miles to perform the integration of Eq. (137) by using the density varia
tion (K.) based on 50 mile intervals. The density values used are those given in 
Ref. 4 for the atmosphere at the equator. Proceeding in this manner, the values given 
in Fig. 20 are obtained for the number of revolutions Nr required in order for the 
satellite to drop from an initial orbital height ho to a height hL = 100 miles. 
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The period P of' a revolution is 

(139) 

and since r and v, and especially the ratio rjv, do not vary much in the range 350 to 
100 miles, the value of P remains essentially constant. The time Tr required for the 
rocket to drop from 350 down to 100 miles height may therefore be computed from 

(40) 

The values of Tr corresponding to those of Nr are also shown in Fig. 20. This figure 
shows that when the orbit is established at a height of 350 miles, the satellite will 
remain aloft for approximately two years. It also shows that a period of about 6 months 
must elapse before the satellite drops to the earth starting from a height of 300 
miles, and 46 days when the satellite starts from a height of 250 miles. Starting at 
an altitude of 100 miles it is found that the descent of the satellite is so rapid 
that it reaches the earth in less than one revolution (less than ~ hours), so that 
this portion of the descent is negligible as far as duration is concerned. It is 
precisely these results which have led to the choice of 350 milas as the desired 
orbital height. For, since a duration of 40 days for the 250 mile height is the least 
amount acceptable, it is found necessary to specify a 350 mile height in order not to 
violate the 250 minimum height limitation if an elliptical orbit is established 
instead of a circular one due to inaccuracies, etc., as discussed previously. 

The accuracy and limitations of the method of calculation presented above for the 
decrease in altitude of the satellite may be investigated by determining the second 
approximation values, 6.v 2' 6.r 2' 6.wa occurring in Eq. (76), Appendix fL Thil:! has 
been done and the results show that the calculations presented here fH'~ Hiid d.own tu 
heights of about 100 miles. The analysis of the second approximation is '1Uite involved 
and will be presented later in a separate paper. For heights lower than 100 miles, the 
increase in density with decreasing height is so rapid, and the consequent variation 
with time of v, r, and B becomes so large, that the method employed above is no longer 
applicable. In fact below about 15 miles the motion changes so rapidly that it 
becomes necessary to perform a numerical integration of the equations of motion in 
order to obtain a satisfactory solution. The results of these calculations show that 
once the satellite has descended to an altitude of 100 miles, it will then descend 
rapidly to the earth in less than one revolution. The accurate calculation (by 
numerical integration of the equations of motion) of the descent of the satellite fly
ing stably from a height of 100 miles down to the earth has been carried out taking 
into account the variations of density(4J and drag coefficient(6), and the results are 
shown in Figs. 21, 22 and 22A. Fig. 21 contains the complete results of the calcula
tions and shows the variation with time of height, velocity, angle of inclination of 
trajectory, and the range. The values given are with respect to an observer situ!ted 
on the rotating earth. Although, strictly speaking, exact circular orbital equilibrium 
exists only at the 350 mile height where the circular orbit is established, it is 
found that even after the satellite has descended to 100 miles height, the velocity 
and angle differ by such a small amount from exact circular orbital conditions corre
sponding to this height that it is quite permissible to use exact equilibrium as the 
initial condition at 100 miles height. 
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12. Conclusions 

From the analysis and calculations which have been presented it is found that a 
rocket may be established on a satisfactory satellite orbit by using a three stage 
rocket with the hydrazine-oxygen propellant system. It is found that the minimum 
gross weight required for the three stage rocket is 84,400 pounds, which is about 
three times that of the German A4 rocket. 

While it is apparent from Fig. 18 that the minimum gross weight required is much 
less when the hydrogen-oxygen or the hydrazine-fluorine propellant systems are used, 
the hydrazine-oxygen system has been chosen because of the much greater ease and 
safety in its handling and because of its more ready availability. A three stage 
rocket has been chosen since, for the propellants of interest, the gross weight is 
~ch less than for a two stage rocket. While the three and four stage rockets are 
found to have about the same gross weight, the three stage rocket is chosen because 
it will obviously be less complex from a fabrication standpoint. 

For the three stage rocket it has been found that practically optimum conditions 
will be obtained when the burning is such that the rate of mass flow of propellants is 
constant during a burning period. and when n and v have the same value for each burn
ing period. Since the final optimum values of n lie in the range from 4 to 5, it 
seems likely that the corresponding accelerations might be just low enough to allow a 
man to ride in the rocket without too much risk of blacking out or of injury to 
internal organs. 

An analysis of orbital stability on the basis of the vertical distribution of 
atmospheric density found in Ref. 4 leads to the conclusion that the orbit of the 
satellite rocket should be established at a height of 350 miles if satisfactory dura
tion is to be guaranteed, especially in view of the fact that slight errors in the 
trajectory will cause an elliptical orbit to be established instead of a circular one. 
On the basis of a required orbital height of 350 miles, extensive calculations have 
been made to determine the optimum trajectory, this being the trajectory requiring the 
least gross weight necessary to establish the orbit. 

The determination of the best trajectory is subject to several restrictions of a 
practical nature, one of these being the range. In order to satisfy the requirements 
of communication with, and tracking of, the satellite rocket, it is found necessary to 
restrict the range of the trajectory so that it never exceeds 2500 miles. Another 
restriction or condition which the trajectory must satisfy is one concerning the 
temperature of the metal (stainless steel) skin of the rocket. Unless care is exer
cised, the extremely high speed motion of the rocket through the atmosphere might 
easily lead to sufficiently high skin temperatures that melting would result. Accord
ingly, the trajectory has been required to satisfy the condition that the maximum skin 
temperature must not exceed 2000oR, and this amount is allowed for only a short 
time(6). A third condition which the trajectory has been made to satisfy is that the 
control moments required of the servomechanism do not exceed the moment producing 
limits of such mechanisms. The optimum or best trajectory consistent with these 
various limitations is shown in Fig. 15. The outstanding features in connection with 
this optimum trajectory are (1) the small amounts of tilt employed and the positioning 
of the maximum tilt early in the trajectory and (2) the use of long duration coasting 
positioned near the end of the trajectory. 
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APPENDIX I. 

PROPERTIES OF ELLIPTICAL MOTION 

a. Integration of the Equations of Motion for Coaating--The Equations of Energy and 
Momentum . 

It was pointed out in section 5 of Part II that the motion of the satellite 
rocket is' such that the coasting part of the trajectory is always a portion of an 
ellipse with the center of the earth situated at one focus. Over the coasting part of 
the trajectory the rocket moves as a free body in the central force field of gravity 
for which the differential equations of motion are 

Let 

dv 
dt = - g sin e . 

:.( i. 

au 
dt 

dv d.s 
d; dt 

y 41i._ 
ds 

(141) 

and \ 142:' 

dv 
V d,~ sin f3 _.' g SUI 9 

where dr/ds 
borizontal. 

~ sin e, since e is the angle of inclination referred to the instantaneous 
tlence, 

Using the gravity relation g = gR(Rlr)2 and denoting conditions at the beginning of 
the coasting motion by the subscript i, the integration of Eq. (144) gives the total 
energy equation 

2 a 
v-v. , 

(145) 
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Since, 88 explained below, the total energy 2E of the satellite rocket will always 
be negative, by putting 2E = - ~ (where U is real) the energy equation may be ex
pressed by 

(46) 

If further, the absolute gravity relation g = gR (R/r)a is introduced, this becomes 

= - ~ • 

COnsidering Eq. (142) we may write 

and Eq. 

dB = va(~) = va(~) sin e v-
dt 

( 142) becomes 

a(d9) . a 
v 

v dr Sl.n e = - g cos e + -- cos e 
r 

tan 

II 
v --g+-

dO = --"!:'-dr _. 
2 

g 
·---dr 

II 
tI II 

or 

fIr 

2 
Substituting v from Eq. (145) and integrating yields 

r 
log r: . , 

Using relation (145) again, this gives the angular momentum equation 

b. Special Properties of an Elliptical Orbit 

(I47) 

(148) 

( 149) 

The integrals (145) and (149) of the motion of a free body are, of course, quite 
general and apply to a flight path of any shape. the elliptical property of the motion 
having not yet been introduced. However, when the total energy constant 2E is speci
fipd as negative. this at once requires that the motion be elliptical. This is 
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readily shown by introducing the polar angle cp, in terms of which the angular momentum 
II i 8 expressed by 

• d¢ • dcp dr 
" = r dt = r fIr dt • OSO) 

The energy relation may then be written 

2E (:~r ( dcp) a Ra 

= + r dt 2gRr = constant, or (IS I) 

R,a M
a ~ 

2E + 2gB r = -,-+ 
(~)I . r r" 

(152) 

The total energy 2E is zero when the body is at rest at infinity, and as seen from 
Eq. (146), will always be negative provided v is less than the escape velocity. Since 
for the satellite rocket, v will always be less than the escape velocity, it follows 
that the values of 2E considered here must always be negative, and it is therefore 
permissible to use 2E = - Va, where it will be noted that V has the dimensions of 
velocity. 

Eq. (52) is readily integrated to give 

cos (¢ - sJ R' ~ 2FJl 
r gR i' I- 1 + a (153) 

(g~a) 

where 8 is a constant of integration. This is the equation in polar coordinates of a 
conic section referred to one focus as origin. The constant of integration 8 deter
mines the position of the apse-line which is defined as the line on which dr/d¢ 
changes sign(ll) and therefore the line on which r attains its maximum or minimum 
value. Otoosing this as the line along which cp = 0 by putting 0 = 0, we have 

! = g RII [_ 
r R II 

M 
(154) 

That this equation represents an ellipse may be seen, for example, by direct comparison 
with the usual equation of the ellipse in polar coordinates when referred to one 
focus, as derived by the methods of analytic geometry. When the origin is located at 
the left focus Fl' Fig. 23, the equation for an ellipse in polar coordinates is 

1 a r = - (I - e cos cp) , 
b
a (155) 
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where a is the aemi-major axis, b is the semi-minor axis, and e is the eccentricity 
defined by e = vi 1 - 6iJal • Comparison with Eq. (154) shows that 

• e 

Hence, using 2E = - if, 

. ' a 

M 
b = 

and 

and = 1 - (56) 

which shows that 2E must he negative for elliptical motion. Thus. Eq. (154) repre~ 
sents an ellipse such that the origin. which is at the center of the earth, is situ
ated at the left focus as shown in Fig. 23. 
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Since d¢/dt = M/r". Eq. USI) may be written 

t or 

:~ :: ~ J 2r a - r" - b II :: ~ J c" - (r - a)" US7) 

where relations (156) have been used and where 

(ISS) 

The negative radical sign. omitted in (157) refers to the third and fourth quadrants. 
The integral of this equation is 

'- r-a I II ~ 
tV :: - ~ cos- 1 ---c--- + \I C - (r - a) ~ + constant. 

Since dr/dt :: v sin O. it follows from (157) that 

J c a - (r - 4) I = 

r - a 
c 

rv sin e 
V = b tan e, and 

(59) 

(60) 

where relations (149) and (156) have been used. The positive sign of the radical is 
used in the first quadrant and the negative sign in the second quandrant. Hence, 
Eq. (159) may nOW be written in the form 

, =- ~ t sino, (~tan B) + b ton ~ + constant, (161) 

which may be used to find the time of transit between two points i and f on an ellip
tical path by forming the difference t f - t,. 

From (154) or (155) one obtains 

II 
tan 4> __ b_J~1 

ar - b
2 

- (r - a) • 

which. by use of (160), becomes 

tan 4> = --- tan e. 
ar - hi 

(162) 
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Introducing the parameter ~ defined by 

II I 
~=v =_v_r_, 

gr gila 
(163) 

it follows from relations (156) that 

b
ll 

M
a 

a b
ll 

:: :: ~r cos e, or, r = a 
~RII II 

tJi..L cos e 
(164) 

and if this value for r be substituted in Eq. (160), the resulting expression is 

(165) 

By using this equation, the range Sh = R(<Pi - <Pi) may be computed from a knowledge of 
the initial values ei , ~i and the final values e,• ~f corresponding to a portion of an 
elliptical path. The corresponding time of transit is obtained from Eq. (161). 

Further remarks which follow readily from the preceding analysis, may be made 
concerning the ellipse. In the ellipse of Fig. 23 consider the points 1,2,3, and 4 
situated at the ends of the major and minor axes. From Eq. (154) or (155) it is 
evident that r is a maximum when <P = 0 (the point I), and a minimum where <P :: n (the 
point 2). Thus at the point 1, 

r r -- ~ t C cPl 
:;: 0, e

t 
:;: 0, 

1 III ax , 

and at the point 2, (166) 

r :: rain :::: a - c, ¢. :: n, e = o. • II 

From the energy e~lation (147) it is seen that v is a minimum when r is a maxi
mum, and from (163) it then follows that ~ is a minimum when r is a maximum, and vice 
versa. Thus. using relations (158) and (164). it is found that at the point 1 where 
r :: r 

1 acu:' 

C 

~1 = ~ain 1 a , 

and at the point 2 where r :: 
rain' (67) 

II 

C 

~a 
:: 

~aGx. 
:: 1+-a • 

The points 3 and 4 also have some special properties. At these two points r has 
the value r=r = r ::/ bll+Cll :: a From Eq (60) we have tan e:: "/b I cl -(a-r)1I 3 .. •• ~i 

from which it is readily evident that e will have an extreme value when r :: a. Thus, 
e will be either a maximum or minimum at the points 3 and 4. Since e is POSItIve in 
the counterclockwise sense measured from the instantaneous horizontal PQ. Fig. 23. to 
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the tangent to the ellipse, it is evident that 8 will be a maximum at point 3 and a 
minimum (negathe) at point 4. Hence, when r = 0, 

c 
= tan- 1 b at point 3. and 

(68) 

Thus 8ain = - 8.4 %, and the extreme value of 8 is always given by 

= 

which. by use of 0 = I bl + c l , may also be written 1n the form 

c b 
= sin- 1 a = cos- 1 a • (169) 

Using r = a and cos 8 = blo, it IS found immediately from (162) that 

~ = ~a = ~4 = 1. (170) 

at points 3 and 4. 

c. Adjustment of Coasting t.o Compensate for Errors Present at the Beginning of Coast
ing 

In section 10 of Part II it was pointed out that the best way of adjusting 6hc to 
compensate for existing errors present in the initial coasting conditions is to adjust 
the duration of coasting so that 8f (the angle of indination at the end of coasting) 
has a value as close to zero as possible. The reasoning upon which this statement is 
based is contained in the following discussion. 

When the flight conditions at the beginning of coasting (indicated by subscript 
i) are not exactly the prescribed ones owing to the presence of errors in Vi' r i , and 
8 i , it is important to know how the duration of coasting should be adjusted during 
flight so that the trajectory values v,, rf , 8

" 

at the end of the trajectory will 
correspond to the best orbital condition it is possible to attain consistent with the 
errors present at the beginning of coasting. With given fixed values for ~c' ~~, 
6ec ' and also for Vi' rio 8 i , then when 6hc is specified, the final traUectory values 
v,. r" 8F, are determined, and therefore the elliptical orbit is determined. Using 
the results derived 'in section b of this appendix, the closest approach to the earth 
r. in of the elliptical orbit may be expressed in the form ' 

r =r. =a-c= 
a au. U a , (71) 

We now seek the value of either 6h c or 8, which gives the maximum value for r. in , 
Using 6hc • this maximum condition is determined by an examination of the expressioq 
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Putting 4 = 0 in this equation, it is found that 

which .how. that ~h',~ < 0, 

8, = 0 

Feb r u a r y 1,1 f) 4 7 

(172) 

The values of ~at of interest lie in the range ,~at' ~ 0.40 corresponding to values 
of T~ 0.70. Using aT = 0.01° in Eq. (172) it is found that 

Hence the derivative, Eq. (172), has its zero value, and therefore r has its maximum 
value, within the narrow limits 0° < a, < 0.01°. Thus for all practrcal purposes the 
value aT = 0 corresponds to the maximum value for rs. Since the optimum trajectory 
calculations show that the 6e~ required is of the order of 0.3°, it is evident in 
view of the limitations in accuracy of communication that~a~ may also be considered 
zero for all practical purposes. It is concluded therefore that when errors are 
are present at the beginning of coasting, it is best to allow the coasting to con
tinue until the angle 8, is practically zero. If the accuracy of communication were 
great enough, the optimum requirement would be that at = M~. 
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APPENDIX II. 

THE EFFECT OF DRAG FORCES ON THE STABILITY 
OF CIRCULAR ORBITAL MOTION 

The problem considered here is that of the motion of a free body moving in a 
central force field in which dissipative (drag) forces are present, and where the 
initial motion of the body is that corresponding to equilibrium on a circular orbit at 
distance r from the center of the earth. In general, since the differential equations 
of this type of motion cannot be integrated in closed form, it is necessary to resort 
to aprroximate methods. The analysis presented here is essentially that given by 
Chien 15), The equations of motion in polar coordinates referred to non-rotating axes 
with origin at the center of the earth are 

, 
v 

f D 
- g-; -.' and 

(73) 

(114) 

where D is the drag, v is the total velocity in the direction of the motion, T and ¢ 
are polar coordinates of position, and time derivatives are indicated by the dot 
notation. The total velocity v must also satisfy the relation 

(75) 

Letting vo' ~o' and TO denote respectively the linear velocity, angular velocity, 
and radial distance of a stationary circular orbit, we have the relation 

v a 
o 

T 
o 

(176) 

for the equilibrium of forces In the radial direction, and the velocity relation 

II 
o 

Cd
O 

= r
o 

(177) 
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Since D/_ is very small compared to the other forces present, the actual motion will 
be considered as a perturbation of the stationary circular orbit, and it is then 
permissible to use the approximation 

v = 110 D (Dr + .llvt + ... llv. + •.. 

¢ = "'0 
D (Dr + - £\'" + - £\'" _ 1 _ a + ... (178) 

D tDt r r + -L\r + - llr + ..• o _ 1 III II 

where llv
1

, Av~, /:;¥ul' /:;¥U. 1Y
1

' etc., are functions of time only and D/_ is independent 
of time. Unng only tte first approximation terms £\v , L\r , £\'" of the expansion 
(178) and making use of relations (173). (174). and Oh) ii is lound, b'y equating 
coefficients of the terms in D/II!, that 

2v II v o 1 

(179) 

Using relations (176) and (177), these equatln!1.s may be w':1tl:efl in th·e .::;imple!' form 

llv -(l+w6.r), 
1 0 1 

6. r = 3w II II r + 2 v 6.", , and 
10101 

Av = '" Ar + r 6w • 1 0 1 0 1 

( 180) 

glY1llg three equatioos in the three unknowns, 6v 1, L\rl' 6"'1' Since the initial condi
tions at the beginning of the motion are assumed to correspond to those of the sta
tionary circular orbit having the values VOl ro. wo. it follows that £\111 = 1Y1 = Awl 
o when t = O. Equations (180) may be readily integrated, yielding the result 

II VI 
1 

("'0 t - 2 sin "'0 t). = 
Wo 

llr 
2 

(sin Wo t - Wo t) , (180 = 
1 w· 

0 

£\Wl = 1 
(3wo t - 4 sin wot). 

rowo 
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INITIAL EXTERNAL DISTRIBUTION LISTS 

Initial distribution of all related technical reports on the satel
lite vehicle are given below. The code is explained on pages 91 through 
100. 

Report 
No. Title Distribution 

RA-lS021 Flight Mechanics of a Sate llite Rocket A(1) , C, DO) 

RA-15022 Aerodynamics, Gas Dynamics and Heat A(1) , C, D(1) 
Transfer Problems of a Satellite 
Rocket 

RA·15023 Analysis of Temperature, Pressure and AO), C, DO) 
Density of the Atmosphere Extend· 
ing to Extreme Altitudes 

RA-15024 Theoretical Characteristics of Several AU) , C, D(3) 
Liquid Propellant Systems 

RA .. 15025 Stability and Control of a Satellite A(1) • C, D( 1), D(2) 
Rocket 

RA-lS026 Structural and Weight Studies of a AU) , C, O(l) 
Satellite Rocket 

RA-15027 Satellite Rocket Power Plant A(1) , C, O( 3) 

RA-IS028 Communication and Observation Problems AO) , C, 0(2) 
of a Satellite 

RA-lS032 Reference Papers Relating to a A(I) , C, D(2 ) 
Satellite Study 

Those agencies not on the initial distribution may obtain reports 
on a loan basis by writing to: Commanding General, Air Materiel Command, 
Attn: TSEON.2. Wright Field, Dayton, Ohio. 
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Dnlyeraitr of Southern California 
Raval Rese.reh project, 
Col1e~e of Enlineerln. 
Los Anlele., California 
Attn: Dr. R. r. De'ault 

Uniyerslty of 'fexas 
Derense Research Lab. 
.luetin, Texas 
~ttn: Dr. C. P. Boner 

Wl111's-Oyerland votors, Inc. 
V.ywOOd, california 
Attn: vr. Joe Talley 
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T.~JSIUTTIID VIA 

Coaaandiol Offlc.r 
Branch Offlc. 
OffiC. or B.ya1 R •••• rch 
90 Church Str.et - a. 1116 
Re. Tork T, Be. York 

Bureau or Aeronautlca Rep_ 
Lockh.ed &lrcraft corp. 
1565 Worth Holl~woo4 W.~ 
Burbank, California 

In.p.ctor of lIaval Vaterlal 
P.rk Sq •• r. Bulldlns 
Bo.ton 16, M •••• 

In.peetor of W.v.l •• teri.l 
90 Church St. 
Be" Yorl< T, II.Y. 

In.pactor of Javal aaterl.l 
4.01 W.ter Straet 
Balti.ore I, Maryland 

Inspector of lIaval Baterial 
90 Church Street 
Mew york 7, fl.!. 

Bureau or Aeronautic. Rep_ 
United Aircraft corp. 
Chanee 'oulht Alreraft Dlv. 
Stratford I, Conn. 

Bureau of Aeron.utlc. Rep. 
United ~lrcr.ft corp. 
Pratt. Wbltney Aircraft Dlv. 
Eaat Hartford 8, Conn. 

Bureau or leronautics Rep_ 
15 South Ray.ond Street 
Pa5&dena~ CAllrornl& 

Develop •• nt Contr.ct orficer 
600 E.st 14th Street 
Auetln 11, Texa • 

Representat1ve-1n-Charle, BUAER 
ConsolIdated-Vulte" Alrcr.rt Corp. 
Do.n~y. Calitornia 

COGBIZAWT 
AOSWCY 

BUU!R 

AAF .. 
BUORD 

BOU:. 

AAF .. 
BUASR 

BUAER 

UF 

BUARR 

BUARR 
OR» DEPT 

BUAKR 

BUORD 

AU' 

BU&ER 

BUOI!.D 

BUAKR 

, 

• 

• 



, 

D. COMP ON ENT CONTRACTORS 
(1) AERODYNAIIICS 6 BALLISTICS 

COIITRACTOR 

Ie. M~xlco School ot M~ne. 
a •• earch ~ Development Diy. 
Albuquerque, Mew Me.lco 

Ie. Mexico School ot Agri
culture ~ Mechanic Arts 
State College, Ie. lI"xico 
Attn: Dr. Georgo Gardner 

lew York Unlv~r.lty 
Applied lIathematies Cent.r 
••• York, New York 
Attn: IIr. Richard Courant 

Ottice ot the Chiet ot Ordnance 
Ordnance Research & Develop.ant 
DiY islon 
Research ~ Materials Branch 
aallistlc8 Section 
Pentagon 
Washlnlton 2~, D.C. 

Polyteehnlc [nstltut~ or Brook11n 
Brookl1n, lew York 
Attn: IIr. R.P .. Harrington 

Un1ver81ty or M1nnesota 
M1nneapolis, MlnnAsot& 
Attn: Dr. Akerman 

AftroJet Engineering Corp. 
Azusa, California 
Attn: ".F. Mundt 

Marquardt Aircraft Co. 
Veniee,calltornla 
Att.nt Dr. RIO E. Ma.rqua.rdt 

TRAIISMITTED VII. 

Development Contract Ottleer 
New Mexico School or Mine. 
ALbuquerque, New Mex1co 

Development Contract Officer 
New Mexico Sehool or lines 
Albuquerque, Mew Mesico 

Inspector or Naval lIaterlal 
90 Church StreAt 
New York 7, New York 

Inspector of Naval Mater1al 
90 Church Str~p.t 
New York 7, Mew York 

In.pect~r or Naval Material 
Federal Blda. 
Ml1w&uk~n 2, Wis. 

8ur~4U or Aaron.utlcs Rep. 
1~ Soutn Raymond Street 
Pas4d~na, C41ttorni& 

Bureau at Aaronautics Rep. 
l~ South Raymond Street 
Pasadena, California 

(2) GUIDANCE a. CONTROL 

COG1UZAIT 
AGEIICY 

BUOI\]) 

BUORD 

BfJAER 

ORD DEPT 

IIUAEI! 

IIUORD 

DUll Ell 

IIU.\EIl 

Belmont R&dio Corporation AAP 
3921 West D1ckpns Avenue 
Ch1caao 29, Illln01s 
A~tn: yr. Harold C. Mattea 

Bendix Aviation Corp. 
Eclipse-Pioneer Div1s10n 
Teterboro. New Jersey 
Attn: IIr. R. C. 8ytvander 

Bendix Aviation Corp. 
Paoitie Division, SPD West 
lorth Hollywood, calif. 

Bendix Aviation Radio D1vlsion 
East Joppa Ro&d 
Baltimore ~, lIaryland 
Attn: Mr. J. W. Hammond 

Buehler and Company 
1607 Howard Street 
Chicago 26, Illinois 
Attn: Mr. Jack M. Roehn 

Co.mandina General 
Armr A1.r Forces 
Pen tas:on 
Waahin,ton 2~, D.C. 
Attn: AC/AS-4, DRE-2F 

Bureau of AeronautiCS 
Resident Representative 
Bendi. Ayiation Corp. 
Teterboro, Mew JeT.s, 

Development Contract otficer 
BendiX Ayiation Corp. 
11600 Sherman Wa1 
Kortn Hol11wood, california 

BUAER 

IIUURI) 

AAF 
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D. COMPONENT CONTRACTORS (Cont'd) 

COIITIl&CTOa 

Consolldated-Vult .. e Alrcrart 
Corporation 
8an Diego, Calltornla 
Attn: Mr. C. J. Breltwleser 

Cornell University 
Ithaca, New York 
lttn: III'. Wl111a .. C. Ballard, Jr. 

Director, U.S. Navy Electronics 
Labor& tory, 
San Diego, Calitornia 

Electro-Mechanical Research 
Ridae Field, Connecticut 
Attn: III'. Charles B. Aiken 

Farnsworth Television and RadIo Co. 
Fort Wayne, Indl&n& 
"tn: ~r. J, D. Schantz 

Federal Telephone and R&dlo Corp. 
200 Mt. Pleasant Avenue 
lewark: 4, New Jersey 
Attn, III'. E. II. Wen<tell 

Galvin lIanutacturlng Corp. 
4343 Auausta Blvd. 
Chlcaao 5, IllinoIs 
Attn, III'. a. R. lIacDonald 

G. II. Giannini and Co., Inc. 
285 west Colorado St. 
Pasadena, calIfornIa 

Gilfillan Corp. 
1816-1849 Venice 81-d. 
Los Angele. 6, California 
Attn: III'. G. H. Ml1eo 

Killyer Engineering Co. 
New yo~~, Hew York 
lttn: III'. Curti,.. Hillyer 

le&rfott Engineering Co. 
New York, lIew tork 
.lttn, III'. W. A. Relehel 

Lao.. Incorpor&ted 
110 Ion& Avenue, II.W. 
Grand Rapids I, IIlchlaan 
.lttn' III'. R.II. lIock 

lIanufacturers lIachlne • Tool Co. 
320 Washington street 
lit. Vernon, N. t. • 
.lttn. III'. L. Kenneth lIayer, 

Comptroller 

IItoneapolls-Roney-ell IIfgr. Co. 
27&3 Fourth Avenue 
Minneapolls 8, Minnesota 
Attn: Mr. 'II. J. IIcGoldrick, 

Vice-President 

Ohio State University 
fte.earoh Found&tlon 
Columbus, Ohio 
Attn: Mr .. Thomas E .. Davis, 

Staft A:lslstant 
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(2) GUIDAIICE • CONTROL 

TRANSIIITTED VIA 

Bureau or Aeronaut1cs 
Representative, 
Consolldated-Vultee Airorate Corr. 
San Otego, Calltornla 

DCO, Applied physics LAboratory 
Johns Hopktns Unlverstty 
8621 Georgia Avenue, 
SlIver Sprtng, lIaryland 

Bureau of AeronautiCS Rep. 
115 l!outh Raymond St, 
pa$ad~na, california 

Inspector or Naval MAteriAl 
90 Chureh S tree t 
Hew Yor~ 7, New York 

Inspeetor of Naval Material 
90 Chureh Street 
New york 7. New York 

COGIIIZANT 
AGBNCY 

BUABa 

AAF 

IIU'Y 

.1AF 

BUOl\l) 

AAF 

AAF 

BUAEIl 

AAF 

BUA!!:R 

BlIAER 

.lAF 

AAF 

AAI" 

AAF 

, 



-------- ...... _--_._-- -----------_.-

D. COMPONENT CONTRACTORS (~ont'd) 

• 

, 

COli TRACTOR 

Baller, RaJllond a. Bro,.n 
P.O. Bn 342 
State College, PennsJlvania 
Attn: Dr. R. C. Ray.ond, Pres. 

Ottice ot Chiet 81gnal Orricer 
Engineering a. Technical Services, 
Engineering DIvision 
Pen tagon 
Washington 2~, D.C. 

R.&Jtron, Inc .. 
209 E. Washington Avenue 
Jack.oft, Nlchigan 
Attn, Nr. John R. Geller, Vice-Pres. 

L. II. Sch.ein Engineering Co. 
5736 •• shington Blvd. 
Los Angeles 16, Calirornia 
Attn: L.W. Schweln, Oeneral Partner 

Senior lIaval Liaison otticer 
U.8. Naval Bleatronic Liaison Ottice 
8ignal Corps, Engineering Laboratory 
Fort Nonllouth, lIew Jersey 

Servo CorporatioD or America 
BuntIn,toft, L_I., New York 

Square D Co. 
kollsman Instrument Division 
EI.hurst, Wew York 
Attn, Nr. V. E. Carbonara 

stro.berg-Carlson Company 
Rochester, New York 
Attn: 1('l" .. L .. L~ Spence!", 

Sub.arine Signal Company 
Boston, Ma.sachusetts 
Attn, Nr. Edgar Horton 

au.mere Gyroscope Co. 
1100 Colorado &venue 
Santa Nonica, Calirornia 
Attn: Mr. Tom Su.mers, Jr. 

SJlvania Blectric products Inc. 
Flushing, Long Island, II.T. 
Attn, Dr. Robert 80wie 

university ot Ill1nois 
Urb .. na, IllinoiS 
Attn: Kr. H. E. Cunningham, Sec. 

University or Pennsylvania 
Noore School or Electrical Engr. 
Philadelphia, Po.. 

University ot Pittsburgh 
Pittsburgh, Penneylvani .. 
Attn: Nr. E. A. Holbrook, 

University ot Virginia 
Physics Department 
Charlottesville, Virginia 
A~~n: Dr. J. W. 8ea •• 

Dean 

(2) GUIDANCB • CONTROL 

TRANSKITTED VIA 

Inspector or lIaval Katerial 
80 Church S tree t 
New York 7 t New York 

Bureau or AeronauticS Rep. 
90 Church Street 
Np~ ~ork 7, Hew York 

~eY91opment Contract orrlce~ 
~as3achu$gtt$ Institute of Technology 
Cambrldg~ 39, Massachusetts 

Inspector or Maval MaterIal 
90 Church S tree t 
New 10rk 7, lIew 10rk 

CommAnding Orricer 
NaVAl &lrcratt Noditicat10n Un1t 
Johnsv1lle, pa. 

Development Contract Orrlc~r 
OniYersity ot Virginia 
Charlottesvll1~, Vlrg1nia 

COGIIUAIIT 
AGEII'CT 

loAF 

ORD DEPT 

&AF 

AAF 

NAVY 

IlUAER 

BUASR 

AAF 

BUORD 

AAII' 

BUORD 

loAF 

BUAER 

loAF 

HOORD 
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D. COMPONENT CONTRACTORS (Coat'd) 

COI'ITB. ... CToa 

Waebins'on Univeraity 
R •••• rcb roand&tlon 
8135 Foreyth. Bly4., 
Clayton a, Miaaouri 
... ~~R: Dr. R. 6. 8pencer 

W.atiDShou •• 81.c'ric Corp. 
8prlngrlel4, .aaaachuaetta 
... ttDI J.I.8. Rare, Vice-Pres. 

(Day ton Offic.) 

Dir.ctor of Specialty 
Pro4ucta Develop.ent 

Whippany aadl0 Laboratory 
Wbippany, If.J. 
Attn: Mr. M.B. Cook 

Zenith 8&4io Corporation 
Chicaso, IllinoiS 
Attnl Hu&h B.obertson, 

Executive Vlee-Pre8~ 

AeroJet Ensineering corp. 
Azua., Calltorni& 
... ttn: I.F. llundt 

Ar.our a •• earcb Foundation 
Technical Center, 
Chicago 16, Illinois 
... ttn: Mr. W ..... caeler 

Arthur D. Little, Inc. 
30 MemorIal Drive, 
Cambridle, lIass" 
Attn: Mr. Helge Holst 

Battelle Mem,orial Institute 
606 IHng ... venue 
Columbus 1, Ohio 
... ttn: Dr. B. D. Tho .. as 

Bendix Aviation Corp. 
PacIfic Division, SPD West 
If. Holly-ood, Calif. 

Bendl. Products D1Ylslon 
Bendl. "'vlation Corporation 
401 Bendix Driye 
South Bend 20, Indiana 
... ttn, Mr. Frank C. Mock 

Commandin& General 
Ar .. y ... ir Forees 
Pentalon 
Washin&ton 21, D.C. 
Attn' AC'/ ... S-4 DItE-2E 

Co •• andiDI General 
"'ir M&terlel Co •• and 
Wrl&ht Field Dayton, Ohio 
Attn' TSEPP-4B(2) TSEPP-4A(I) 

T8EPP-6A(1) TSEPP-6C(1) 
T801tE-(1) 

Co ... n4inl Officer 
Picatlnny Araenal 
Dover, New Jersey 
Attn: Technical Division 
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(a) GUID ... NCE • CONTROL 

TaUISMITTED VIA 

(3) PROPULSIOII 

Bureau or Aeronautics Rep* 
16 South Raymond Street 
Paaadena, California 

Develop.ent Contract Officer 
Bendix Aviation Corp. 
11600 Sherman way 
M. Holly.uod, Calif. 

COGIUZAIIT 
... OBIICY 

u ... 

...u· 

ORB DEPT 

A All' 

BUAER 

ORD DEPT 

ORO DEPT 

AAF & 
BUAER 

BUORD 

.lAP' 
BUORD 

A ... P' 

ORB DEPT 

• 

• 



.. 

r 

D. COMPONENT CONTRACTORS (Cont'd) 

CO II 'l'IU.C 'I' OR 

Co •• anding Ottlcer 
Watertown Arsenal 
Watertown 11, Ma •• aehuaetta • 
.\ttnl Laboratory. 

Continental Aviation and Engr. Corp. 
DetrOit, Michi,an 

Curtiss-Wright Corporation 
Propeller DiviSion 
Csld •• ll, lIew Jersey 
'\tttl! IIr. C. W. Chlllson 

Bxperi.ent, Incorporated 
Rich.ond, Virginia 
A.ttn: Dr. oJ. w. lIullen, 11 

Fairchild Airplane 6 Engine Co. 
Ranger Alrcrart Englaes-Dlv, 
Far.lngdale, L.l., Mew york 

General Motors Corporation 
Allison Division 
Indianapolis, Indiana 
Attn: Mr. Ronald Razen 

Q. II. Oiannlal • Co., 
386 W. Colorado 8t. 
Pasadena, Callrornia 

Hercules Powder Co. 
Port Ewen, II.Y. 

Ine. 

Marquardt .\ir.raft Company 
Venice, Calirornia 
Attn: Dr. ft. E. Marquardt 

Meaasco lIaaurac turing Co. 
806 E. San Fernando Blvd. 
Burbank, calirornia 
Attn: Robert R. MUler 

Exec. Vice-Pres. 

lew York University 
Applied lIath .... atlcs Center 
lIew York, lie. York 
&ttn: Dr. Klebar4 Courant 

Orrlee 0 r Ch 16 r or Ordnanc'" 
Ordnance Research. Development DiY, 
I\oc ke t Branch 
Pentagon, 
washington 23, D.C. 

Polytechnic Institute or Brooklyn 
Brooklyn, lie .. York 
Attnl Mr. R.P. Harrington 

Purdue University 
Larayette, Indiana 
Attn: IIIr. O. S. lIeikel 

Reaetlon Kotors, [ftc. 
LA ke Denaa ric: 
Dover, New Jersey 

(3) PROPULSIO" 

TRAIISII['I''I'£D VII. 

Bureau of Aeronautics Rep_ 
11111 Fr.neh Road 
Detroit 3, lIIichigan 

Devclop.ent Contract Orrlcer 
P. O. Box 1-'1' 
Rlch.ond 2, Virginia 

Bureau or Aeronautics Rep. 
Bethpage, L.I., ".Y. 

Bureau of Aeronautlca Rep. 
General Motors corporation 
Allison Division 
Indianapolis, Indiana 

Inspector of Naval Materlal 
90 Church street 
~aw York 7, Maw York 

Bureau or AeronautiCS Rep. 
l~ 30qt~ Ray~ond Street 
Pasaden8 t california 

Inspector or Naval lIIaterial 
90 Church 8 tree t 
New York 7. New York 

Inspector or Naval lIIaterlal 
90 Church Street 
Hew York T, New York 

Inspector or Naval Material 
141 W. Jackson Blvd. 
Chicago 4, Illinois 

Bureau or AeronautiCS 
ReSident Repres~nt&tive 
Reaction Motors, Inc. 
Maval 'mmunition Depot 
L&k~ Denmark y Dover t M.J. 

COG" [ZUI 'I' 
AGEIICY 

OR» DKPT 

BU.\ER 6 
A'\F 

.\I.F 

BUORD 

BUAER 

BUAER 

AAF 

BUORD 

AAF 
BUAER 

AAF 

BUAER 

ORO DEP'I' 

SUAER 

BU.\ER 
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D. COMPONENT CONTRACTORS (Cont'd) 

COII'TIlACTOR 

Rensselaer Pol,teehnlc l~atltute 
Tl'o" lIew YOI'll: 
Attn, Instructor ot lI'aval Se1ence 

80lar Alrcratt Coapaft, 
San Diego la, Ca11torn1a 
Attn: Dr. M.A. Willia.son 

Standard Oil Compan, 
Isso Laboratories 
Ilizabeth, lI'.w Jerse, 

Univer.it, of Virginia 
Phy.1". Department 
CbarlottesviIle, Virginia 
Attn: Dr. J. W. Be .... 

University of Wisconsin 
Madlaon, Wisconsin 
Attn: Dr. J.O. Hirschfelder 

Westingbouse Electric Co. 
Esaln.ton, Pennsylvania 

Wright Aeron&utlc&l corp. 
Woodridge, Hew Jersey 

Bethlehem Steel Corp. 
Shipbuilding Division 
Quincy 69, Mas •• 
Attn: Mr. B. Fox 

(3) paOPULS lOll 

TRAlIS1UTTED VIA 

Development Contract otficer 
Standard Oil Compan, 
ES$o Laboratories, Box 243 
Elizabeth, lew Jersey 

Developaent Contract Orricer 
University of Virginia 
Charlottesville, V1rginla 

Inspector or Waval 
)(4 te r 161, 
141 W. Jac",,.on Blvd. 
Chicago 4, 1111no1,. 

B~re&u ot Aeron&utlcs 
Resident Representative 
Westtnchouae Electric Corp. 
Essinlton. Pennaylv&nia 

Bureau ot Aeronautic. Rep_ 
Wright Aeronautical Corp. 
Woodrldse, Hew Jersey 

Sup.rvisor .f Shipbuilding, USI 
Quiney~ }l4S.'3. 

COGlIIZAIIT 
AGllICY 

BUOIlD 

OIUl DEPT 

BUORD 

Bt/OIUl 

BUORD 

BUAER 

BUAER 

BUAER 

, 


