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SUMMARY

Values g~v~ng the vertical distribution of temperature, pressure, and density
in the atmosphere from sea level up to extreme heights of the order of 5000 miles or
more have been derived for the atmosphere both at the equator and at middle lati
tudes. In view of the rather complete lack of knowledge concerning atmospheric
conditions in regions above the F

2
layer of the ionosphere, calculations for-these

regions have been carried out on the basis of three different atmospheric models or
concepts. The atmospheric model I is based on the hypothesis or concept that there
is an outer atmospheric limit far beyond the F

2
layer where the atmosphere is in

thermal equilibrium with the interstellar gas at a kinetic temperature of 10,OOO~.

This demands that the temperature continue to increase beyond the F
2

layer. The mean
molecular weight is assumed to decrease with height in a specified manner. Typical
results derived on this basis are given in Tables 21 and 26.

The atmospheric model II is based on the concept that above a certain height,
situated somewhere above the F

2
layer, the mean free path of the gas particles be

comes so large, and the collision frequency becomes so sm~ll, that the particles
move over dynamical orbits under essentially free flight conditions in a gravita
tional field, and those moving fast enough would be able to rise to great distances
with but little chance of collision with other particles. If the effects of radiation
are negligible, the temperature distribution in this region will be isothermal. Typical
results derived on this basis, when the composition (molecular weight) is assumed
constant, are contained in Tables 34 and 36.

Atmospheric model III is similar to model II inasmuch as it is based upon a
free-flight dynamical orbit region ("exosphere") which is isothermal. In model
III, further consideration is given to the question of the temperature of the exosphere
and the height where it may be considered to begin; and, unlike model II, the
composition is variable with height -- the variation with height being determined
by the assumption of diffusion equilibrium. In this model the effects of diffusion
equilibrium are ueated on a more rational basis than was the case for model 1. Typical
results are contained in Tables 42 and 44.

Through an oversight, the formula g' = I (alr)2 - rn2 coa e was used for the
apparent gravity instead of the correct formula

ll
I' = I (a/d 2 - rn2 cos2 S. As far as

the reaults for latitude 0° are concerned, this int:oduces no error. At latitude
45° the values for g' (and ¢) are slightly too low, but the error is extremely small.
The correaponding error produced in the pressure and density, etc., ia entirely
negligible and is insignificant in comparison with the uncertainties which exist in
the temperature and molecular ~eight. From the hydrostatic relation

P _ L/a 1 _ L/a Mg'log - - - -dh = - -dh
PI /a~ H /a. Ru T

it is seen that if new values for g' are introduced. the calculated values ~f

pressure and density, etc .• remain unchanged if they are interpreted as corresponding
to slightly different temperatures (Tae.). which are related to the temperatures given
in the tables (Told) by the ratio Tae./Toid = I~orrect/g~d' The correct values of g' at
latitude 45° and the ratios which they form with the old values are shown in the
tables attached.
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ANALYSIS OF TEMPERATURE, PRESSURE, AND DENSITY OF
THE ATMOSPHERE EXTENDING TO EXTREME ALTITUDES

INTRODUCTION

Owing to the recent important developments in the field of high-speed, high
altitude rockets and jet-propelled missiles, more and more demand has arisen for
information concerning the temperature, pressure, and density of the atmosphere up
to altitudes of the order of 100 to 300 miles or more. The pressure and density at
such heights are extremely small, corresponding to conditions of a highly rarefied
gas. Nevertheless, there may still be sufficient atmosphere to affect the motion
of a long-range rocket travelling at high supersonic speeds. This would be especially
true, for example, if one should consider the dynamical effects of the atmosphere on
the motion of a high-speed body (speeds of the order of 25,000 ft/sec) travelling
about the earth on a circular orbit as a satellite. Here the rarefied gas effects,
although small in themselves, operate over a sufficiently long time interval to
give an integrated effect which may be appreciable. It is also conceivable that
estimates of the physical state of the atmosphere at extreme ~ltitudes might be of
some use -- in various ways as yet unforeseen -- in connection with certain problems
which might arise in the study of interplanetary rockets.

At an altitude of about 100 miles where the mean free path of the molecules
of the atmospheric gas becomes comparable to the dimensions of a rocket, the drag
of the rocket in the rarefied gas must be computed on the basis of gas kinetics
or free molecule flow rather than from the gas-dynamical laws of a continuous
medium. In this case the drag coefficient is quite large, having a value of at least
2.0(1), (la), (2). The gas-dynamical laws based on a continuous medium probably begin
to break down at even lower altitudes where the mean free path of the gas parti
cles takes on values equivalent to the thickness of the boundary layer. Further
more, since the thickness of a shock wave must be at least as large as the mean
free path±, it follows that in the highly rarefied atmosphere at high altitudes
where the laws of free molecule flow apply, shock wave phenomena can no longer
take place, at least not in any sharply defined fashion as is the case under con
ditions of normal temperature and pressure.

Thus, in evaluating the performance of very-high-speed, high-altitude rockets, it
becomes necessary to have values for the physical properties of the upper atmosphere
up to altitudes which heretofore were of little interest to the meteorologist or
the aeronautical engineer. Values for the state of the atmosphere up to 100 km have

For references see p.143.

± Cf Thomas, L.H., "Note on Becker's Theory of the Shork Front," Jour. Che •• and Physics,
Vo1.12, No.11, p.449, November, 1944.
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been fairly well established. Above this level, the knowledge becomes more and more
uncertain and speculative with increasing altitude. In spite of these uncertainties, a
preliminary attempt will be made here to calculate the physical properties of the
atmosphere out to great distances beyond the F2 layer and to determine, for example, what
might be considered as the "limit" of the atmosph~re (atmospheric model I). Although'
the results derived for the region above the F

2
layer are more or less open to

question, they may at least be considered as a basis for extrapolating to the regions
beyond the F2 layer up to heights of the order of 500-1000 miles (800-1600 km).

For the purpose of discussion, the atmosphere is usually divided into three
main regions. The atmosphere from sea level to 10-15 km is referred to as the
troposphere, and that above this up to about 30 km is called the stratosphere. The
region above the stratosphere extending outward to interplanetary space may be called
the upper atmosphere.

The atmosphere above about 80 km is strongly ionized and hence this reg10n of
the upper atmosphere, from 80 km outwards, is known as the ionosphere. The iono
sphere is of fundamental importance in radio~wave propagation since it is owing to
the reflection of radio waves by the ionosphere that long distance radio communica
tion is possible. It seems to be established that the ionization of the ionosphere,
and therefore its electrical conductivity, is caused primarily by the ultra-violet
solar radiation.

The ionosphere itself is divided into three ma1n reg10ns or layers which are
stratified on the basis of electron or ion density(9). (4). The lower of these
regions, known as the E layer, is moderately ionized and is situated in the vicinity
of the 100-km level. The next higher layer, the F

1
1ayer, is more strongly ionized and

is situated in the vicinity of 200 km. Still higher and still more strongly ionized
is the F layer at about 300 km. There is recent evidence(73) which strongly sugg-ests

2
the presence of an additional ionized layer, called the G layer, situated above
the F

2
layer somewhere in the region from 400 to 700 km. Theupper region of ionization

comprising the F
1

and F
2

layers is referred to in its entirety as the F region. The
regular E layer and the F

1
layer are present only during the day and are most intensely

ionized during the hours of local noon. A sporadic E layer may be present at any
time.

Diurnal changes also occur in the Fregion. The concept and terminology used
1n the older literature was that during the night there was a merging ,of the F1 and
F

2
layers to form a single layer, referred to simply as the F layer. In the newer

terminology it is more clearly recognized that the F2 layer maintains its identity
throughout the night while undergoing diurnal variations. The regular E layer and
the F1 layer are not present during the night, and it is unnecessary to use the
term F layer in this connection. The term F region is applied to the upper region
of ionization regardless of time of day; it comprises the F1 and F2 layers during
the day and the F2 layer during the night.

Since the ma1n a1m of this study is to arr1ve at tentative working values for
a "standard" upper atmosphere, no attempt will be made at an especially critical
discussion; but rather the various data which are available will be presented, and
what appear to be the most reasonable deductions from them will serve as a basis

2



for the calculations. The calculations will be carried out for the atmosphere at
the equator and also at latitude 45 0

• Although many gaps and uncertainties still
exist in the knowledge of the upper atmosphere, it is believed that the results
presented here, at least up to the F2 layer, represent about the best that can be
done considering the data which are available at the present time (see footnote 3,
page 12), and that the values given for the temperature, pressure, and density up to
the F2 layer may be accepted with considerable confidence. It must be emphasized

-that the calculations for the atmosphere beyond the F2 layer, where there are no
data available and where the atmospheric models considered here are based on rather
speculative reasoning, must be regarded as representing little more than possible
values. However, there seem to be no other calculations of this nature available,
arid the values derived here should at least give some indication of the limits
within which the actual values would lie.

The writer asks to be excused for frequently using mixed systems of units.
This happens because all the Ii terature on the subj ect is based on the c. g. s.
system, while the values used in aeronautical applications are always desired in
the engineering system.

I - THE ATMOSPHERE UP TO THE F2 LAYER

The exact calculation of the variation of atmospheric pressure and density
with altitude requires a knowledge of the following quantities as a function of
altitude above the earth's surface.

1. Temperature.

2. Composition. This includes not only the kind of constituent gases, but also
the degree of dissociation and also of ionization, since these effects can
be important in determining the value of the molecular weight which is used
in the equation of state. For example,consider a gas composed initially of
molecular oxygen having the molecular weight 32. If this gas undergoes com
plete dissociation into the atomic state the molecular weight is reduced
to 16. If,further, the gas is not only completely dissociated but also com
pletely ionized, the mean molecular weight is reduced to 8 owing to the presence
of positive ions and free electrons in equal number. Finally, a knowledge of

- the composition presupposes a knowledge of the degree of diffusion equilibrium
which is present; that is, the degree to which the constituent gases are dis
tributed in the vertical according to their molecular weights, with the lighter
gases situated above those which are heavier.

3. The
Earth.
has an

Angular Velocity of Rotation of the Atmosphere about the Axis of the
The angular velocity determines the value of apparent gravity and thus

effect in determining the distribution of pressure.

3



I-A. THE TEMPERATURE DISTRIBUTION

The temperature conditions in the troposphere and stratosphere are well known
from direct measurements by means of sounding balloons and form the basis for the
standard atmosphere used in aeronautics as giveQ by Diehl(7). These values will 
be used to represent conditions at latitude 450. The stratosphere at a tempera
ture of 2l8°K is extended from 20 km to 32 km in accordance with a recent recom-

d · h . A h (19) Th . . f' I Imen at10n of t e NACA Subcomrn1ttee on Upper tmosp ere • e S1gn1 1cant eve s
for this atmosphere are shown in Table 1.

Table 1

TEMPERAlURE OF TROPOSPHERE AND STRATOSPHERE, LATITUDE 45°.

Altitude, km 0 10.77 32

Temperature, °c 15 -55 - 55

Temperature. oK 288 218 218

Pressure at sea level = 760 mm of Hg

The troposphere and stratosphere temperatures at the equator will be based on the
Batavia data(B). Values taken from the mean annual curve (Fig. 102, Ref. 8), with
linear extrapolation from 25 to 30 km, are given in Table 2.

Table 2

TEMPERATIJRE OF TROPOSPHERE AND STRATOSPHERE, LATI1tJDE 0°.

Altitude, km 0 5 10 16 3Q

Temperature, °c 26 -2 -37.5 -82 -42

Temperature. ~ 299 271 235.5 191 231

Pressure at sea level = 1012 millibars

Between the significant levels the temperature is assumed to vary linearly with
altitude, which represents. a close approximation to actual mean conditions. It
will be noted that in the tropics the stratosphere does not have well-defined isothermal
properties as in middle latitudes, but rather is characterized by temperature increasing
with height.

Above about 35 km there are no direct measurements of temperature and the only
values available are those which result from indirect methods[~. Thus the atail
able values for the temperature of the upper atmo~phere are based on the study of

[1] For footnote see p.5.
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the ozone absorption of solar radiation, the anomalous propagation of sound, atmos
pheric tides, the luminosity and speed of meteors, the spectrum of the aurora, and
the reflection of radio waves in the ionosphere[2] by the E, F1 , and F'2 layers. An
account of these studies and their results has been given by Haurwitz(9), Penn
dorf(lO),(ll), and Gutenberg(12).

The results of these studies indicate that above the stratosphere the tempera
ture increases to a maximum value in the neighborhood of 50 km, decreases to a
minimum value at around 80 km, and then increases again to a high value at 120 krn.
The tentative standard values of temperature for this region as adopted by the
NACA Subcommittee on Upper Atmosphere(13) are given in Table 3.

Table 3

TENTATIVE STANDARD TEMPERATURE VALUES
FOR THE REGION 20 - 120 km, LATITUDE 45°

Probable Tentative probable
Altitude Minimum Standard Maximum

km Temp. ,oK Temp. , oK Temp., ~

20 --- 218 250
25 --- -- - 250
32 --- 218 ---
45 200 --- 380
50 -- - 355· -- -
55 3QO --- ---
60 --- 355" - --
70 -- - --- 380
78 --- 240 ---
80 170 --- 300
83 --- 240 ---

120 300 375 600

• The value 355~ has been inadvertently used here instead of the intended
value 350~. However, in view of the small value of this difference, and
also the uncertainty concerning the exact value 'which should be used, the
effect is entirely inconsequential.

Although these values refer mainly to middle latItudes, they will also be used
for the equatorial atmosphere above 32 km, mainly because corresponding figures
for the equatorial regions seem to be lacking, and also because they would per-

[1] However, the vertical distribution of density up to 100 km has been measured recently
by using a V2 rocket. The measured values of density are in good a~eement with those cal
culated by using the temperature distribution of Table 3. See Physical Review, Vol.70,
p.985, December, 1946, "Pressure and Temperature Measurements in the Upper Atmosphere. " Also,
see "Upper Atmosphere Temperatures f~om the Helgoland'Big Bang," Bulletin American M~teor.
ological Society, Vol.29, No.2, p.78, Feb., 1948.

[2] Extended discussions of the ionosphere and the upper atmosphere have been presented by
Berkner(3) , Chapman (15), Hulburt(4), Mitra(5),(85), and Millington(6).
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haps not differ greatly from the values used.
distribution of temperature from sea level
middle latitudes are plotted in Figs. 1-4.

The values adopted for the vertical
up to 120 km at the equator and in

It will be noted that there is no isothermal stratospheric region shown for 
the equatorial atmosphere in Fig. 1. Although a very thin isothermal layer could
have been deduced from the data used (Ref. 8), this was not very clearly indicated
and the neglect of such a layer will be of no practical significance for the cal
culations.

The temperatures used for the atmosphere above 120 km will be those values
deduced from the reflection of radio waves by the F 1 and F2 layers. There are
two methods by which the temperature may be deduced from the ionosphere measure
ments. In one of these, Appleton(14), it is possible to evaluate in the reflect
in~ layer a quantity H called the scale height, which is closely related to the
thickness of the ionized layer, and which is defined by

H =
kT

mg'
= (1)

where k is Boltzmann's constant, m is the mean mass of the molecules, R is the
u

universal gas constant, M is the mean molecular weight, and g' is the apparent
acceleration of gravity. Thus, when the value of H is known from ionosphere mea
surements and M is known from the composition, the value of T is then determined. The
scale height H is discussed by Chapman (15), andis derived later in Section II_Ft. The
thickness of an ionized layer is usually considered to be roughly .about four times
the scale height H(74). In the other method, Appleton(16), Eckersley(17), Farmer
and RatcIiffe<ta), (19), it is possible to estimate in the reflecting layer the average
electron collision frequency v e defined byt

v. ~ 4nd'V,":r "4nd'V,"R;/ .

where n is the number of particles per unit volume and d their mean diameter. By
either method, it is seen that it is necessary to know the composition (i.e., the
mean molecular weight M or the mean molecular mass m ) in order to estimate the tem
perature in the ionosphere from radio-wave soundings.

t Also

± Al so

6

see

see

Se c t i on III - B.

Chapman, S., and Cowling, T.G., Ref.65a, p.146.







Practically all the deductions of temperature from ionosphere measurements
indicate a considerable increase in temperature above 100 km (the E layer), as
shown in Table 4, and the evidence in favor of high temperature in the F

2
layer

is very considerable. Although the determination of the value for the temperature
in the F 2 ~ayer is not one of great accuracy, it is generally recognized that a
high temperature must prevail in this region of the order of 1000~.

Table 4

IONOSPHERE TEMPERATURES (TAKEN FROM PENNDORF(10»

100 km 200-300 km 350·400 km

Maris (1936) --- 373 0K ---
M~ller (1935) 370 0K -- - ---
Fuchs (20) ( 1936) --. 400 0.1000 0K 14000-1900 0K
Martyn and Pulley (21) (1936 ) 300~ 1200 0K ---
Appleton (1936) 1000K 1200~ -. -
Godfrey and Price(2~ ( 1937 ) --- 12000K ---
Das (23) (1938 ) 10000K 1000~ ---
Senda (24) (1938) --- 14000-2000~ ---
Bhar (25) (1938) 300~ 6-00 0K ---
Appleton (1939) 385~ 700°.1300°,< ---
Penndorf(26) (1940) 3080-375~ 437°. 936°K ---

As far as ionosphere temperatures at the equator are concerned, the only values
available are those given by Fuchs(20), which are based on observations of the iono
sphere at Huancayo, Peru, latitude 120 south, as given by Berkner and Wells (27). The
temperatures derived by Fuchs are shown in Table 5.

Table 5

TEMPERATURE tN THE F REGION AT THE EQUATOO ACCORDING TO FUCHS(20)

Altitude, km

Temperature, ~

These values are plotted in Fig. 5 together with the point T =375~ at 120 km from
Table 3. Except for the point T =400~ at 190 km,which has been discounted, the
values are .represented with sufficient accuracy by the straight line shown in the
figure, and this is the linear relationship which will be used for the temperature
distribution in the F region at the equator. Thus it will be assumed that the tem
perature in this region is defined by the straight line connecting the points T =
375~ at 120 km and T =l800~ at 400 km. The corresponding curve in engineering
units is plotted in Fig. 6.
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In the middle latitudes it is seen from Table 4 that considerable choice exists
in the temperatures to be used in the F region. It has been decided here to adopt a
value of 1100~ at 300 km which, from data given by Martyn and Pulley(21) (see Fig. 5
of Ref. 21), represents a probable mean diurnal value. The distribution of temper
ature is assumed to be linear between this value and the value 375~ at 120 km, since
there is no information available to specify the exact nature of the temperature
curve in this region. It is well known that there is a distinct diurnal variation
in the properties of the F region. Durin~ the day this contains the F1 as well as
the F layer, with the F layer situated at about 300 km and at a temperature of
the o~der of l2000K. DU~ing the night only the F2 layer remains, and in middle
latitudes this is usually at a lower height and temperature than durin~ the day.
From the data of Martyn and Pulley it is considered that the mean diurnal condition
of the F

2
layer is represented by the value 11000K at 300 km. No attempt is made

here to take into account any seasonal variations which occur, mainly because there
seem to be very few data in usable form (height and temperature) available in
this respect. The vertical distribution of temperature adopted to represent con
ditions in the Fregion in middle latitudes is presented in Figs.7 and 8 (pp.14 and 15).

The temperature values used for the F region at the equator are not mean diurnal
values but are based on noon observations, and are therefore probably higher than
the mean diurnal values would be. So far, no deduced temperature data for Huancayo
which could be used to determine mean diurnal conditions have come to the attention
of the writer, and although it would no doubt be possible to make such deductions
from original Huancayo data, no attempt will be made to do this here [3] •

In the calculations by Fuchs using the Huancayo data, it was assumed that both
the oxygen and the nitrogen were completely dissociated. As pointed out in Section
I-C. the effect of assuming an 0 + N-atmosphere is to give lower temperatures than
would be the case for a'n 0 + N2- atmosphere.

As pointed out by Zenneck(28), considering the high values deduced for the tem
perature of the F2 layer together with the rarefied gas conditions existing there,
the concept of temperature requires a few remarks by way of explanation. In the
rarefied gas of the upper atmosphere it is convenient and perhaps even necessary to
think of temperature in terms of '~inetic" temperature. Consider a unit volume of
gas, assumed homogeneous for simplicity, containing n particles each of mass m. It
is shown in the kinetic theory gf gases that the pressure p of the gas may be ex
pressed in the form

p =
1 _ 2 1 _ 2 p_

nmv 2 = - n x - mv 2 =- x - v2
33232

(3)

[3J In view of the great mass of world-wide ionosrhere data that has been accumulated
during the war years and which is becoming avai able, this would seem to be a very
appropriate time to start a critical survey and study of these data from the meteoro
logical standpoint, since the result of such a study should add greatly to the know
ledge of the physical state of the upper atmosphere. Thus the results would give wel~
established mean values for the diurnal, seasonal, and geographical variations ot tne
height and temperature of the ionized layers. In the published data available at the
present time, such information is either scarce or lacking entirely. As a result of
the emphasis being placed at present on high-altitude, high-sleed rocket research,
the results described above could be used to great advantage i they were available.
Recent world-wide ionosphere data will be found in the CRPL-F series (Central Radio
Propagation Laboratory) publications of the National Bureau of Standards.
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where v 2 is the mean square particle velocity and p =nm is the mass density. Thus
the pressure is directly proportional to the mean kinetic energy of translation of
the gas particles.

The equation of state for a perfect gas

kp-T=
m

nkT (4)

where R u is the universal gas constant, M is the molecular weight, and k is Bol tz
mann's constant, may be derived from purely thermodynamical reasoning based only
on the assumption of thermodynamic equilibrium, i.e., space and time derivatives
equal to zero. In this case the temperature T is the absolute thermodynamic tem
perature as defined through the second law of thermodynamics.

The equation of state (4) may also be regarded as an empirical relation de
rived from the laws of Boyle and Gay-Lussact,and temperature may be independently
defined by means of this relation. This, for example, would be the temperature
indicated by a gas thermometer, which depends for its operation on the concept of
pressure as expressed by relations (3). In fact, by comparing (3) and (4), it
follows that

3
= - kT

2
(5)

which shows the relationship between the mean kinetic energy of translation of the
gas particles and the temperature.

In view of this relation, Eq. (5) may be made the basis for the definition of
temperature and may be said to define a "kinetic" temperature rather than a thermo
dynamic scale of temperature!. From this point of view it would be possible to
speak of the temperature of a single particle if it is so desired and to define
this by the relation

1"2 mv 2
- kT , (Sa)

where v and T are the instantaneous values for a single particle. From the way in
which it is defined, it is seen that the kinetic temperature satisfies the perfect
~s equation and is therefore precisely the temperature which is used in calculating
the pressure or density. Thus, when a temperature of 1000~ or more is specified in
the F

2
layer, for example, this is to be interpreted in terms of Eq. (5), that is,

in tenms of the mean kinetic energy of the gas particles.

t •
- Cf Poynting, J.H., and Thompson, J.J., A Textbook of Physic. - Heat, London: Griffin,

Otap.4, 1928.

T Cf Chapman, S., and Cowling, T.G., Ref.65a, p.37.
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It is shown in statistical mechanics(29) that when the gas particles have a
Maxwellian velocity distribution and the temperature is defined thermodynamically,
the equation of state of a perfect gas can be derived. Thus, when the kinetic and
thermodynamic temperatures are equal, the gas will have a Maxwellian distribution;
or, stated more appropriately in the converse form, the equation of state (4) de
fines a gas having a Maxwellian velocity distribution if the kinetic temperature is
identical with the thermodynamic temperature. This will be the case, provided a time
interval can be chosen to correspond to a mean steady state condition, as far as ex
ternal influences are concerned, and provided this time interval is large compared to
the relaxation time, or the time interval between collisions.

Although high kinetic temperatures exist in the F region of the ionosphere, it
must not be inferred that a body situated in this region would come into thermal
equilibrium with the gas at these temperatures. Owing to the extremely rarefied
nature of the gas at these heights, the temperature of the body would be determined
solely by radiation processes, any heat transfer resulting from the presence of the
gas particles being entirely negligible. If the body is moving at extremely high
speeds, there would also be a small amount of heat transfer resulting from the im
pacts of the free gas particles with the skin of the body, in which the gas particles
lose all of their directed kinetic energy upon striking the surface of the body.

I-B. THE COMPOSITION

As far as the composition of the atmosphere is concerned, it is found that the
tropospheric values are maintained with little change up to about 80 km. The compo
sition of tropospheric air, as given by Paneth(30) , is shown in Table 6.

Table 6

COMPOSITION OF TROPOSPHERIC AIR

Gas Formul a
Volume Mass Molecular Wt

% % (0 =16.000)

Nitrogen N2 78.09 75.53 28.016
Oxygen O2 20.95 23.14 32.000
Argon Ar 0.93 1. 28 39.944
Carbon Dioxide CO2 0.03 .046 44.00
Helium He 5. 24x10- 4 7.24xl0- 6 4.002
Hydrogen "2 5.10xl0-

l5
3.55xl0

-6
2.016

From the table it is seen that Nand 0 account for 99 per cent of the compo-
. . 2 2

s1t10n, by volume, of the tropospheric air. As pointed out by Chapman(31) and Penn-
dorf(32), the results of auroral spectroscopy indicate that even from 100 km to 1000
km, oxygen and nitro~en are still the main constituents of the atmosphere, and it
will be assumed here that the upper atmosphere, at least up to 1000 km, is a nitrogen
oxygen atmosphere. However, due to the absorption of ultra-violet solar radiation,
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From the measurements of the reflection of radio waves, it is known that the
upper atmosphere is ionized and that the electron density (number of electrons per
unit volume) reaches a maximum in the F']. layer. The degree of ionization x of a gas
is defined hi the ratio

n o
=x =----

n :: nn + n+ :: initial number of particles before ionization,
0

n :: number of free electrons,e

n :: number of neutral atoms or molecules, andn

n+ :: number of positive ions,

where

the molecular oxygen undergoes dissociation in the v1c1n1ty of the 100-km level,
Chapman(3l), Wulf and Deming(33), and the oxygen in the remainder of the upper atmos
phere is generally regarded as existing mainly in the atomic state. It will be assumed
here that the dissociation of oxygen begins at 83 km, becoming complete at 120 km
(i.e., the E layer). The question of the dissociation of nitrogen is quite contro
ver~ial and not nearly so clear; it will be assumed that the nitrogen remains in the
molecular state at least up to the F']. layer [3aJ.

all referred to a given mass of gas. Thus for complete ionization, x :: 1. This
formula presupposes that there are no negative ions and therefore that n :: n+. If

e
n denotes the total number of particles in thermal equilibrium (ions, electrons,
neutral atoms or molecules) 1n a given volume of gas, the total pressure p is given
from kinetic theory by

p nkT,

where T is the absolute temperature and k 1S the Boltzmann constant. This may be
written

which shows how the ionization can increase the pressure simply by adding free elec
trons to the gas without changing its mass.

However, from data given by Cowling(34) for the E, Fl , and F']. layers, it is
found that x is of the order of 10-1S or smaller, and may therefore be neglected com
pared to unity in Eq. (7). Typical values of the degree of ionization in the E and

[3aJ Although Vassy and Vassy(60) believe that the evidence indicates the complete dis
sociation of nitrogen in the Fr layer, this view had not been widely accepted as yet and
requires further sUbstantiatio~. It seems more likely that the dissociation of nitrogen
occurs in the G layer - see Section III-D.
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F regions are shown in Fig. 9. Thus, as far as the atmosphere up to the F2 layer is
concerned, the degree of ionization may be entirely neglected as far as its effect
on the calculation of the pressure js concerned. The composition which will be used
to represent conditions in the equatoriar atmosphere up to the F2 layer is given in
Table 7.

Table 7

COMPOSITION OF THE ATMOSPHERE UP TO THE F2 LAYER AT THE EQUATOR

Altitude Composition, Molecular Weight Ratio of Specific
km % Volume of Mixture, M Heats, y

0 21% O
2

, 78% N
2

, 0.93% Ar 28.9 1.405

83 20% O
2

, 80% N
2 28.8 1. 405

120 33% 0 , 67% N2 24.0 1. 46

400 33% 0 , 67% N2 24.0 1. 46
( F2 layer)

It '\\till be noted that the composlt1on is assumed to remain unchanged from 120 km
up to and including the F

2
layer; that is, the constituent gases in this region are

assumed to be completely mixed, giving an atmosphere of uniform composition. This
agrees more or less with the results of Mitra and Rakshit(36) who found that, for
an N2 - °atmosphere with temperature increasing with height, diffusive equilibrium
would exist only above 350 km. The values 33% °and 67% N2 are based on a gas which
corresponds to 20% 02 and 80% N2 when there is no dissociation of oxygen. Essentially
it is assumed that the dissociation occurs at constant pressure, but that the volume
may change.

In middle latitudes it appears likely, Penndorf(11), Regener(36), that there
is a slight change in composition at about 50 km to the values 18% 02 and 82% N2 •

Using these figures the values in Table 8 are obtained as representative of the
composition of the atmosphere up to the F

2
layer in middle latitudes.

Table 8

COMPOSITION OF THE ATMOSPHERE UP TO THE F2 LAYER. LATITUDE 45 0

Altitude Compos i ti on, Molecular Weight Ratio of Specific
km % Volume of Mixture,M Heats, y

0 21% O
2

, 78% N
2

, 0.93% AI 28.9 1.405

50 18% O2 , 82% N2 28.66 1. 405

83 18% O
2

, 82% N
2

28.66 1. 405

120 30.5% 0, 69.5% N2
24.35 1. 46

300 30.5% 0, 69.5% N2 24.35 1. 46
(F

2
layer)
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I-C. EFFECT OF COMPOSITION ON THE DETERMINATION

OF THE TEMPERATURE IN AN IONIZED LAYER

It was pointed out in connection with Eq. (1) that the values derived for the
ionosphere temperatures depend on the values used tor the mean molecular weight M. 'It
should also be mentioned that the value of H depends on the vertical distribution of
the electron densityt. This has been subjected to a detailed analysis by Pekeris(37)
who finds values of H which are less than those previously used as given by
Appleton(14). If this result is accepted, this effect alone will give lo~r iono
sphere temperatures than those derived previously. Using the H-values of Pekeris,
Penndorf(10), (26) has calculated new values for the temperature in the E and F2 layers
for various assumed values of composition M. The results given by Penndorf are shown
in Table 9.

Table 9

TEMPERATURES IN THE E AND F2 LAYERS
BASED ON PENNDORF(28) AND PEKERIS(37). LATITUDE 45°.

Designation Composition Mean Molecular H==- 11.4 km
Weight, M Temperature

E Al 81~2,19~2 28.78 374°K

Layer A2 81~2 ,19?CO 25.74 330 0 K

"-100 km As 67~2 ,32%0 23.87 308°K
• 346°K -A4 75.8~2,9%02,15.3?CO 26.52

Designation Composition Mean Molecular H==-20km H=30km
Weight, M Temperature Temperature

B l 81~2 ,19%02 28.78 625°K 936°K

F2 B2 93~2,6%02 27.92 608°K 912°K

Layer B3 81~2,19%0 25.74 557°K 834°K

"-220 km·· ..84 36~2,64%0 20.30 442°K 662°K

B5 41%N2,40%N,19%0 20.12 437°K 655°K
• 530 0 K 795°KBe 67~2,33%O 24.03

• Computed from Eqs. (1) and (1 I) .

•• The value 220 km for the height of the F2 layer is rather low and IS about equal
to the height ordinarily found for the F1 layer.

t For some concepts, at least, the value of H will also depend upon the vertical distribution
of dissociation. See footnote 8, p.113.
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The rather large differences between these values show the importance of an
accurate knowledge of M and H in deducing the ionosphere temperatures. From the data
given by Pekeris(37) it is inferred that the E layer values correspond to a height of
about 100 to 110 km and the £2 layer values to about 220 km. Thus the E layer values
correspond approximately to the height of the middle of the E layer. Using the values
in Table 7 the composition in the middle of the E layer will be that of A4 (see
Table 9), which gives a temperature of 346°K. This is in good agreement with the
value 340~ according to the adopted curve, Fig. 7, at 110-km height.

In the £2 layer the values Be have been computed to correspond to the composi
tion assumed in Table 7. From Fig. 7 a temperature of 7800 K is indicated at 220
km, which is in good agreement with the higher of the B

6
values.

The temperatures used here for the £2 region at the equator, as computed by
Fuchs, Fig. 5, were based on the assumption that the nitrogen and oxygen were com
pletely dissociated, giving a value for the molecular weight of the atmosphere of
about 15. This is much lower than the value M= 24, which is used here to represent
the composition of the £2 region, and if Fuchs' values were to be corrected to be
consistent with the composition M=24, much higher temperatures would result. In
fact, the values shown in Table 5 would have to be increased by the factor 24/15 =
1.6. However, in view of the fact that the more exact analysis of Pekeris would lead
to values of H which are lower by a factor of about the same order, it is considered
that the temperatures adopted according to Fig. 5 are probably quite representative of
actual conditions as they stand.

I-D. THE CALCULATIONS

1 The calculation of the pressure and density is based upon the hydrostatic equation

dp = - p g' dh ,

and the equation of state for unit mass

p

where

Ru= p-T
M

(10)

l'

p = pressure

p = mass density

h = height above sea level
, = apparent acceleration of gravityg

Ru •=: universal gas constant

M = mean molecular weight

T = absolute temperature



In the engineering gravitational system of units, Ru = 1544 x 32.174 =49677 ft-lb/slug
moleoR, p is in slugs/ft

9
, P is in Ibs/ft 2

, T is in degrees Rankine, and h is in feet.
In the c.g.s. absolute system of units, Ru = 83.15 X 106 erg/gram-moleoK, p is in
grams/cm

9
, P 1S in dynes/cm2

, T is in degrees Kelvin, and h is in centimeters.

It will be assumed that the atmosphere betwee~ sea level and the F2 layer rotates
with the earth as a solid so that the apparent gravity is given by

(II)

where go is the absolute value of gravity at sea level at the latitude e and a is the
radius of the earth at this latitude. The angular velocity of rotation of the earth
is denoted by D, and r is the distance from the center of the earth to a point in the
earth's atmosphere; i.e., r = a + h. The value D = 7.29211 X 10- 5 radians/sec is
used for the rotational speed of the earth; values for the earth's radius and acceler
ation of gravity are given in Table 10.

Table 10

RADIUS OF 11fE EAR11f AND WE ACCELERATION OF GRAVITY

D = 7.29211 X 10-ft radians/sec

Latitude, Radius of the Earth, Apparent Gravity Absolute Gravity
e ,

a go go

degrees miles It em ft/sec 2 cm/sec2 ft/sec2 cm/sec 2

0 0 3963.34 2.09264xI0 7 6.37839x10 B 32.088 978.04 32.199 981. 43

45 0 3956.59 2.08908 X 10 7 6.367 51x10 B 32.174 980.66 32.253 983.07

90 0 3949.92 2. 08556x10 7 6:35691X 10 B 32.258 983.22 32.258 983.22

Combining Eqs. (9) and (10) yields

1 P -_og-
P1

Mg'
R;; (l2)

which gives the pressure P at a vertical distance ~h =h - hl above the level hl where
the pressure is Pl' The molecular weight Mand the apparent gravity g' are taken out
side the integral here, since the interval ~h is taken small enough that it is per
missible to use the mean values of M and g' appropriate to the interval in question.
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Since the vertical distribution of temperature up to the £2 layer has been repre
sented by straight line segments, we always have a temperature-height relationship of
the fonn

T = T1 + a (h - h1 ) , (3)

where a = clI'/dh = (T2 - T1 )/(h2 - h1 ) is the slope of any straight line segment. Thus a
is positive for temperature increasing with height and negative for temperature
decreasing with height. Introd~cing this relation, Eq. (12) becomes

P Mg' f\ dh
log- = -R;; + a (h - h1 )P1

h 1

which may be
. [3b]
Integrated gIvIng

PI
P = Mg'

[1 a ~ aR+- (h- h
1

) u
T1

(4)

OS)

[3b] When M is constant in the interval h-hl' Eq. (14) may be inte~rated taking into aC'co':!nt
the variation of gr\vity. For an atmosphere which rotates with the earth as a solId,
g' = g (a/r)2 _ r D2 cos e and the pressure relation may be written

a

P
log-

~
f h _g_a(_~_)_2 r_D_2_co_s_~~e dr

T + a(r-r )
h 1 1

1

(14a)

This is readily integrated yielding the result

P
log- =

P1
{ r2 cos e

(r-r )
1

a rr (T -ar)
1 1

~
agaa2 (T1-ar1)d c~s;?,j' ~ T1 ~

+ 2 + 2 log +
(T -ar ) a T +a(r-r )

1 1 1 1

2
g a
a log : j }. (l4b)
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This is the formula used for calculating the pressures. From the values of pressure
obtained in this way the corresponding density is obtained immediately from the equa
tion of state,

p (6)

The values of temperature, pressure, and density for a standard atmosphere up to the
F2 layer at the equator and at latitude 45° are tabulated in Tables '11 to 14. The
results are given in both the engineering and c.g.s. systems of units. The density
ratio CT = pip, where p is the density at sea level, is plotted in Figs. 10 to 13. The

a a
values in Tables 13 and 14 up to 20 km may differ very slightly from those given by
Diehl (7) owing to the use of a slightly different value for the molecular weight.

•

Other quantities of interest which have been included in the tables are the
molecular density, the mean free path, the mean molecular speed, the collision fre
quency, and the speed of sound. The molecular density n (also called the number
density or particle density) is the number of gas particles per unit volume and
is given by the expression,

where m is the mean mass of the gas particles. An equivalent form which 1S perhaps
more convenient is

where Mis the mean molecular weight and m1 is the mass of the atom of unit atomic
weight (m

1
=1.6489 x 10- 24 gram). The mean free path L is given by

where d is the mean diameter of the gas particles. From sea level up to 83 km, where
all of the particles are molecular, the value d = 3 X 10-

8
em is considered appropriate.

Above 120 km, where electrons, atoms, and molecules are present, it is conceivable
that the value d = 2 X 10- 8 cm might be more appropriate. In view of this uncertainty
concerning the value for d, L and v are given in the tables for both values -
d = 3 X 10- 8 cm and d = 2 X 10- 8 cm.

(19)

(17)

(18)

= p
m

= P
M m1 '

n

n

1=
7T'V'2n d2

'
L

The mean molecular speed v 1ll a Maxwellian gas 1S found from

v =j8 kT,
7Tm

(20)
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where k is Boltzmann's constant. In view of the relation kim =RuIM, this may be
written more conveniently as

For a constant speed gas the corresponding expression 1S

(22)

which differs but very little from the Maxwellian case. The mean collision frequency
v is connected with L and v by the relation v =vlL, and thus may be computed from the
relation,

v =
v

L
= (23)

The equation for the adiabatic speed of sound c 10 a per fe c t gas 1S

c = Jy R;T -JypP , (24)

•

where y is the ratio of the specific heats (y =Cp/Cv )' The speed of sound is plotted
in Fig. 14 where it will be noticed that this quantity is not given beyond a height of
100 miles. This is because the ordinary laws of sound propagat10n probably begin to
break down under the same rarefied gas conditions at which the gas dynamical laws
become invalid and the gas kinetic laws take over. This probably occurs at some height
less than 100 miles. The propagation of sound waves in rarefied gases has been dis
cussed recently by Tsien and Schamberg(38). Their results indicate that with regard
to rarefied gas effects there is very little change in the speed of sound up to heights
of about 60 miles, which represents about the limit of their curves as far as height
is concerned. The damping of the sound, however, becomes appreciable at such heights•
The sonic velocities are plotted in Figs. 14 to 17.

Warfield's(13) results givi~g the properties of the atmosphere up to 120 km
appeared at about the same time as those presented here. Both studies -- although
carried out independently -- are based on ~he same vertical temperature distri
bution, Table 3.
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II - THE ATMOSPHERE ABOVE THE F
2

LAYER - MODELS I AND II

Above the F2 layer there is little if any direct information available concerning
the atmosphere. Although the mass of atmosphere in this region is extremely small COOl
pared with the total atmospheric mass, yet the vertical extent of this region of
the atmosphere is relatively large cOOlpared with the height of the F2 layer. In fact as
far as the knowledge of the atmosphere is concerned, it might well be divided into
two major regions, the region below the F2 layer and that above.

In view of the. uncertainties and lack of information concerning the properties of
the atmosphere above the F2 layer, it becomes necessary to analyze this r~ion on the
basis of whatever concepts or hypotheses appear reasonable or possible; and it is
hardly likely, owing to the present lack of knowledge, that any single concept would
prove entirely satisfactory at the present time. The manner in which this region of
the atmosphere is analyzed here is based on three different atmospheric models or
concepts which are intended to serve as a preliminary approach to the problem. The
first atmospheric model is based on the concept that there is a limiting region far
beyond the F2 layer where the atmosphere is in thermal equilibrium with the interstellar
gas. The second model is based on the concept that at a sufficient height above
the F2 layer the particles begin to move as free bodies in a gravitational field,
rising and falling over large distances without colliding with another particle, and
that this region is isothermal. The third model is discussed in Part III.

II-A. THE TEMPERATURE DISTRIBUTION

AND THE INTERSTELLAR t GAS

Perhaps the first question which arises concerning this region of the upper
atmosphere is that of temperature. The temperature rises rapidly from the E layer to
the F2 layer; and one may ask whether, above the F2 layer, the temperature continues
to rise, remains more or less constant, or decreases. The answer is certainly not
clear, and a consideration of conditions existing in this region is necessarily some
what hypothetical and speculative. Thus when it is desired to consider the atmosphere
above the F2 layer, it becomes necessary, in view of the lack of any direct informa
tion, to find some means of extrapolation. For example, there are certain conditions
which exist in interstellar space, and an attempt may be made to use these as a possi
ble basis for extrapolation. Thus it is known that gas particles exist in inter
stellar space(39), (40), and it is tempting to make the hypothesis that the outer limit
of the atmosphere is defined by the condition that equilibrium exist between the
atmospheric gas and the interstellar gas. It is generally recognized(4U,(42),(43),(44)
that the interstellar gas has a high kinetic temperature of the order of 10,000 to
15,000oK, and according to the equilibrium hypothesis, it will therefore be assumed
in Model I that the outer limit of the atmosphere is in thermal equilibrium with the
interplanetary gas particles at this temperature.

t As used in the present connection it would probably be more appropriate to use the term
interplanetary gas, since it is the gas in the vicinity of the planet Earth which is being
considered.
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Thus it ~ll be assumed as a first approach that at the outer limit of the atmos
phere the atmospheric gas particles have a kinetic temperature of IO,OOO~. In view
of the rather hypothetical nature of this approach, a second and perhaps more accept
able atmospheric model will be used in which the limit of the atmosphere is defined by
the existence of an outer region where the mean free path becomes so large that the
the gas particles begin to establish dynamical orbits. With the first atmospheric
model in which it is assumed that the atmosphere at its outer limit is in thermal
equilibrium with the interstellar gas at a temperature of IO,OOO~, it is reasonable
to suppose that the temperature increases monotonically from the F2 layer out to the
atmospheric limit; and it will be assumed that this is the case.

The exact form of the vertical temperature distribution must next be decided
upon •. This of course is somewhat arbitrary; and if we wished, the vertical tempera
ture distribution could be taken as a linear one. However it seems more satisfactory
physically to have a temperature distribution such that dT/dr (where r is distance
measured from the center of the earth) is smaller at large distances, since this gives
more uniform continuity with the limiting conditions. In fact if the analogy is made
here with the transfer of heat between two concentric spheres, we are led to the
conclusion that dT/dr is proportional to I/r2

• Since this relation seems satisfactory
as far as conditions at the limits are concerned, it will be adopted to represent the
approximate manner in which the temperature changes with the vertical distance r.
Thus the approximate relation will be dT/dr = A/r2

• The reason that this relation
will be satisfied only approximately in the calculations will become clear from the
following discussion.

As will be discussed in Section II-B, in this upper region of the atmosphere it
will no longer be assumed that the atmosphere rotates with the earth as a solid; and
the constant angular velocity n in Eq. (11) must be replaced by a variable angular
velocity w =w(r)~ The apparent gravity relation then becomes

g' = (a)2 2 2.
ga 7'" - r w cos () ( 25)

where the first term is the absolute gravity force and the second term is the centri
fugal force. It will be found convenient to use, instead of g/, the apparent gravity
potential function ¢ defined by

d ¢ = g'
dr

(26)

It will be shown in Section II-B that the centrifugal force term, which in itself 1S

small, goes to zero as r increases so that d¢/dr is approximately proportional to
lIr2, the approximation becoming more exact with increasing r. Thus d¢/dr will be
very nearly directly proportional to dT/dr, that is, to I/r

2
•

From Eq. (18) we have

4J = f g I dr + cons t • (27)
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It will be convenl°ent to h th f °c oose e constant 0 Integration so that ¢ = 0 at the
distance ro corresponding to the height of the F2 layer. The expression for ¢ then
becomes

¢ = (28)

where cos e is a constant depending upon the latitude e. It will be seen later on
that the integration of the hydrostatic equation becomes especially easy if the
temperature distribution, starting from the value To in the F2 layer, is linear in ¢
and therefore of the form

T = To + a ¢ . ( 29)

In addition it is seen that, since clI'/dr =a d¢ldr ~ 1/r2
, this form for the tempera

ture distribution is a satisfactory representation of the inverse square relation for
the temperature. It will therefore be assumed that the temperature distribution is of
the form given by (29). The constant a is evaluated from the relation

a = (30)

where ¢ L and TL denote the values at the 1imi t of the atmosphere where it IS assumed
that TL = 10,000oK.

II-B. THE DISTRIBUTION OF

ANGULAR VELOCITY

In the treatment of the atmosphere from sea level up to the F2 layer it was
assumed that the atmosphere rotated with the earth as a solid body with angular velo
city n. This is the usual assumption in the meteorology of the lower atmosphere, and
since there seems to be no evidence to the contrary at higher levels, say up to
100 km, the assumption of constant angular velocity was more or less arbitrarily
extended to include theF2 layer. However it does not seem acceptable physically to
assume the constant angular velocity n at all heights, since at the limit of the
atmosphere where by hypothesis we have equilibrium with the non-rotating interplanet
ary gas one should certainly expect the linear velocity and therefore the angular
velocity to approach zero. This, of course, does not include the thermal molecular
velocities but only the mean motion of the gas as a whole.

Thus it seems reasonable to assume that starting with the value w =n at the F2

layer, the angular velocity begins to decrease and becomes zero at the limit of the
atmosphere. As in the case of the temperature, here again there is little to serve
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as a guide to show how w should vary with r. However, Jeans(4S) has found that in the
outermost gaseous layers of a star the angular velocity w must vary as Ijr

2
; and since

this also seems acceptable as far as the atmosphere is concerned, it is the law of
variation which will be adopted. Above the F2 layer it is therefore assumed that
d w/dr =Cjr 2 which gives

The constant C is evaluated from the relation

C = n (32)

where r
L

is the distance from the center of the earth to the limit of the atmosphere.
The expression for w may then be written

(33)

Using this expression for w, the formula for ¢, Eq. (28), becomes

which,when integrated, results 1n the express10n

(34)

r
log ro

(35)
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II-C. THE COMPOSITION

As mentioned before in the discussion of the compos1t10n up to the F layer the
"d f 2 ,eV1 ence rom the aurora and the light of the night sky indicates that the upper

atmosphere is composed mainly of nitrogen and oxy~en. This is certainly true up to
1200 km since the aurora has been observed to this height. However we are concerned
here with heights which, as will be seen later, are much greater than this. Although
there is no evidence of the presence of hydrogen or helium, the presence of these
gases has not been absolutely disproved. Lindemann(46) is of the opinion that helium

may form the major part of the gas in the limit regions of the atmosphere. The argu
ment here is,that since helium is being continually supplied at the surface of the
earth and since the total amount in the atmosphere remains constant, it must be con
tinually escaping from the top of the atmosphere and may therefore constitute the
major portion of the gas in this limit region. This of course presupposes that some
where above the F2 layer the gases reach a state of diffusion equilibrium in which the

constituent gases are distributed in the vertical according to their molecular weights
with the lightest gases predominating at the top of the atmosphere. As mentioned

previously, Mitra and,Rakshit(3S) have shown that diffusion equilibrium of neutral gas
particles should he practically complete above 350 km if there are no forces in
operation which would produce mixing of the gases or prevent their settling out once
they are mixed.

However, it seems a possibility that in the outer limit region of the atmosphere
practically all of the gas particles may be ionized, and in this case it would be
necessary to consider the effect on diffusion of the earth's magnetic field. The
effect of the earth's magnetic field on the motion of a charged particle in the upper
atmosphere is discussed by Chapman(lS), and a study of the effect on diffusion in the
F2 layer has been made by Ferraro(47) and Cowling(34).

In any event, if neutral hydrogen and helium are present in the outer portions of
the ionosphere, it follows as a necessary consequence of the high temperature which
has been assumed to exist there that they must be continually escaping into space,
since their mean molecular velocities will much exceed the critical escape velocity.
According to Jones(48), it would require a temperature as low as 400~ at the top of
the atmosphere in order that the rate of loss for neutral particles should be small
for hydrogen and therefore negligible for the other gases. However, it seems quite
possible that the gases in the outer limit region of the atmosphere may be ionized, so
that the presence of the earth's magnetic field may be expected to alter considerably
the mechanism of the escape process. In particular, the effect of the magnetic field
is to cause a spiral motion which, in effect, limits the size of the mean free path and
which should therefore make the escape of a particle much more difficult. However, in
view of the high temperatures assumed here (lO,OOO~), if the molecular velocity
distribution is Maxwellian, it appears likely that there will be some escape of gas,
although perhaps small, regardless of what the gas is. To preserve continuity the mass
of escaped gas would have to be made good by equal replenishment at the bottom of the
atmosphere. From this point pf view one could refer to the outer limits of the iono
sphere as the dissipationsphere, since the processes there would be quite analogous to
those which occur in the evaporation of a liquid.
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Aside from the questi.<Il of what are the constituent gases in the outer ionosphere,
there are also the questIons of dissociation and ionization. It has already been
pointed out that dissociation of oxygen takes place in the E layer and that there is
increasing ionization up to the F2 layer. The question of the dissociation of nitro
gen, on the other hand, is a very controversial one. Although Chapman and others
favor the view, hased on auroral observations, that there is no appreciable dissocia
tion of nitrogen, it seems quite possible that at sufficiently great heights the
dissociation of nitrogen could take place due to solar radiation and that eventually,
at sufficient distances, all nitrogen would be in the atomic form. This is supported
to some extent perhaps by the work of Wulf and Deming (Ref. 33, p. 291) who point
out that the short wave-length radiation available for the nitrogen absorptions,
although much less intense than that in the oxygen absorption region, will be
absorbed at greater heights where the gas pressure is much lower than for the
oxygen absorptions, and where, therefore, the dissociating and ionizing effects
~n nitrogen may be as important as those produced at lower levels on oxygen by
much more intense radiation. These authors state further (Ref. 33, pp. 287 and
295) that at least the positive nitrogen-molecule ion N~ must certainly exist in
the high atmosphere and that it seems quite possihle that (even) in the F region the
nitrogen absorptions may lead to the production of N~. N+, and N. that is, to some
dissociation as well as ionization of nitrogen.

As far as ionization is conce~ned, it is seen in Fig. 9 that the degree of ioni
zation is increasing in the F2 layer even though the ion density goes through a
maximum in this layer. 1he maximum in the ion density is a peculiar circumstance
resulting from degree of ionization plus the variation of density with height, and it
is not to be inferred that the degree of ionization itself goes through a maximum in
the F2 layer. On the contrary, all evidence points toward increasing degree of ioni
zation with height; anu it will be assumed for model I t~at complete ionization exists
at the limit of the atmosphere so that the atmospheric gas there consists of positive
ions and free electrons in equal number.

In fact if the formulas for thermal dissociation(36) and ionization(50) be ap
plied to the limiting region of the atmosphere assumed here, it will be found that at
such low pressures and high kinetic temperatures complete dissociation and ionization
would be indicated. Thus in order to be consistent with the high kinetic temperature
assumed to exist at the limit of our hypothetical atmosphere, it appears necessary to
assume also that complete dissociation and ionization exist in this region. It is not
intended to imply here that the dissociation and ionization are due to the direct
addition of heat, as would be the case for example, in a high-temperature flame, since
the initial process responsible for producing the high kinetic temperatures must be
something quite different. However, once the high kinetic temperature (high kinetic
energy of particles) is attained, regardless of the mechanism responsible, it would
seem that the formulas for thermal dissociation and ionization must apply, since they
are based upon the impact effects of the mutual collisions of high-speed particles
and electrons.

From the remarks which have been made so far concerning the compoSItIon, Table 15
has been prepared to show the range of possibilities regarding the state of the atmos
phere at its limit. The molecular weight at the limit r L is denoted by ML and free
electrons in the gas bye.
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Table 15

ATMOSPHERIC MODEL I

Possible Composition States of the Atmosphere at Its Outer Limit

H+ + ML
1

Diffusion equilibrium with hydrogen present.1. e. =2" Hydrogen
dissociated and ionized.

2. H: + e. ML = 1 The same as case 1, except hydrogen ionized but not dis-
sociated.

3. He+ + e. ML = 2 Diffusion equilibrium. Helium present but no hydrogen..
Helium ionized.

4. He. ML =4 . The same as case 3, except hel ium not ioni zed.

6. 20roO+ + e + 80r.N+ + e.

ML =7.2.

Diffusion equilibrium. Hydrogenand helium absent. Nitro
gen dissociated and ionized.

Complete m1x1ng. Same percentage CcmPOS1 t10n as at 83 km,
but oxygen and nitrogen dissociated and ionized. Hydrogen
and helium can be present if the amounts are small.

7. 0+ + e. 8 . Diffusion equilibrium.
Nitrogen not dissociated
soci'a ted and ioni zed.

Hydrogen and helium absent.
but can be ionized. Oxygen dis-

8. 33%0+ + e + 67%N~ + e.

ML = 12.02.

Complete m1x1ng. Same percentage composition as in F2

layer, but oxygen and nitrogen ionized. Hydrogen and
helium can be present if the amounts are small.

9. N + N. Diffusion equilibrium. Hydrogen and helium absent.
Nitrogen dissociated but not ionized. Oxygen can be dis
sociated and ionized.

58



It will be readily appreciated that it is not easy to specify just which one of
these possibilities is to be chosen as the most likely, although it would seem that
some may be more likely than others. The tabulation does show, however, the limits
wi~hin w~ich the va~ue of ML must lie, and,it is to be concluded that ML must cer
ta1nly 11e between X and 14. Although th1s leaves a large range in the possible
choice for ML , it will be found that for heights of the order of 500 to 1000 miles,
which is probably the limiting height of interest at present in connection with rocket
applications, it makes very little difference what value is used for ML , since any of
the possible values for ML will give about the same values for the density at these
heights. In view of the remarks concerning helium this would seem to be the most
tempting possibility to consider for the composition at the outer limit. Owing to the
relatively large ionization potential for helium, this might very well remain in the
neutral state, and in this case the value ML =4 would be appropriate. However in
choosing any single value to be used for ML , it would be necessary, in view of the
high kinetic temperature, to investigate the escape mechanism to make sure that the
composition assumed would not lead to extravagant losses of the earth's atmosphere.
Although some loss is required for helium, this is not especially permissible for the
other gases, except possibly in the case of hydrogen, for, since the interstellar gas
is composed mainly of hydrogen, it would be permissible to have hydrogen escaping from
the atmosphere provided an equal amount were returned from the interstellar gas.

If the compos1t10n consists of charged particles (positive ions and free elec
trons), the effects of magnetic and electric fields would playa large role in the
escape process. For example it might be supposed that at a temperature as high as
10,000~ the free electrons, which have a much higher velocity than the ions, would
easily escape from the atmosphere in large numbers. However, it is found that there
can be very little separation of positive and negative charges and that positive ions
and the associated free electrons must remain together to give a field which is
neutral as a whole. It is readily shown that the loss of only relatively few elec
trons would immediately set up an electrostatic field sufficient to hold all the
remaining electrons in the atmosphere.

As discussed by Chapman(15), a free electric charge moving in the presence of a
magnetic field will execute a spiral motion around the lines of magnetic force' so that
a balance is established between the centrifugal force and the deflecting force due
to the magnetic field. For a kinetic temperature which would give a transverse com
ponent of velocity of 107 cm/sec for an electron or 107 /200 =5xI04 cm/sec for an ion
(based on M=20 for ions), the radius of the spiral in the F2 layer at the equator is
found to be 2 cm for electrons and 400 em for ions. Thus, in the F2 layer, when the
mean free path is greater than 4 meters, the paths of the charged particles would be
determined in large part by the spiral motion; and it would appear that this effect
would reduce considerably the probability of escape of a particle as far as heights of
the order of that of the F2 layer are concerned. It is seen that the magnetic field
has the effect, essentially, of limiting the size of the mean free path. It can be
shown, incidentally (Ref. 57, p. 95), that a Maxwellian velocity distribution is un
affected by the presence of a magnetic field. However, the limiting effect of the
magnetic field on the mean free p~h decreases fairly rapidly with distance from the
center of the earth at a rate approximately as the inverse cube of the distance,
Hewson(51), and at distances of the order of 5000 to 10,000 miles the magnetic effects
would he considerably reduced.
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Rather than attempt to deduce the variation of M=M(r) as a function of r on
some basis of diffusion equilibrium, etc., it is considered sufficient here simply to
asswne a reasonable function for M( r). Here again a variation wi th dMldr proportional
to 1/r2 is considered satisfactory; and, as in the case of the temperature, this is
closely approximated by the linear relation,

M = Mo - f3 ¢

where Mo 1S the molecular weight at the F2 layer, and ~ is given by

Mo - ML
f3 =---

(36)

(37)

l
1
I

j

I

The relation (36) is supposed to represent adequately the effects of whatever degree
of diffusion equilibrium is present. Thus M first decreases rapidly above the F2

layer and then decreases very slowly at great distances near the outer limit, which
agrees qualitatively at least with the concept of diffusion equilibrium.

It will be assumed that the composition of the interstellar gas 1S that given by
Langer(S2), Table 16.

Table 16

ASSUMED COMPOSITION OF THE INTERSTELLAR GAS
IN THE VICINITY OF THE PLANET EARTH

Ionic Species e H+ H Na

No. per cm3 1 1 10- 2 2 X 10- 9

Density, gram/cm 3 10- 117 1.7 X 10- 24 1. 6 X 10- 26 10- 31

Ionic Species Na+ Ca Ca+ Ca++

No. per cm 3 3 X 10- 11 2 X 10- 14 10-9 3 X 10- 7

Densi ty, gram/cm3 10- 27 1. 3 X 1O-311 6 X 10- 32 2 X 10- 211

It is usually considered, (Ref. 39), that about half the mass of the interstellar gas
is due to dust particles. These have been omitted in the tabulation above, since at
the earth's distance from the sun the solar radiation pressure would probably be suf
ficient to "blow" the dust particles out of the solar system. The radiation pressure
on ionized gas particles is considerably less, and it is assumed that they would
remain in the solar system.

It is at once evident from Table 16 that the main constituents of the interstellar
gas are the positive hydrogen atom ion and the free electron, and, as far as the
density and molecular weight of this gas is concerned, all of the other constituents
may be neglected. It should be pointed out here that the equilibrium condition as-
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~umed between ~h~ atmosph~ric and interstellar gases does not necessarily imply equal
1ty of ~0~po~1t10n. It 1S seen however that if the atmospheric composition at the
outer ~1~1 t 1S taken to be Irt + e, then the two gases are of practically the same
compos1t10n (the other constituents of the interstellar gas being negligible in com
parison to the proportion of H+ + e present), and in this case equilibrium would also
be accompanied by equality of composition.

II-D. THE LIMIT OF THE ATMOSPHERE

A limit for the height of a planetary atmosphere may be defined in a number of
different ways, each according to the concept used, and each leading to a different
result. In fact, if one can imagine an isothermal atmosphere on a non-rotating planet
for which there is no variation of gravity with distance, it is found, Jeans(53),
mathematically at least, that the atmosphere would extend to infinity. If, on the
other hand, an atmosphere be maintained with an adiabatic temperature distribution, it
is found(53) that the gas must have a definite upper limit. If an isothermal atmos
phere rotates as a solid with a rotating planet in which gravity obeys the inverse
square law, it is found, Bj"erknes( 54), Jeans(53), that there is a limiting distance
where the gravity and centrifugal forces exactly balance producing a minimum in the
density distribution. For the equatorial plane this distance is found to be r =6.607a
or h =r - a =21,826 miles above sea level, and this value might be regarded as an
indication of the order of magnitude of the limiting height of the atmosphere. In
this type of analysis no account is taken of the ultimate molecular structure of the
gas, nor is it necessary to specify the isothermal temperature of the gas.

As conceived by Bryan(55), Milne(56), and Jeans(53), at sufficiently great
heights where the mean free path becomes very large and the collision frequency very
small, the gas particles, in the time interval between collisions, will begin to behave
as free bodies in a gravitational field and will therefore begin to move in elliptic,
parabolic, and hyperbolic orbits depending upon the velocity possessed by the parti
cle. In this region of the atmosphere the particles will move outward over large
distances and fall back again into the denser atmosphere under the influence of gra
vity. Those which are moving fast enough will establish parabolic or hyperbolic
orbits; and, if there are no further collisions, will escape from the earth entirely,
since they will have attained the escape velocity. t

This type of atmospheric configuration has been considered in detail by Milne (56) ,
who considers the limit of the atmosphere, which he calls the "surface region", to be
situated at the height where the particles begin to move approximately in free flight
as described above. In his analysis, which was made before the high ionosphere
temperatures were known, Milne assumed a temperature distribution which started with
the value 219~ in the stratosphere and decreased continually with hei~ht at a rate
proportional to 1/r2/3

where r is the distance from the center of the earth. For
molecular hydrogen he finds the height of the "limit" of the atmosphere to be 1400 km

t Also see Jones J. E. "Free Paths in a Non-Uniform Rarefied Gas With an Application to the
Escape of Molecul~s fro~ Isothermal Atmospheres"~ Transactions of the Caabridge Philosophical
Society, Cambridge University Press, Vol.22. No.~8. pp.535-556, 1923.
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and for helium, 630 km. In view of the high temperatures now known to exist in the
ionosphere, it would be interesting to apply Milne's analysis anew, assuming a tempera
ture distribution abo.ve the F2 layer comparable with the res~lts derived here.

The concept of a limit of the atmosphere may be considered in still another way.
From this point of view one may gain an approximate indication of the greatest value
which the height of the limit of the atmosphere might have by assuming, for example, a
constant speed gas at temperature TL at its limit, and considering the critical
distance rL at which the escape velocity will exist. The escape velocity v

L
at this

distance is specified by the condition that the kinetic energy of the particle be
equal to the work done against gravity in transporting the particle from the position
r L to infinity. This condition is imposed through the relation

( 38)

which gives

(39)

Introducing the values of the constants gIves

= 5 M '11.973 x 10 T ml es, (40)

°where T is in K. This IS tabulated in Table 17 for different values of M with T =
10,000oK.

Table 17

MAXIMUM POSSIBLE HEIGHT OF LIMIT OF A'DdOSPHERE
BASED ON ESCAPE VELOCITY FOR A OONSTANT SPEED GAS

T r L
h· = r L - aL

Gas M
"K miles miles

H 1 10,000 1973 -1990

H
2 2 10,000 3947 -17

He 4 10,000 7893 3930

N 14 10,000 27,627 23,663

0 16 10,000 31,573 27,610

N
2

28 10,000 55,253 51,290

O2
32 10,000 63,146 59.183

·hL height above sea level.
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The calculations, through Eq. (38), are based essentially on the assumption that
the.gas particles do not undergo any collisions so that all of the kinetic energy is
ava11able to overcome gravity. On this basis it is seen that Hand H

2
could not re

main within the earth's gravitational field even at sea level, although the other
gases can remain to relatively great heights. For a Maxwellian gas these heights
would be somewhat lower, since there would always be a certain percentage of the
particles with velocities greater than the mean velocity.

Consider again the concept of the atmosphere in which an "outer" region is
reached where the mean free path becomes so large that the gas particles, between
collisions, move over dynamical orbits under the influence of the earth's gravi
tational field. In the denser region at the lower boundary of this region the gas
particles will have a Maxwellian velocity distribution. It can be shown, Kennard
(see pp. 74-78, 90, of Ref. 57), that when the particles move upward in a force field
for whic~ a scalar potential exists, such as the field of apparent gravity, the
Maxwellian distribution is automatically preserved at all levels above the lower
boundary provided the temperature is the same at all levels in this outer region[3 c ].

Thus if the dynamical orbit region is isothermal, the velocities there will be
Maxwellian; and therefore the density distribution will be given by the Boltzmann law,

(41)

for an isothermal Maxwellian gas in a potential force field, where ¢ is the apparent
gravity potential, see Eq. (28), and the star subscript denotes conditions at the
lower boundary of the dynamic orbit region where r = r., h =h.. Since the hydro
static equation in terms of the potential function is dp = -p d ¢, where p =mn and
p =nkT, the use of this equation gives the same result as (41). Therefore even in
the case where there is a dynamic orbit region, the hydrostatic equation may still be
applied provided the atmosphere in this region is in thermal equilibrium, i.e., iso
thermal temperature distribution. This would not be especially evident a priori.
When the interval of height is small enough that the variation of gravity may be
neglected, the density distribution may be written

(42)

where, in terms of height above sea level, r - r. may be replaced by h - h.. It will
be observed that since this equation is based on constant temperature, increases in
energy resulting from radiation absorption are not allowed; and since the composition
(M.) must be treated as constant, dissociation and ionization are also not allowed.

[3CJ In models II and III the dyna~ical orbit region is considered to'be isothermal, since
the average time of flight of a particle in this region is negligibly small compared with
the time necessary for radiation to affect the particle.
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· Since the motion of the particles in the dynamical orbit region is conservative
If. the. temperature distribution is isothermal, the total energy of each particle
(kInetIC plus potential) must remain constant as expressed by

(43)

Introducing the kinetic temperature from Eq. (Sa) and neglecting variations In gravity,
this may be written

(44)

which shows how the temperature of each individual particle must vary over the dynami
cal orbit. However, owing to the existence of the Maxwellian distribution, the mean
temperature at any level, considering the integrated effect of all the particles at
that level, will be such that the vertical temperature distribution is isothermal
throughout the dynamic orbit region.

Realizing that a limit of the atmosphere may be defined in several different
ways, we proceed first with the analysis based on the atmospheric model I, which is
defined or specified by the assumed condition that it be in equilibrium at its outer
limit with the interstellar gas. Thus this condition of equilibrium automatically
defines the outer limit of the atmosphere. Although this atmosphere will not be iso
thermal in the dynamic orbit regions, it will be assumed nevertheless that the hydro
static equation may be used to calculate the pressure. Before proceeding to the
calculations it is necessary to obtain the values 11 and the corresponding limiting
distances rL of the top of the atmosphere. These values are needed in order to deter
mine the values of the constants a [Eq. (30)], C [Eq. (32)], and {3 [Eq. (37)]. Using
the potential function ¢, the hydrostatic equation becomes simply

I

dp = -pd¢ ,

which, when combined with the equation of state, gives

(45)

dp =
p

( 46)

Introducing the expressIons (29) and (36) for T and M, this becomes
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dp
p

1 Mo - f3 ¢
= - R

u
To + a ¢ d¢

(47 )



which is easily integrated giving

~¢
R a

II
e=

the subscript zero referring to the £2 layer where ¢ is zero.

(48)

Replacing a and ~ from Eqs. (30) and (37), the pressure ratio may be written

exp

= (49)

At the limit of the atmosphere where P = PL' ¢ = 42, this becomes

= ( 50)

Having values for Mo' TOI ML, TL, and PL' the corresponding value of ¢L may then be
determined from Eq. (50).
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Now, introducing the limit conditions, ¢ ~ ¢L whp-n r = r L, 1n Eq. (35) we have

= .l~rL2
2 r 2

a

( 51)

Then by using the value of ¢L found from Eq. (50) the corresponding value of r L 1S
evaluated from Eq. (51).

To evaluate ¢t from the relation (50) the value of PL must be known. By analogy
with the condition for equilibrium of two fluids in contact it will be assumed that
at the distance r L the pressure is the same in the atmospheric gas as in the inter
stellar gas. It is possible of course to impose an equilibrium condition which would
require continuity of density with the interstellar gas, but this in general would not
allow continuity of pressure. For, since it has been assumed that thermal equilibrium
must exist, it follows from the equation of state P = pT Ru/M that continuity of pres
sure and density can exist simultaneously only when the composition M is the same for
both gases. In the cases treated here it will be assumed that the condition of con
tinuity in pressure must be satisfied regardless of the density.

Since the composition of the interstellar gas is mainly H+ + e, the density for
one hydrogen atom per ems is 1.67 x 10-

24
gram/emS, the molecular weight is 1/2, and

if the value T = 18,000~R (lO,OOOOK) is used in the equation of state [4], it will be
found that PL = 5.78 x 10-151b/ft2. This is the value which will be used for the
pressure at the limit of the atmosphere. For the equatorial atmosphere we had ho =
400 kill, Mo =24.0, Po = 2.08 y 10- 7 millibars, and To = IBOO"K. Using these values
plus the value for PL derived above, the values of ¢L and r L for various values of ML
are found as shown in Table 18. In determining the values of ¢L it is convenient to
use the plot shown in Fig. 18 (p. 68), which represents solutions of Eq. (50). This is
also convenient to use if it is desired to investigate other values for PL' The values

This may also be computed from the formula p = nkT. where n is the number of
particles per unit volume (in this case 2 particles per cm 3 ), and k = Boltzmann's
constant = 1.381 X 10- 16 ergjdeg.
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II-E. THE CALCULATIONS FOR

ATMOSPHERIC MODEL I

Having obtained the values of ¢L and rL • the calculations for the temperature.
pressure. and density may now be carried out. The pressure is computed from Eq. (49)
using values of ¢ computed from Eq. (35) for various assumed values of r. Knowing ¢L
the values of a and ~ are determined. and the temperature and molecular weight are
calculated from Eqs. (29) and (36). The density is computed from the equation of
state (16) using the calculated values of T, M, and p.

The final results depend, of course, upon the value used for ML • that is, upon
the canposi tion assumed for the atmosphere at its outer limi t. It was seen from Table
15 that the appropriate value of ML must certainly lie between ~ and 14. In view of
the difficulty of specifying any single, most representative value for M

L
, the calcu

lations are carried out for ML =~, 7, and 14, which appear to cover the entire range
of possibility. The results of the calculations for the equatorial atmosphere are tabu
lated in Tables 20 to 22 in engineering units, and in Tables 23 to 25 in the metric system.

Comparing the density values in Tables 20, 21. and 22, for example. it is some
what surprising perhaps to find that the vertical distribution of density is of the
same order of magnitude. clear up to the limit hL • regardless of the value of M

L
• In

view of this result it is considered quite adequate to use the results for the average
value ML =7. Tables 21 and 24. as representative of the conditions in this region of
the atmosphere; and these results may be considered as the adopted values for the
atmospheric model I. These adopted values based on ML =7 are plotted in Figs. 19 and
20 up to a height of 1000 miles (1609 km), and the co~responding variation of the
density ratio a is shown in Figs. 21 and 22. In view of the results found above con
cerning the small effect of ML• the atmospheric values at latitude 45 0 were computed
for the single case ML =7. These results are given in Tables 26 and 27. The tem
perature distribution up to a height of 1000 miles is plotted in Figs. 23 and 24 while
the corresponding variation of the density ratio a is shown in Figs. 25 and 26.

It is seen from Eqs. (19) and (23) that the estimate of the mean free path L and
collision frequency v is rather strongly affected by the value used for the diameter
d. According to Chapman(l~). when a gas contains free electrons and gas particles. d
is usually interpreted as the weighted mean (weighted according to the relative number
of electrons and gas particles) of the electron and gas particle diameters. Since the
electron diameter is negligibly small as far as physical size is concerned. when
electrons and gas particles are present in equal numbers (complete ionization) the
mean value used for d is about half that of the gas particle diameter. On this basis
the value d = 1 X 10- 8 cm would be associated with completely ionized atoms 'and d =
1.5 X 10-8 cm with completely ionized molecules. corresponding to the value d = 2 X

10- 8 em for neutral atoms and d = 3 X 10- 8 cm for neutral molecules. It should be
mentioned that the effective gas particle diameter is somewhat temperature dependent
(~8), (89) in such a way that at high temperatures (high particle velocities) the
effective diameter decreases. On the other hand when a gas is highly ionized. the
effect of the electrostatic fields of the particles is to give a considerably greater
effective collision cross section. 'However, except at extreme heights, the degree of
ionization in atmospheric model I remains quite small and most of this atmosphere
can probably be represented with sufficient accuracy by a value of d lying within
the limits 2 x 10- 8 cm ~ d ~ 3 X 10- 8 cm.
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II-F. THE CALCULATIONS FOR

ATMOSPHERIC MODEL II

There is no doubt that many objections may be raised concerning the use of atmos
pheric.m~del I as a ~epresentation ?f conditions existing in the atmosphere, and it
was orIgInally conceIved only as a means for extrapolating beyond the F

2
layer up to

heights of the order of 500 to 1000 miles. It may be more acceptable from many points
of view to treat the atmosphere beginning som~here above the F2 layer on the basis of
~he exi~tenc~ of a dyn.amica! orbit region. composed of particles ~oving essentially in
free flIght In a gravIty fIeld, as conceIved by Bryan(55) and Mllne(56). This con
cept, which was discussed to some extent in Section 11-0, will be made the basis for
aanospheric model II. Thus, according to this alternate concept designated as atmos
pheric model II, there will exist a certain height h. situated somewhere above the
F2 layer, where the mean free path becomes so large and the collision frequency so
small that the gas particles may be considered to behave more or less as free bodies
in a gravity field. A particle moving upward from h. would find so few particles
above it that if it had sufficient velocity [the escape velocity, Eq. (38)], it could
escape from the earth entirely with but little chance of having a collision with
another particle. The height h. will therefore be defined by the condition that there
is but small probability of collision for a particle moving upward from this height
with the escape velocity, that is, for a particle moving through the remainder of the
atmosphere above h •.

In model II it is assumed that the interstellar gas has no effect upon the
atmosphere, and that the dynamical orbit region is isothermal. Reasons for assuming
the isothermal property are given by Spitzer(61), where it is pointed out that the
kinetic energy (kinetic temperature) of a particle is increased whenever a molecule
is dissociated by the absorption of radiation or whenever an atom is photo-ionized.
Kinetic energy is lost by the reverse processes and also by inelastic collisions
between electrons, atoms, and molecules. Since, by definition, there is little
probability of collision in the dynamical orbit region, it is concluded that there
can be no temperature change resulting from collisions. Also, by comparing the
small time of flight of a particle in the dynamical orbit region with the large
time interval required for radiation to affect the temperature, Spitzer concludes
that radiation effects are unimportant, and that this region of the atmosphere must
be isothermal. The main problem in the analysis of atmospheric model II is the
determination of the height h. at which the dynamical orbit, or free- flight region, may
be supposed to begin t , and the temperature T. of this isothermal region.

In order to determine the height h., it is first necessary to specify the proba
bility that an upward-moving atmospheric gas particle will have a collision in the
course of its flight with some other such particle. The only criterion that we have
here is that the collision probability must be small (compared to 1), but otherwise
the choice is quite arbitrary. Let this probability be denoted by P. In a Maxwellian
gas the collision rate or, frequency v, as determined by the relation

t The writer is indebted to Dr. Lyman Spitzer, Jr .• for valuable discussions concern~ng this
region' of the atmosphere.
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(52)

(53 )

.< 53a)

is simply
2

cm cross

P=

~=
p

t

P =f v dt =
o

P 1/5 1/10 1/20 1/100 1/1000

N. 1. 13 X 10
14 5.64 X 10

13
2.08 x I0

13
5.64 X 10

12
5.64 X 10

11

(l)Based on d = 2 X 10- 8 em.

Table 28

ATMOSPHERIC MODEL II. TOTAL NUMBER OF PARTICLES N.

TO GIVE THE COLLISION PROBABILITY p(l~

may also be thought of as the probability per second that a particular particle will
undergo a collision, and from this point of view could be called the collision proba
bility per unit time (Ref. 57, pp. 99, 100, 113). Letting t be the time required for
a particle moving upward from h. to reach the top of its trajectory, which is assumed
to be at a great distance (i.e., infinity), the probability P that the particle will
undergo a collision in its upward travel may be expressed by

s1nce v =dh/dt. Since n is the number of particles per cm 3
, the integral

the total number of particles above the level h. contained in a column of 1
section. Indicating this number by N., it follows that

Before proceeding further it is necessary to introduce the concept of the scale
height H which was mentioned previously in connection with Eq. (1). This may be done
by use of the Boltzmann distribution of particles in a gravitational field, see
Eq. (42), or more directly by use of the hydrostatic equation dp = - p g' dh. Using
p =nm and p =nkT, it follows from the hydrostatic equation that

Using in this region a mean value d =2 X 10-
8

cm, which corresponds to a collision
cross section S = n d2 = 12.6 X 10-

16
cm

2
, the values obtained for N. are tabulated

. below, Table 28, for several assumed values of the probability P.



(57 )

(54)

(55)

( 56)

and n

and p

p

n, f:- (h - h1 )

N1 = H1 dh, or

h 1

N1 = n 1 H1

n =

kT1 RuT1
where H1 =---- - Since m1 and T1 are assumed to rema1n constant above the

m1 g; M
1
g;

height h1 , it follows from (54) that

To interpret the meaning of H1 it 1S pointed out that when h - h1 =H11 it follows that

h . h . I kTwere m 1S t e mean part1c e mass and H =iii'. When m, T, and g' may be considered
to remain constant in a given interval of hgand have, for example, th I Te va ues m1 , l'

and g; appropriate to the initial height h 1 , the equation may be integrated to give

showing that in the distance H1 the atmospheric values decrease to Lie of their values
at the height h1 • The total number of particles N1 above h 1 contained in a column of
unit cross section may be obtained from Eq. (55) by the integration

The relation N1 =n 1 H1 points out a further interpretation of H1 as the distance to
which the atmosphere would extend above the height h 1 if the atmosphere in this region
were homogeneous (i.e., constant temperature, density, and composition corresponding to
the values at h1 ).

Eqs. (55) and (56) were obtained by assum1ng a constant value of gravity (g' =
g; = const.) even though in Eq. (56) the upper limit of integration extended to
infinity. The question may be asked, how serious is the assumption of constant
gravity as far as the determination of the value for h. is concerned. Actually it
would not he necessary to integrate to infinity in Eq. (56) or in Eq. (52), but only
to an upper limit h u such that most of the particles contained in a unit column would
be included in the integration. Since the number density decreases approximately in a
logarithmic fashion, this upper limit does not have to be so very large. This may be
seen from the following considerations.
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Since the kinetic temperature of the equatorial atmosphere at the height h. will
be of the order of 20000 K, the mean speed of the particles at this height, Eq. (21),
will be of the order of v. = 1.5 X 10

5
c~sec (based on M. = 20). Accordingly, as far

as the particles having the mean speed are concerned, it follows from the relation
/:-,v =,; 2g/:-,h = 1. 5 X 10

5
that these particles would be able to rise only about 130 km

above h. before they are pulled back again by the action of gravity. Taking a speed
of 3 x 1.5 X 10

5
em/sec, which is certainly large enough to include practically all of

the particles of a Maxwellian distribution at 2000 0 K, it is found that particles
having this speed at h. are able to rise about 1200 km above h.. Hence, for all
practical purposes, instead of infinity, the value hu = hi + 1200 km could be used for
the upper limit in (52) and (56). Over this range in height the variation in gravity
is about 25 per cent, which is considered negligible in view of the approximate method
used for the determination of h.. Although it is possible to take the variation of
gravity into account, by using the potential function as is done below in calculating
the pressure, this refinement is hardly justified as far as the determination of h. is
concerned.

The relation (57) when used in conjunction with relation (53) makes it possible
to determine the value of h.. To do this it is necessary to have values for Hand n
for heights immediately above the F2 layer. These could be obtained, for example, by
assuming constant temperature above the F2 layer, or by extrapolating the linear
distribution of temperature existing in the F region. This represents two possible
extremes. However, it is considered more satisfactory to use the results obtained for
atmospheric model I in this region, since these values are intermediate between the
two extreme possibilities mentioned. Using values for hi1 Mil Til g~1 and ni from
Table 24 for the equatorial atmosphere, the values obtained for Hi and Ni are shown in
Table 29; a plot of Ni as a function of hi is given in Fig.27 (p.92). Corresponding
values for Hi' and Ni , at Latitude 45° are found in Table 31a (p.94).

The determination of h. is based upon the fact that when the value of N, = I( h, ),
Fig. 27, is equal to the value of N. given by Eq. (53), see Table 28, the condition is
such that h. = hi' and h. is thus determined from Fig. 27. Using Fig. 27 in this way
(h. =h, when Ni =N.), the heights h. corresponding to the different probabilities P
have the values given in Table 30. Depending upon the value of P, it is seen that h.
may have values ranging from 800 to 1800 km. To specify h. more definitely, it will
be assumed that P = 1/10 is a sufficient!y small collision probability [5] to satisfy the
conditions for h., and the value h. = 865 km (537 miles) is therefore adopted. Making
use of Table 24, the conditions found at this height in the equatorial atmosphere are
as given in Table 31. The value of g~ is derived on the basis that the atmosphere
rotates with the earth as a solid up to the height h.. It differs only slightly from
the value g' contained in Table 24 •

It is worth noting that since the effective diameter d of the gas particles
occurs to the second power in Eq. (53), the value derived for the height h. will
depend rather strongly upon the value used for d. If d = 3 X 10- 8 em were used, for
example, the resulting value for h. would be 980 for P = 1/10. Thus an increase in d
from 2 x 10- 8 to 3 X 10- 8 em causes an increase in h. of about 100 km. It is apparent
from Eq. (53) that as far as the determination of h. is concerned, an increase in d
(or the collision cross section S) has the same effect as a decrease in the collision

[~] See Section III-B, where the collision probability is specified with less ambiguity.
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( 61)

( 59)

(60)

( 58)

dr •

d¢ ,

r1) ;:·e I 2 ( )-r - COS rw r

r.

M.
= - R T d¢

u •

= p.ep

d log p

¢ =

From Eq. (28) with ¢ = 0 when r = r., it follows that

probability P. Accordingly, the value h. = 865 km will remain unchanged for varia
tions in P and d provided these variations are such as to give the constant value
1/10 /7T x 4 X 10-

16 = 7.97 X 10 13
for the ratio P /7T d2 or PIS, where S is the

collision cross section.

Having decided upon an appropriate value for h., the calculation then proceeds on
the basis of an isothermal atmosphere in static equilibrium. As pointed out in
Section 11-0, even in this outer (dynamic orbit) region of the atmosphere, if condi
tions are isothermal the density will be distributed according to the Boltzmann law,
which gives a result identical with that of static equilibrium. Since variations in
the acceleration of gravity and the centrifugal force will be taken into account in
the calculation of the pressure, it will not be permissible to use the approximate
formula (54) but rather the hydrostatic equation will be used in the form, Eq. (46),

It will be assumed that the atmosphere out to the distance r. rotates with the earth
as a solid with angular velocity n. In the dynamic orbit region where the particles
are considered to be more or less in free flight, they will move under the condition
of constant angular momentum such that r

2
w(r) = constant. Since r

2
w = r.

2n at the
distance r., the angular velocity w must satisfy the relation

Following the same procedure used for the equatorial atmosphere, the values for
the atmosphere at latitude 45° are obtained as shown in Fig. 28 and Table 32. Corre
sponding to P =1/10, the value h. =630 km (391 miles) is adopted. Making use of
Table 27, the atmospheric conditions given in Table 33 are found for the height h. at
latitude 45°.

where H. =RuT.JM.g~ and where it is assumed that the compos1t10n and temperature re
main constant above h. with the values M. and T. respectively. Defining the potential
function so that ¢ =0 when r =r. the integration gives
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I
which, when introduced into (60), results 1n the expression

(62)

For computing, it 1S more convenient to write this 1n the form

(63)

Thus, the pressure is computed from Eq. (59), using ¢ as given by (63). The density
is then computed as usual from the equation of state, (16). Using h. = 865 km
(537 miles) and the values of Table 31 for the equatorial atmosphere, and h. =630 km
(391 miles) and the values of Table 33 for the atmosphere at latitude 45°, the compu
tations give the results shown in Tables 34 to 37.

It will he recalled that in determining the value for h., it was assumed that the
conditions existing in the region between the F2 layer and the height h. were those
corresponding to atmospheric model I with ML =7, Tables 24 and 27. For completeness,
the values in this range are repeated in Tables 34 to 37. The variation of the
density ratio ~ from the height h. up to 1000 miles is shown in Figs. 29 to 32.
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III. THE ATMOSPHERE ABOV£ THE ~ LAYER 
ATMOSPHERIC MODEL III

In atmospheric model I the atmospheric gas was treated as a continuum with no
account taken of the motion of the individual particles, even though at sufficiently
great heights the gas becomes attenuated to a degree comparable to that of the inter
stellar gas. In this model the degree of diffusion equilibrium was automatically
specified by the assumed law of variation of Mwith height (Eq.36) and by the value
used for the constant ML (see Section II-E). The vertical temperature distribution
was specified by the assumption of thermal equilibrium with the interstellar gas
(at 10,0000K) at the "limit" of the atmosphere, where both gases have the same
pressure.

In model II it is recognized that above the F
2

layer, beginning at some height
h., the mean free path becomes so large that the atmospheric gas particles begin to
move over paths which are essentially dynamical orbits in a gravitational field, sub
ject to the dynamical condition of constant angular momentum. Thus, model II is
characterized by the concept of a dynamical orbit region above the height h. where in
dividual particles are rising and falling over large vertical distances, and where any
particle having a sufficiently high velocity - the escape velocity, Eq. (38) - would
have a probability of escaping from the earth entirely. Using the particle velocity
4.5 x 10~ em/sec mentioned on p.89, it is found that the time of vertical flight of
such a particle in a gravitational field is of the order of 15 minutes. Since this
time interval can be shown to be negligibly small compared with that required for
ionization by solar radiation, it is permissible to assume that the total energy of
each particle remains unchanged during its flight in the dynamical orbit region. It
then follows from the discussion on p.63 that the atmosphere above the height h. will
be isothermal, will have a Maxwellian velocity distribution, and will have a vertical
density distribution given by the Boltzmann law - Eq. (41). If, in addition, there is
no appreciable increase in the degree of ionization of the atmosphere between the
F layer and the height h., it follows that the particles situated above h. will also
b: predominantly neutral. In model II no account was taken of diffusion equilibrium
(composition and temperature were assumed constant), and the temperatures used in
establishing the height h. were taken from model I.

In model III an attempt will be made to combine the idea of an isothermal
dynamical orbit region - used in model II - with the e,ffects of diffusion equilib
rium, treating the latter on a more rational basis than was employed for model I.
Further consideration will be given to the temperature above the F

2
layer and, in

particular, to the temperature T. of the dynamical orbit region and the height h.
where it may be considered to begin.
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The atmosphere above 300 km has been studied recently by L. Spitzer Jr. (61) who
th t " h" d '. "us~s e erm exosp ere ~o enot~ the free-f11ght dynam1cal orbit region above the

he1ght h.. Among other th1ngs, Sp1tzer has derived certain theoretical results con
cerning the height h. and the temperature T., and these results will be used in con
nectio~ with model III. In 'view of the rather complete lack of information and
th~oret~cal resu!ts ~oncerning the temperatures which might exist above the F

2
layer,

Sp1tzer s analys1s w111 be presented below in detail[5aJ.

III-A. THE MAXIMUM TEMPERATURE OF THE

UPPER ATMOSPHERE (EXOSPHERE)

It will be recalled that in model II the highest temperature attained in the
upper atmosphere was the constant value T. at and above the height h., and that this
temperature was derived from the temperature distribution of model I. Spitzer(61) has
considered the maximum possible temperature that might be expected throughout the
atmosphere at and above the level h. on the basis of a simplified analysis of the
ionizing absorption of ultra-violet radiation by oxygen atoms and the electron excita
tion of neutral oxygen atoms. His analysis is based upon a consideration of the oxygen
atom, and in particular upon the fact that the oxygen atom has an excited ID

2
state

corresponding to an excitation potential of 1.96 electron volts (ev) above the ground
state(62), (63). Thus an electron with more than 1.96 ev of kinetic energy can, by
collision, excite an oxygen atom to the ID

2
state.

That excited states of the oxygen atom are present in the upper atmosphere is
fully attested by the analysis of the spectrum of the light of the night sky(64), (64

a),
(64b), (64

C
) Why the temperature analysis is based on the excited ID

2
state of the oxy

gen atom rather than on some other excited state of oxygen, or on an excited state
of nitrogen, is explained by Spitzer(67) in the following remarks:

• "Since the overwhelming majority of atoms in the upper atmosphere will be in the
ground level, collisional excitations from the ground level will have the largest
effect on the temperature. Most excited states have such high energy that no
electrons in the upper atmosphere would be moving fast enough to excite them;
hence it is the lowest excited state, or level, which has the greatest influence.
For example, the lowest excited level of the oxygen atom is the ID

2
state, which

lies 1.96 volts above the ground level. An electron can excite an atom to this
level only if it has an energy greater than 1.96 volts. The existence of this
level reduces the temperature until the number of electrons with energies above
this critical value will be fairly small. The next higher excited level is the
ISO level; this level lies 4.~7 volts above the ground level and the number of

[58) I The resu I ts presen ted here for the temperature T. of the exosphere are based on a
preliminary analysis which has been revised to some extent in Ref.(61).
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electrons capable of excltlng to this state an atom originally in the ground
level will be negligibly small at any temperature which seems likely forthe
upper atmosphere.

"Nitrogen atoms should also be considered in this connection, of course. The
first excited state of nitrogen lies 2.37 volts above the ground level. Since
the number of electrons with energies greater than 2.37 volts is much less than
the corresponding number with energi~s greater than 1.96 volts, nitrogen atoms
will not be so effective in depressing the temperature as oxygen atoms will be.

"Two other mechanisms should also be considered in this connection. The excited
levels of the nitrogen molecule lie considerably closer to the ground level than
do the excited atomic states. If there is any appreciable number of nitrogen
molecules at great heights, these may have an important effect on the tempera
ture. Also, the oxygen negative ion should be considered. Detachment of an
electron from such an ion, resulting from absorption of a quantum of radiation,
will tend to increase the temperature, while detachment of an electron by
collision with another electron will tend to decrease the temperature. Prelimi
nary calculations show that neither of these effects can change appreciably the
conclusions reached (61) on the basis of the neutral oxygen atom."

The analysis is based upon the consideration that the loss in free electron
kinetic energy resulting from the excitation collision process is replenished in
equal amount by the process of photo-ionization. In order to proceed with the analy
sis, it is necessary to know the collision cross section corresponding to the excita
tion process. This collision cross section may be expressed as a fraction q of the
geometrical cross section nd2 /4 of a rigid sphere of diameter d. For this purpose
Spitzer uses the value q = 1/5 based on the results of Hebb and Menzel(65) for the
o III ion (i. e., the doubly ionized oxygen atom, 0++). The energy density of the
excitation collision process will be proportional to the collision frequency of the
electrons with the oxygen atoms, and to the free electron kinetic energy given up in
the excitational collisions producing the excited lD

2
state of the oxygen atoms. The

general theory of the motion of electrons in a gas when inelastic (excitation) col
lisions are possible is very complicated(668

), and since Spitzer's analysis is intended
only as a rough, first approximation, several simplifying assumptions are used. If
Ei = mev~/2 (Vi = electron velocity corresponding to kinetic energy Ei ) denotes the
energy level of the excited IDa state of the oxygen atom, all electrons with kinetic
energy E greater than E. (velocity greater than v.) can, by collision, excite the

1 1

atom to the lD
2

level. It is therefore necessary, first of all, to estimate the
number of electron-oxygen collisions per cm3 per sec for the electrons with velocity
greater than Vi. Letting v eO denote the electron-oxygen collision frequency consid
ering only the electrons with velocity greater than v i' 'and assuming a Maxwellian
distribution for both gases, it is found (Ref. 65a, p.92) that

(64)
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where

n e number of free electrons per cm3

no number of oxygen atoms per cm 3

me = mass of electron

mass of oxygen atom

collision cross section for electron and oxygen atom

Boltzmann's constant

u electron velocity.

Owing to the small mass of the electron, it is assumed in deriving (64) that the ratio
m/mO is negligible compared to 1, and also that the velocity of the atoms is negli
gible relative to the electron velocity.

Eq. (64) can be integrated (Ref. 65a, p.92) yielding the result

E.
t

kT

e

where Ei = mev~/2. The term (m /2kT)2 is very small compared to 1 and may be neg
lected. Using the relation(6~b~ between the temperature and the average electron
velocity v e' the term (2kT/me)~ may be replaced by ....;::ff v /2, and the collision fre
quency equation becomes

v 0 = n "oS Ou ee e e e

E__t_

kT
(64b)

It is assumed as a rough approximation that every collision of an electron having
kinetic energy greater than Ei is an excitation collision, although actually there
exists only a certain probability that these collisions will be excitational(6~C). On
the basis of this assumption, ~ach electron-oxygen collision, (64b), represents a loss
E. (= 1.96 electron volts for the ID 2 state) of free electron kinetic energy. Replac-

t

ing the collision cross section by SeO = 1/5 x nd2 /4, where d is the diameter of the
oxygen atom, and letting P = exp (-Ei/kT), the total loss in free electron kinetic
energy is 1.96 "e~nd2veP/20 electron volts per cm 3 per sec. The quantity P may be
written

P = e

E.
t

kT

~040

-1.96 X -T-
= 10 = 10- 1 • 968 , (65)

where e = 5040/T with T in degrees Kelvin.

For thermodynamic equilibrium the loss in free electron kinetic energy resulting
from the excitational collision process with the neutral oxygen atoms must be balanced
by a gain in free electron kinetic energy brought about by photo-ionization resulting
from the absorption of ultra~violet solar radiation. The photo-ionization of the
atoms is governed by the photoelectric equation(66)
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(66)

where

Yz mev: = the kinetic energy with which,the photoelectron IS ejected

h Planck's constant

v the frequency of the ionizing radiation

e the electronic charge

V. the ionization potential.
t

Thus the excess kinetic energy of the photoelectron depends upon the frequency of
the photo-ionizing radiation. A knowledge of this excess energy is essential for
the analysis. Spitzer obtains an average value of one electron volt for the excess
photoelectron kinetic energy on the basis of the following argument (67) .

"Although the excess kinetic energy depends on the frequencies of the photo
ionizing radiation, the average energy carried off by photoelectrons tends to
be proportional to the temperature of the surface which produces the ionizing
radiation, quite independently of how weak this radiation may be. An analysis
of this effect has been given by Eddington t. The color temperature radiation
from the sun at the high frequencies of interest is somewhat uncertain. Radia
tion from a black body at 5000 0 K would yield photoelectrons with an average
kinetic energy of about 0.3 of an electron volt. The actual energy will depend
on the detailed slope shown by the curve of radiation intensity as a function
of frequency. On the assumption that the radiation in the ultra-violet corre
sponds to a higher temperature than in the visible region of the spectrum, one
vol t is taken as the average kinetic energy of the photoelectrons. A more precise
estimate would be difficult to obtain, and would depend both on the variation
of the photoelectric absorption of oxygen with increasing frequency, and also
on the detailed radiation from the sun in the ultra-violet[6]. Similar consid
erations would also apply to the nitrogen atom. If the ionizing radiation from
the sun at the appropriate frequencies corresponds to that of a black body at
about lO,OOOoK, the excess kinetic energy of the photoelectron will again be
about 1 volt. It should be noted that this excess kinetic energy depends not
upon the absolute intensity of the radiation but upon the v~riation of this
intensity with frequency. As long as this frequency variation corresponds to
that of a black body at temperature T, the ejected electrons will tend to have
an average kinetic energy corresponding to a kinetic temperature 2/3 T."

If ~ is the probability of ionization per unit time, the number of photoelectrons
released per cm3 per second is ~ no; and since each electron is released in the ion
ization process with a kinetic energy of about 1 electron volt, ~ no also gives the
gain in energy per cm3 per second. For equilibrium conditions this gain in energy

t Eddington, Sir A.S., The Internal Constitution of the Stars, Cambridge: University Press,
pp.376-377, 1926.

[6] The appropriate equations governing this effect have been given by Spitzer 1n a paper to
appear in the Astrophys. J., Vol.107.
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from ionization must be balanced by the loss in free electron kinetic energy which
occurs in the excitational collision process with the oxygen atoms. The energy bal
ance is therefore represented by

7r d2

f-L nO = 1. 96 20 nenov l =1. 96
7r d2

20 n nOv 10- 1 • 968
e e ' or

7r d2

101
•
968 = 1. 96 W

n e

f-L
v
e (67)

electron volt = 1. 6 X 10- 12 ergs, v has a value of about 6 x 10 7 em/sec.e
= 2 X 10-s em for the diameter of the neutral oxygen atom, Eq. (67) may be

Since 1
Using d
written

101. 968 = 7.4 x 10- 9
n

e

f-L
(68)

Since, for steady state conditions, the electron density n e is related to the
recombination coefficient a and the ionization probability f-L by the equation (Ref. 59,
p.98)

n = (-no f-L\~
e a")'

the energy balance equation, (68), may be written

101 • 968 = 7.4 x 10-9 (;:)~

(69)

(70)

It now remains to evaluate a and f-L. In the absence of any infonnation concern1ng
these quantities in the atmosphere above the F

2
layer, Spitzer assumes the values are

approximately the same as in the F
2

layer. The values of n e and a for the F
2

layer
as given by Bates and Massey(6S) are:

maximum electron density n e
recombination coefficient a

1.0 X 106 per cm 3 (day), 2.5 x 10 6 per cm3 (night).

8 x 10-11 cm3 /sec (day), 3 x 10-10 cm3 /sec (night),

On the basis of these figures the mean values n e =6 x 10 6 per cm3 and a = 2 x 10- 10

an3 /sec will be used. The corresponding value for f-L may be obtained from (69),

n 2
e

f-L = a no (71)

Using n = 3 x'109 per cm3 for the total number density in the F layer (i.e., per
- 2

latitude 45°, Table 14), and assuming that the composition in this layer is 22% 0 by
mass (corresponding to 33% 0 and 67% N

2
by volume), it is found that for the F

2
layer

i
r

nO -

0.22 x 3 x 10 9 x m
1

x 24

m x 16
1

=1 x 108 per cm3 , (71a)
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where m is the mass of an atom of unit atomic weight (m = 1.6489 x 10-24 gram) and
1 1

where M= 24 is used as the mean molecular weight in the F
2

layer. On the basis of
the values above it is found from (71) that

36 X 1010

=2 X 10- 10 =7 X _.10- 8 per second,
~ 1 x 109

and Eq. (70) becomes 101
•

968 =2 n~ , or

9878
(72)

This is the expression which results for the temperature of the isothermal ex
osphere, or free flight region, when the value d = 2 X 10- 8 cm is used[7J.

If the percentage composition by mass is the same at the height of the base of
the exosphere, h., as in the F

2
layer -- i.e., nO = 0.22 n.,M. = 24 -- the temperature

T. at the base of the exosphere' is determined by

0.5 loglo 0.22 n. + 0.301

9878 19756
T. =------------- = --------

loglo n. - 0.056
(73)

Replacing n. in terms of T. by means of relation (79) derived below, this may be written

where g~ is the apparent gravity at the hei~ht h.. For the purposes of this equation
it is assumed that the atmosphere rotates with the earth as a solid out to the distance
r. = a + h., and therefore that Eq. (11) is applicable. If it should be assumed that
the composition at h. is 100%0 (M. = 16), then no = n. and the temperature equation
is [7J

19756T. = -------'------
M.g~

19756
T. =~------------

M.g~
log + 0.602

10-v-2TT d 2 RuT.

[7] When d = 3 x 10- 8 cm is used, Eq. (72) becomes

9878
T =0.653 + 0.5 log no '

and Eqs. (74) and (75) become respectively

(74)

(75)

(72a)

110

19756
T. =-----:-:---:------

M.g~
log + 0.648

10"'\f2 7T d2 R T
u •

(74a) • T.
19756
M.g~

log + 1.306
10-.{27T d 2 R T

u •

(75a) .



These equations may be solved for T., provided M. and g; are known. The
apparent gravity g~ is a quantity which varies very slowly with altitude and need be
specified only very roughly. For this purpose, advantage may be taken of the results
of model II -- Tables 29-33 -- which indicate that as far as order of magnitude is
concerned the height h. may be expected to lie somewhere within the limits of 500 and
1000 km. It is also reasonable to suppose that the relative amount of atomic oxygen
present at the base of the exosphere lies between the limits given by 16 ~ M. $ 24.
On this basis, Table 38 has been prepared to show the possible values of T.. Since
there is some uncertainty concerning the exact value which should be used for d, the
calculation was made for the two values d = 2 X 10- 8 em and d = 3 X 10- 8 Cm. No account
is taken here of any possible variation of T. with latitude, although this could have
been done by using the appropriate value for nO in the F

2
layer at the equator -- Eq.

(71a) .

It is seen from Table 38 that
wide range of conditions imposed.
be adopted.

the value of T. is fairly insensitive to the rather
For this reason an average value T. = 2500 0 K will

Table 38

POSSIBLE VALUES FOR THE TEMPERATURE T. IN THE EXOSPHERE

f
dg.

M. cm/see 2 em T.

24 840.272'""(500 km) 2 x 10 - 8 2581
24 840.272'""(500 km) 3 x 10- 8 2457
24 730.655'""(1000 km) 2 x 10- 8 2598
24 730.655'""(1000 km) 3 x 10- 8 2477

16 840.272'""(500 km) 2 x 10- 8 2420
16 840.272'""(500 km) 3 x 10- 8 2311
16 730.655'""(1000 km) 2 x 10- 8 2435
16 730.655'""(1000 km) 3 x 10- 8 2328

III-B. THE HEIGHT OF THE BASE OF THE EXOSPHERE
(DYNAMICAL ORBIT REGION)

The height h. of the base of the exosphere has already been discussed to some
extent in Section II-F in connection with model II. The treatment given there was
slightly ambiguous, inasmuch as the collision probability of a particle escaping to
infinity was not specified as definitely as could be desired. The concept of the
exosphere -- or dynamical orbit region -- is that there will exist a certain. height
h. (actually a transition layer), situated somewhere above the F

2
layer, where the

mean free path of neutral gas parti~les becomes so large and the collision frequency
so small that particles moving upward from this height begin to behave more or less as
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free bodies moving In a gravitational field. A particle moving upward from the height
h. will travel over large distances before it collides with another particle, the
total number of collisions experienced depending upon the starting height h. and the
vertical distance travelled.

The probability of collision P of an atm~spheric particle in travelling upward
through a vertical distance L has already been discussed in Section II-F, where it was

L .
shown, Eq. (52), that P = 2 1T d2 ~ n dh. The height h. of the base of the exosphere
may be conveniently defined as the height at which the mean free path L of.an upward
moving gas particle becomes infinite. Thus the height h. is defined by the condition
that the gas particle is certain to undergo a collision (P = 1) only when the mean
free path is infinite (L = 00). Or, stated in a slightly different manner, a particle
moving upward from h. would, if it had sufficient velocity (i.e., the escape velocity),
travel to infinity experiencing only a single collision with another particle. On
this basis, the relation which defines h. is~

1 =-.../2 1T d 2f CD n dh (76)
h.

From the hydrostatic equation (dp/p = - Mg'dh/RuT = - dh/H
t

, see (53a») and the
equation of state (p = nkT), the vertical distribution of the particle density
(number density) above a height h. may be expressed by

n = T.
T

_flt Mg '
R T dh

h. ..
e

T.
T

1"
h.

e

dh

H

(77)

where H = kT,lmg' = RuT/Mg' is the scale height. Since in model III the regIon above
h. is considered to be isothermal, T :: T. is to be used in the region h > h.. Con':
sider now a particle moving vertically upward from h. out to infinity. As far as the
collision probability of this particle is concerned, this depends only upon the total
number of particles it passes through above h. and not upon how these particles are
distributed in the vertical. lherefore it is not necessary to know the actual dis
tribution of M (i.e., n) but only the total number of particles N. above h. contained
in a column of unit cross section. The total number of particles N. may be obtained
from the simple concepts of the scale height.

Although the scale height was discussed previously in Section II-F, it is
instructive to examine this quantity from a slightly different point of view. Con
sider the pressure p. at a given (but arbitrary) height h. in the atmosphere. This
pressure is simply the weight of the total atmosphere above h. contained in a column

of unit cross section, and is therefore expressed by p. = ~oo pg'dh. Suppose now
•that the actual atmosphere above h. is imagined to be replaced by an equivalent

atmosphere having the constant density p. and the constant temperature T., and that
this equivalent atmospheric layer has exactly the correct thickness to give the same

tThe value P = 1 used here is considered the correct value to use in order to define the
height h.. The value P = 1/10 used in connection with model II is somewhat ambiguous and is
unnecessarily small.
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pressure P. as before. Also, as a further property specified in the definition of
the equivalent layer, assume that gravity is constant with the value g~ throughout
this layer. Denoting this thickness by the quantity H., we have the relation

(77a)

which defines H.. It is evident that the equivalent layer has the properties of an
incompressible fluid and therefore does'not satisfy the equation of state. At the
level h., however, the equation of state P./p. = RuT./M. is still valid and, when
combined with (77a), yields the relation H. = RuT./M.g~. This gives the thickness
of the equivalent isothermal incompressible (i.e., homogeneous) layer and is called
the scale height. Since, in deriving relation (77a), there werenorestrictions
concerning the amount of dissociation or of diffusion equilibrium which might be
present above h. in the actual atmosphere, the value of the scale height is unaffected
by the presence of these processes. Since p = p. is constant in the homogeneous
layer, it follows from (18) that neither n nor M are ~ecessarily constant in this
layer, but only that the product Mn = constant = M.n.. It does not appear that this
concept of the scale height, (77a), is capahle of yielding any information concerning
the value of N•.

Suppose now that the actual atmosphere above h. is imagined to be replaced by a
second hypothetical atmosphere having the same mass and therefore giving the same
pressure P. as the actual atmosphere, but for which the temperature, composition, and
gravity are assumed constant, with the values T., M., and g~ respectively. Unlike
the first case, in which that atmosphere above h. was considered as an incompressible
fluid, in this second case the atmosphere behaves as a gas (is compressible) and
obeys the equation of state. Theoretically, this atmosphere will extend to infinity.
It is evident that even though diffusion equilibrium may exist in the actual atmos
phere, this second hypothetical atmosphere will give the correct value for the total
number of particles N. provided no dissociation occurs above h. [8]. It is also
evident that the scale height has the same value as before - i.e., H =H. =RuT./M.g~.

Using this value for H, the number density equation, (77), becomes simply

n = n. e (78)

The total number of particles N. is therefore obtained by the integration

n dh = nJ{. (78a)

[8] The simple procedure used here for obtaining N. is valid, since, in model III, all
dissociation processes which occur are assumed to have taken place below h.. In particular,
all dissociation is assumed to take place below the level of diffusion equilibrium, h

d
- see

Section III-D. If dissociation should be present at levels above h •• it is evident that
it would not be possible to replace the atmosphere above h. by an equivalent (same mass)
atmosphere of constant composition M. and still obtain the correct value for N.. Since
dissociation requires that H change with height, in order to calculate the correct value
of N. in this case it would be necessary to have information concerning the variation of
H wi th height.
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In this second concept H. is simply interpreted, (78), as the increase in height
necessary for n to decrease to lie of its value at n.. (Also, see Chapman, Ref. 15,
pp. 489-492.)

Using the result contained ~n (78a), it follows from (76) that

(79)

This is essentially the equation which defines the height h. of the base of the
exosphere.

The height h. may now he obtained by applying Eq.(77) between the level ho (the
height of the F2 layer) and the level h. (the height of the base of the exospher~).

In this interval it will be assumed that the temperature variation is linear, such
that T = To + a(h - hoY, where a = (T. - To)/(h. - hoY' Since in model III the atmos
phere will be treated on the basis that complete diffusion equilibrium exists beginning
at about 100 km above the F2 layer, it follows that the molecular weight M. will
be less than Mo. For the purpose of determining h. it will be assumed that the
variation of M may be approximated by the linear relation M = Mo - ~ (h - hoY, where
~ = (Mo - M.)/(h. - hoY'

It follows from Eq. (77) that

M.g~
= ~

ex -[g, Jh. Mo- (3(h - hoY
dhJn.

-v2 1T d 2 R T. no
p R T + a(h

u T.
u h 0 - hoY

0

To -[;' f' Mo - ~(r - ro )

dr]= n exp (80)o T. To - a(r '- ro )
U r

0

where r = a + h, and g' = ga(a/r)2 - r [22 cos e is the apparent gravity. In compari
son with the uncertainty involved in the molecular weight and temperature, the
variation in gravity may he neglected in the interval (h. - hoY and it is sufficiently
accurate here to use a mean value g'. Performing the integration, Eq.(80) may be
written

To
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Inserting a (Mo - M.)/(r. - ro )' this gl.Ves the relation

-J2 7T d2 R T.
u

exp _{gl t
1

(r. - ro)
ROT. -T

u • 0

To

log ~:J)J} (82 )

The height h. of the exosphere (h. = r. - a) is found by numerical solution of
this equation for r., using T. = 2S000 K and the following values for the F layer:

2

Latitude 0°: ho
Latitude 45°: ho

400 km, To

300 km, To

18000 K, Mo
1l000K, Mo

24, a = 6378.4 km

24.35, a = 6367.5 km

Although the exact value of M. is as yet unknown (since this depends upon the results
of a diffusion equilibrium calculation), it appears safe to assume that the composi
tion must lie between the limits 24 > M. > 12. The particle diameter d may likewise
be taken to lie within the limits 2 x 10- 8 cm < d < 3 X 10- 8 cm. On the basis of
these limits, a range of values for h. is obtained as shown in Table 39. From these
results it is believed satisfactory to adopt the average values h. = 750 km at lat.
0°, and h. = 650 km at lat. 45°. These values are not greatly different from those
obtained for model II.

Table 39

POSSIBLE VALUES FOR THE HEIGHT h. OF THE BASE OF THE EXOSPHERE

(Calculated From Eq.(82»

Latitude, Molecular Particle Calculated

Weight, Diame ter, Height,
t3 M. d h.

0° 24 2 x 10 - 8 em 614 km
0° 24 3 x 10- 8 em 691 km
0° 16 2 x 10- 8 em 617 km
0° 16 3 x 10- 8 em 682 km

0° 12 2 x 10· 8 em 790 km
0° 12 3 x 10- 8 em 900 km

45° 24.35 2 x 10- 8 em 517 km
45° 24.35 3 x 10- 8 em 576 km
45 ° 16 " 2 x 10- 8 em 514 km

45 " 16 3 x 10- 8 em 565 km
45 ° 12 2 x 10 - 8 em 685 km
45° 12 3 x 10- 8 em 772 km
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III-C. DIFFUSION EQUILIBRIUM

It seems reasonable to suppose that at sufficiently great heights above the
earth's surface, the processes, such as convection and turbulence, which cause mixing
of the atmosphere (and therefore constant composition) will become inoperative, and
that the constituent gases of the atmosphere will then become distributed in the
vertical according to their molecular weights, with a greater conc~ntration of heavy
gases below and of light gases above. Thus, when the particle densities of the gases
are distributed in the vertical in such a way that each constituent is in gravity
equilibrium with its own partial pressure (Dalton's law) at all heights above a
certain lower level, the atmosphere above this level is said to be in diffusion
equilibrium. The minimum height above which this state of affairs exists will be
referred to as the level of diffusion equilibrium.

An analysis of the diffusion or settling-out process in an atmospheric gas
mixture has been given by Maris(69) and Epstein(70). Calculations of the composition
of the upper atmosphere at various heights on the basis of diffusion equilibrium
have been made by Chapman and Milne(71) (1920), and by Maris(69) (1928-1929). Chapman
and Milne assumed that diffusion equilibrium would exist beginning in the strato
sphere at heights of the order of 20 to 50 km; and, since their analysis was made
before the high ionosphere temperatures were known, they assumed the remainder of the
upper atmosphere above 50 km to be at the constant low temperature 219°C (4929K).
Maris concluded that diffusion equilibrium must exist above 100 km and assumed that
the temperature of the upper atmosphere never exceeds 360°C (633°K). In view of the
high ionosphere temperatures which are now believed to exist above 100 km, the
results of these two investigations are no longer applicable, and it is therefore
necessary to consider anew the effects of diffusion equilibrium on the basis of the
ionosphere temperatures which have been presented.

For this purpose advantage may be taken of the results of Mitra and Rakshit(35)
(1938) who -- realizing the implications of the high ionosphere temperatures in this
connection ~ investigated diffusion equilibrium in the upper atmosphere on the basis
of the high F region temperatures. They assumed in their calculations a temperature
of 300 0 K at 100 km, increasing linearly to 11000K at 300 km -- the same temperature
distribution as used in the present study for the atmosphere at lat. 45° (Fig. 7).
Since the results of their calculations show that complete diffusion equilibrium will
certainly exist above 400 km at lat. 45°, this figure will be adopted as the height
of the diffusion equilibrium level at lat. 45°. Similar results are not available
corresponding to the vertical temperature distribution used at the equator (Fig. 5),
and in view of the fact that these temperatures are higher than those at lat. 45~

500 km will be adopted as the height of the diffusion equilibrium level at lat. O~

III-D. DENSITY CALCULATION FOR THE REGION BETWEEN THE

F LAYER AND THE LEVEL OF DIFFUSION EQUILIBRIUM
2

In order to carry out the calculation of the vertical distribution of density
above the F layer, the atmosphere above this level must be treated as three separate
regions -- ~he region between the F

2
layer and the level of diffusion equilibrium,
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the reg10n between the level of diffusion equilibrium and the base of the exosphere,
and the region of ~he isothermal exosphere extending outward into space. As pointed
out above - Sect10n III-B - the temperature is assumed to increase linearly
between the F2 layer at distance ro from the center of the earth (r = a + h ) and
the base of the exosphere at distance r. (r. = a + h.). The temperat~re at anyo level

. h . < <. .r 1n t e reg10n ro = r = r. 1S determ1ned by

At the equator, a = 2 x 10- 5 °K/cm; at lat. 45°, a = 4 x 10- 5 °K/cm. If the sub
script d .is used to denote the level of diffusion equilibrium, then since r

d
is less

than r. 1t follows that (83) also gives the temperature distribution in the first
region to be considered - ro ~ r ~ rd. Consideration must next be given to the
distribution of the mean molecular weight Min this region.

Recent observational evidence from ionospheric radio reflections in the trop
ics(72 l , together with theoretical considerations of physical processes in the upper
atmosphere, strongly suggest the existence, above the F

2
layer, of an additional

ionized layer called the G layer, which is situated at heights of the order of 400
to 700 km( 73 l. The existence of a G layer is interpreted as indicating that the
nitrogen must be dissociated at these levels, since otherwise the number density
would not be great enough to produce, by ionization, a sufficiently large electron
density to account for the reflection of radio waves. In the absence of any further,
more precise, information concerning the dissociation of nitrogen, it seems permis
sible -- and is at the same time convenient -- to assume, as an average conditio~

that complete dissociation of nitrogen exists beginning at the level of diffusion
equilibrium. Accordingly, all nitrogen will be assumed to exist in the atomic state
beginning at the height hd , and the composition at this level will be that correspond
ing to complete dissociation of a mixture originally composed of O2 and N2 in the
proportions shown at 83 krn in Tables 7 and 8. We thus have the following conditions
upon which the calculations will be based:

Latitude, 0°

F
2

layer: ho = 400 km, composition

Level of diffusion equilibrium: hd
Md

= 33% 0 + 67% N2 by volume, Mo = 24.00, To = 18000 K

500 krn, composition = 20% 0 + 80% N by volume,

14.40, Td =20000 K

Latitude, 45°

F
2

layer: ho = 300 km, composi~ion = 30.5% 0 + 69.5% N2 by volume, Mo = 24.35,
To = HOOoK

Level of diffusion equilibrium: h
d

=400 km, composition = 20% 0 + 80% N by volume,

Md =14.40, Td = lSOOoK
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Although the composItIon at 83 km at lat. 45° - 30.5% 0 + 69.5% N - would leada
to the value Md = 14.33 (for 18% 0 + 82% N), it will be noted that the value Md =
14.40 (20% 0 + 80% N) has been used instead. This has but negligible effect on the
calculations and allows the convenience of having the same composition at the dif
fusion level at both latitudes.

Between the heights ho and hd a linear variation of the molecular weight will be
assumed, as given by the relation

Mo - Md
(.i.( f3 < <M = Mo - I-' r - r 0) and = r - r ,for ro = r = rd'

d 0

At the equator, f3 = 9.60 X 10-7 l/cm; at lat. 45°, f3 =9.95 X 10- 7 l/crn.
and (0) the pressure p in the region ro ~ r ~ r d is given by[9]

(84)

From Eqs. (9)

P
log

Po

r

= - R
1 f M~'
U r

o

dr .

[9] Introducing (83) and (84) and the relation (11) for g'. the pressure equation may be
written

P
log- =

Po

rna cos 8]
dr

dr • (84a)

The second integral has already been evaluated and ~s given as Eq.(14b). The first integration
is readily carried out yielding

(T
o

log
r
o

1. f r(M - f3r) Ga (f) 2 - rna cos 2.8]
- R -----=-------..:

u To -t a (r - ro )
r

o

dr

r r. (T - ar )
o 0 0

(84b)

By combining (14b) and (84b) it is therefore possible to .calculate lo~ p/po exactly! f~r
the case with M. T. and g' variable. However, these express~ons are so ~nvolved that ~t ~s
preferable to use small intervals with the simpler expression (86).
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As' mod I II . .In e ,It IS assumed that the atmosphere rotates with the earth as a solid up
~o the b~se ~f the exos~here. Introducing (83) and (84), and assuming that the
IntegratIon wIll be carned out step-wise for individual intervals /). r = r. _ r.

h· h ff" I 1 +1 1W IC are su ICIent y small that an average value g! may he used in each interval
the fonwla used for calculating the pressure becomes 1 ,

~
; ."I ~

p.
1 t

r.
1+1

gI. J [M. - /3rr - r.)]
= exp - R: " -::['=r=-'i1_+-a-r-r-_-r":;-)-:]"" (85)

Performing the integration -- see (81) -- this gives the pressure formula

Having the pressure, temperature, and mean molecular weight, the density is calculated
as usual from the equation of state, Eq.(16).

III-E. DENSITY CALCULATION FOR TH~ REGION BETWEEN

THE LEVEL OF DIFFUSION EQUILIBRIUM AND THE

BASE OF THE EXOSPHERE

Above the level hd of diffusion equilibrium the gases begin to separate according
to their individual molecular weights, and it is necessary to determine the density
distribution separately_for each constituent gas. Let the subscript x denote a
constituent gas. According to Dal ton's law of partial pressures, each constituent
x of the mixture behaves as though it alone were present, and we have

R
dp - P%g/dr 1 p%

U r I and= =p%% M%

p%

expt =: f
r

dJg'

P%d T
rd

( 87)
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Making use of the equation of state and introducing g'
T =Td + a(r - rdl, Eq.(87) yields the density relation

= g (alr)2 - r 0 2 cos~e and
a

Pte Td M { ,[ gaa' fl2 ~s~ ]- - T a (r exp - If (r - rd ) rr (T - ar )
P"d + - rd )d u d d d

tag a' ('ld - ard )fl2 cosj Td a
log ~d}' (BB)- 7d ~ ar

d
)2

+ log T + a(r - rd ) g a 2

a 2 d (T
d

- ar
d

)2 a

see Eq.(14b). This formula is used to calculate the partial densities from hd up to
the level of the base of the exosphere h.. It is noted that since there are no
approximations involved in this equation, it is not necessary to carry out the cal
culations step-wise by means of small height intervals.

Since the lighter gases become important in the diffusion equilibrium region
above hd, it is necessary in this region to consider hydrogen and helium as possible
constituents of the atmosphere. No attempt will be made here to enter into a discus
sion of the controversial question regarding the existence of hydrogen and helium in
the upper atmosphere (la), (46), (?~), (?a). Since the existence of these elements has
not been disproved, it will be assumed that hydrogen and helium are present and that
at the level hd of diffusion equilibrium the relative amounts present are approximately
the same as in the troposphere (Table 6, p.16). Since all oxygen is dissociated at the
level hd, and since hydrogen has a lower dissociation potential than oxygen, it is not
considered unreasonable to expect that all hydrogen will be dissociated at and above
hd, and it will be assumed that this is the case. The composition used at the level
hd for starting the calculations in the diffusion equilibrium region is given in Table
40 t . The percentages of helium and especially of hydrogen are not exactly the same as
those given in Table 6, but have been rounded off to an even number. In view of the
order of accuracy of the analysis as a whole, this approximation seems entirely jus
tified. Other atmospheric constituents which occur in the troposphere, such as
Ar, 00

2
, and H

2
0 are probably relatively unimportant in this region of the atmosphere

and have been neglected.

Knowing the total density Pd at the level h d (from the calculations of Section
III-D), the partial densities P"d at this level are determined from the relation

(89)

t For Tables 40 through 45 see pages 125 through 130.
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where n%d is .the partial number density and C%d is the percentage composition by mass
of the constItuent x at the level.of diffusion equilibrium (h = h

d
). Using these

values of P%d (Ta~le 40), the partIal gas densities i~ the region from h
d

to h. are
calculated accordIng to Eq.(BB). The total gas densIty p at any level is obtained
as the sum of the partial densities, p =Lp . The mean molecular weight M is de
termined from the relation[IO] (Ref.(71), p.36S)

M = 1
1

M%

(90 )

R
and the total pressure is then obtained from the equation of state, p = p M" T. The
percentage composition by mass, C%, is determined by the ratios C% = p%/p. Since
p% = m%n% = p C%, the partial number densities may be calculated from the relation

n
%

( 91)

where m
1

is the mass of unit atomic weight (m
1

= 1. 64B9 x 10-24 gram).
of the calculations described, the conditions obtaining at the base of
h. are as shown in Table 41.

III-F. DENSITY CALCULATION FOR THE EXOSPHERE

Ckt the basis
the exosphere

In the free-flight region, or exosphere, above h. it is no longer permissible to
assume that the atmospheric particles rotate with the earth as a solid, and in this
region, since the particles move in individual orbits, their motion will be gov~rned

by the condition of constant angular momentum as described in Section II-F. Since
this condition requires that w = (r./r)2n, Eq.(61), the expression for the apparent
gravity becomes

= ga (~r)2cos l{) (92)

[10] This may be shown as follows: The mean molecular weight M is defined by M =.p/na
1

,

where p is total density, n is total number density, and. is the mass of a particle of
unit atomic weight - see Eq.(18). This may also be writt~n M = pl. Ln. Eq.(18) also
holds for the partial densities and we have n% = p%/a

1
M%. Using this e~pr:ssion for n%, it

follows tha t

M
p p p 1

P i
L;r

%
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Owing to the isothermal property of the exosphere, the density formula becomes
relatively simple. Thus for the exosphere where T = T. = const., the variation
in density is given by

P;c {- R\ fl. (7)'
r.4 D.2 co,LeJ dr} (93)= exp ---- , or

p;c. r 3

exp {- co;~ }.
~

P;c M [g. a 2

(l-~·)-
1

(1 - ~.:) 1;c.
= - r 2 D.2 ( 94) ~P;c • R T. r. 2 ,..

iU ,<

The total density, mean molecular weight, and total pressure are calculated as
explained in Section III-E.

The basic characteristics of atmospheric model III together with the methods
employed in its calculation have now been completely described. The results of the
calculations are given in Tables 42-45. The vertical distribution of the density
ratio u from the F

2
layer-up to 1000 miles is plotted in Figs.33-36 t . The correspond

ing vertical temperature distribution is shown in Figs.37 and 38.

IV. CONCLUSIONS

Three different atmospheric models have been treated, which, while exactly the
same below the Fa layer, have different properties and characteristics above this
level.

As far as the atmosphere below the Fa layer is concerned, the results derived
here up to 120 km may be compared with those given by Warfield(13) -- both studies
were carried out independently and appeared at about the same time. To make this
comparison, a plot of the density ratio and the mean molecular weight used (for
lat. 45°) is shown in Figs. 39 and 40. Both calculations were based upon exactly the
same vertical distribution of temperature, Table 3 and Fig. 3. It is seen from Fig.
39 that the density distribution is practically the same for both calculations, par
ticularly up to about 80 km, where the dissociation of oxygen begins to take plac~

The slight differences shown are due mainly to the differences in the values used for
the vertical distribution of composition (Fig. 40) and possibly, to some extent, to
differences in the manner in which gravity has been treated.

t For Figs.33 through 44 see pages 131 through 142.
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.Above the F2 laye~' a comparison may be made between the three atmospheric mode
cons1der~d h.ere by uS1ng, for example, the values derived for lat. 45 0 ; these ar.'
plotted 1n F1g. 41 (temperature), Fig. 42 (composition), and Fig. 43 (density ratio)
Above 10~0 km t~ere is little doubt that model II, based on constant M, gives value~
for dens1ty wh1ch are much too low, and either model I or model III is much to be
pr~ferred in this region. Except for the uncertainties in the determination of T.
wh1ch ~ould have a considerable effect if the value used for T. is much too high __ it
1S be11eved that model III is the most acceptable of the three models considered.

An outstanding feature of Fig. 42 is the large vertical distance above hover
which the composition for model III remains practically constant. This is the ~esult
o~ the fact that the atomic weights of nitrogen and oxygen are nearly equal and the
c1rcumstance that the atmosphere is composed almost entirely of these two elements at
the level hd • It is only above 3000 km that the presence of heli urn and hydrogen
begins to have any appreciable effect in determining the composition. Above 10,000
km atomic hydrogen is the predominant element, and the composition again remains
constant.

It was pointed out in connection with model I (Section II-E) that the vertical
distribution of density obtained did not seem to be much affected by the particular
value -- 0.5, 7.0, 14.0 -- used for ML • This result is shown in Fig. 44, where it is
seen that the three curves lie very close together. It is on the basis of this result
that it is considered satisfactory to use adopted values for model I, as calculated
for the single average value ML = 7.0.

In view of the concepts leading to models I, II, and III, it appears unlikely
that it would be necessary to consider as a possibility the condition dTjdh < 0 at
any level above the F

2
layer. That is, the temperature above the F layer may be

expected to increase or at least to reach an isothermal condition, but ~ot to decrease.
However, it is realized that the atmosphere has been considered herein from a rather
broad point of view, and it has not been possible in the time available to analyze
all the various implications of the concepts used. In particular, the extremely high
temperatures associated with model I, and even the considerably lower temperatures
associated with the exosphere of models II and III, might imply such a large amount
of escape of the atmospheric gas particles that the possibility of the occurrence of
such high temperatures would have to be abandoned. In this connection the following
remarks by Spitzer(67) are of particular interest.

"It is difficult to reconcile the high temperatures found for the upper atmos
phere of the earth with what is known about the atmosphere of Mars. It is well
established that Mars has a considerable atmosphere, and Kuiper (Yerkes Observa
tory) has shown recently from infrared spectra that this atmosphere contains
about as much carbon dioxide as does that of the earth. On the other hand, it
is also well established that the velocity of escape from Mars is about ~ the
velocity of escape from the earth. Since theoretical analysis shows that the
shape of the radiation intensity-frequency curve is more important than the
absolute intensity of the radiation, one would suppose that the temperature of
the upper atmosphere of Mars would be about the same as for the earth. At such
a high temperature the carbon and oxygen atoms would have left Mars long ago, in
contradiction to the observed presence of these elements. The answer to this
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dilemma is certainly not clear, since the various lines of evidence pointing to
a high temperature for the upper atmosphere of the earth seem rather stron&
However, one cannot wholly exclude the possibility that the temperature of the
earth's upper atmosphere may be considerably less than that which we have been
led to assume."

Although the implications of the high temperature as regards the escape of
atmosphere present a problem of very real concern and one which must certainly be
investigated, it must be pointed out again -- as mentioned in Section II-B in connec
tion with model I -- that the escape process is greatly hindered by the presence of
the earth's magnetic field if the gas is more or less completely ionized. Thus it
appears that the escape process cannot be adequately discussed until more is known
concerning the degree of ionization of the upper atmosphere above the F

2
layer. Model

I, for example, although having a very high temperature at its limit, was assumed to
be completely ionized there. Models II and III, on the other hand, although having a
lower temperature, were assumed to consist mainly of neutral particles.

It was pointed out in Section I-A that the temperature (or more exactly, the
quantity TIM in the F region may be deduced in two different ways from radio wave
measurements: (1) by evaluating the scale height H in the reflecting layer from
measurements of virtual height vs. reflected frequency, and (2) by evaluating the
electron collision frequency v e in the reflecting layer from measurements of change
in amplitude"of the reflected wave. Although the presence of high kinetic tempera
tures in the F region seems to be fairly well established, it would be extremely
valuable -- and of fundamental importance -- tohave further theoretical investigations
of the relation between the radio wave properties of the ionized layers and the
quantities H and v. Since it is the ratio TIM only which is determined by these
methods -- Eqs. (1) and (2) -- the determination of the temperature itself is no
more accurate than the value M used for the composition, which must be known or
determined by independent means. Thus, there is a great need for more accurate
information concerning the composition of the F region, and, in particular, the
level at which the dissociation of nitrogen begins and the level at which the dis
sociation becomes complete.

Also, as pointed out in footnote [3], it would be a valuable contribution to the
knowledge of the upper atmosphere if the extensive world-wide ionosphere data were
analyzed and a deduction made of the corresponding temperature-height relationship~

These results could then be analyzed to determine mean values for the diurnal, sea
sonal, and geographical variations in the height and temperature of the ionized
layers. Work along these lines -- based on the CRPL data published by the Na
tional Bureau of Standards -- has been initiated at RAND. This will give, for
example, information concerning the temperature characteristics of the polar atmos
phere, information which is entirely lacking at present. It should also give values
for the temperature of the ionosphere in the equatorial region which are more accurate
than those which have been used here.

In conclusion, it may be pointed out that the results which have been presented
here, especially those pertaining to the region above the F

2
layer, must be considered

in the nature of a first attempt at the deduction of the vertical distribution of
density up to extreme altitudes. It is to be expected that these values will have
to be changed, more or less, as more theoretical results and experimental data become
available.
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