
 
 
 
 
 
 

 
 
 
 
 

Description of document: Three Selected JASON Defense Advisory Panel/MITRE 
Corporation Reports released by the Department of 
Defense (DoD), 1984-1985 

 
Requested date: 12-August-2008 
 
Released date: 25-March-2010 
 
Posted date: 19-April-2010 
 
Title of documents: AD-B149675, Radical Computing, May, 1984, JSR-82-701 

AD-B099221, Report on the Workshop for Automated 
Software Programming, 1985 
AD-B149872, Space Power System Study, May, 1984, 
JSR-82-801 

 
Source of document: Department of Defense 

Office of Freedom of Information 
1155 Defense Pentagon 
Washington, DC 20301-1155 

 
 
 
 
 
 
The governmentattic.org web site (“the site”) is noncommercial and free to the public.  The site and materials 
made available on the site, such as this file, are for reference only.  The governmentattic.org web site and its 
principals have made every effort to make this information as complete and as accurate as possible, however, 
there may be mistakes and omissions, both typographical and in content.  The governmentattic.org web site and 
its principals shall have neither liability nor responsibility to any person or entity with respect to any loss or 
damage caused, or alleged to have been caused, directly or indirectly, by the information provided on the 
governmentattic.org web site or in this file.  The public records published on the site were obtained from 
government agencies using proper legal channels.  Each document is identified as to the source.  Any concerns 
about the contents of the site should be directed to the agency originating the document in question.  
GovernmentAttic.org is not responsible for the contents of documents published on the website. 



DEPARTMENT OF DEFENSE 
OFFICE OF FREEDOM OF INFORMATION 

1155 DEFENSE PENTAGON 
WASHINGTON, DC 20301-1155 MAK 25 2010 

Ref: 08-F-1844 
FOIA 2008-44 

This is our second interim response to your Freedom of Information Act (FOIA) 
request, FOIA 2008-44, dated August 12,2008, which you originally submitted to the 
Defense Technical Information Center (DTIC) for the below listed reports. As DTIC 
responded separately to you concerning the documents numbered 4 and 5, this response 
does not address those two documents. 

1. AD-526617, Acoustic Backscatter from Microstructure, December 1971 
2. AD-526067, Comments on Sub-LF SATCOM Technology Development 

Program, December 1972 
3. AD-0528668, Summary Report of the 1973 JASON Summer Study, October 

1973 (referred to the Air Force for direct response) 
4. AD-B076811, Pulsed Electric Discharge Laser Technology Development 

Program A VCO Everett Research Lab, September 1982 
5. AD-B069354, Summary of Trapped Electron Data, McDonnell Douglas 

Astronautics Co., October 1982 
6. AD-B149872, Space Power System Study 
7. AD-B149873, Speech Research, May 1984 
8. AD-B149675, Radical Computing, May 1984 
9. AD-B099221, Report on the Workshop for Automated Software Programming, 

February 1986 
10.AD-B103383, Some Surface Wave Modulation Mechanism Relating to the 

JOWIP and SARSEX Observations, May 1986 

DTIC forwarded eight documents to this Office, identified above as numbers 1-3, 
and 6-10. Enclosed you will find six documents. We previously advised you in our 
interim letter dated July 22,2009, that "AD-0528668 Summary Report of the 1973 
JASON Summer Study" (document number 3) was referred to the Department of the Air 
Force for direct response to you. The document identified as number 2 is still under 
review by this Office. 



Ms. Delores M. Nelson, an Initial Denial Authority for the Central Intelligence 
Agency (CIA), has determined that some of the information in the enclosed documents is 
exempt from release pursuant to 5 U.S.C § 552(b)(3), which pertains to information 
exempted from release by statute, in this instance, 50 U.S.C. § 403-3 (c)(7), which 
permits the withholding of intelligence sources and methods, and 50 U .S.C. § 403 (g), 
the withholding of functions and information regarding the CIA. Ms. Diane M. Janosek, 
an Initial Denial Authority for National Security Agency (NSA), has determined that 
some of the information in the documents are exempt from release pursuant to 5 U.S.C § 
552(b)(3), which pertains to information exempted from release by statute, in this 
instance, 50 U.S.C § 402 Sec 6, the withholding of functions and information regarding 
the NSA. Ms. Alesia Y. Williams, an Initial Denial Authority for Defense Intelligence 
Agency (DIA), has determined that some of the information in the documents are exempt 
from release pursuant to 5 U.S.C. § 552(b)(3), which pertains to information exempted 
from release by statute, in this instance, 50 U.S.C § 424, the withholding of information 
regarding the protection of organizational and personnel for DIA, NRO, and NGA. 

If you are not satisfied with this response, you may appeal to the appellate 
authority, the Director of Administration and Management, Office of the Secretary of 
Defense, by writing directly to the Defense Freedom of Information Policy Office, Attn: 
Mr. James Hogan, 1155 Defense Pentagon, and Washington, D.C. 20301-1155. Your 
appeal should be postmarked within 60 calendar days of the date of this letter, should cite 
to case number 08-F-1844, and should be clearly marked "Freedom of Information Act 
Appeal." 

Sincerely, 

Enclosures: 
As stated 
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INTRODUCTION 

During the 1982 JASON au e lnvestis-ted certain 

aspects of both classical mathemati com~~lting methods 

in the speed of 

at least certain computer calculati ns. past, such methods 

the 'simplex method, 

and the von Neumann .. chine archite e methods considered . 

include theory, software, and machi 

introductory astericl 

and new results. 

arithmetic In Chapter 2. 

applications of complex numbers to es1due a Ithmetic and Chapter S 

lays out a design for an FFT proces or using residue methods. 

( 
While the general goal of he study s to identify new 

approaches for computer system deve opment, 

desire to develop'a sensitivity to ritlcal 

computer cOMepta that aight aid In tracking rldwide developments 

in computer .yatellS. -··~velopment. itlnn the closed areas of the 
, 

USSR are of particular 4nterest. I deed. a question is 
\ 

whether one can, by i~no;atively us 

'"-'----- --t-__ 
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simplify c()f.r~u .:ational tasks, thus overcoming deficiencies in 

compater comr-onents and so~tware. 

There has been sp~culatlon that the development of computer 

systems in thp Soviet Union emphasizes algorithm development and 

machine oraanization and that this emphasis has led to advances in 

computational efficiency which offset the well-known lag ir. loviet 

development of very large scale integration (VLSI) te~.t.nology. In 

particular, the Sovi~ts ~y have compensated for their evidently 

poor integrated circuits with clever algorithms, innovative _chine 

organizations, and so on.' Sevel ... l past Soviet achievements are 

often mentioned to support this speCUlation: First, the Soviet 

space program has required extensive orbital :alcu1ation~ that would 

have been beyond the "poor" computers thought to be avallablf: to 

them in the late 19508. Th6.lr ICBM developments raise similar 

questions. Second, Soviet computers have beaten u.S. computers in 

~: • .:·.3S, in the only two enaagements that ~ve been played (1978 artd 

• "'1:10). , Third, the USSll has llIOunted a relatively large research and 

L.~ ',.Lng effort in re~ddue arithmetic. They bave published far more 

artu:les and textoooks on tU IJ subject than the rest of the world. 

Could they be tra:a.ning stude[.ts for radically different computing 

~chines, or aT4 the publications just a reflection of an academic 

"publish 01' perish" syndrome? FOllrth, the Soviets have recently 

2 



· produced interesting and iaportanl results ~n Linear Progcamming 

Theory. 

If one chooses to pur8ue~thiS spectlative scenario for a 

radical Soviet appr, oach to comput ng, there seems to be at least tvo 

.possible themes. The most eviden theme is residue arithaetic and 

memories, instead of VLSI ~lrcuit 

to coaputingcan 

the computations can be 

imple.anted in optical 

.ple. A second theme· 

'might be oln emphasis on .!It''bol1c: the!!' tha numerical com tatton, 

i.e., aanlpulation of I8th~.t1ca express1 nB as opposed to 

numbers. 

A.l. It is known that 

language "ANALITIK-71" 

openly known to the West, 15 yearstOld and cannot represent 

state of the art Soviet technol0 • levert eless. it has some 

intriguing features. It is micro ogrammed (table-like control) to 

perform at least so.a syabolic op tiona. IThis has only recently 

occurred in the United States. I al,o haslsoae form of p8ttern

Etching control (details unknown). Appendix A.2 contains a 

bibliography of some Soviet work .r-bOl1! computing. Appendix 

A.3 contains a specific example 0 SoYiet v rk in .. chine symbolic 

Enipulation. 



Besides the two topies mentioned above, there are a number 

of rapidly developing areas of computer research that could lead to 

a radical increase in computing speed. Theee will only be listed 

here in Table 1.1 but may deserve further detailed study. 

This report focuses on the two main topics discussed 

above: residue arithmetic and symbolic ~omputing. Each to,pic is of 

current research interest in the 'fest, and there are indications 

that these themes ~.y be even more important to the Soviets. 
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TABLS 1 .. 1 

Computer Research ~opics th4t Could 
Lead to a Radical Imptoveirr.ent :ljn Computing 

Topic 

, , 

Floating Point Arithmetic 
wi th Embedde.d Symbols 

Functional Programming 

Interval Arithmetic 

Renaarks 

!dcently ln~rted 1nto proposed 
IEEE stan rd stu\ty for Floating 
Point Ari hmetic (SA!'''s, 

Wdrk by J. "ckus and ~thers 

uriknoWo Utitity. Some. provision in 
IEEE F.P. Standard (directed 
'rounding odes) 

lecursive Machines Wdrk b.r Glu,hkov, Barton, Wilner, 
Dav!s, Mato etal. 

Multiple Processor Concurrency E~ten81ve wOrldwide interest 

Fast Recurrence Evaluation 

''Koderntl ,DDA Machine 

"Data-Flow" et ale 

Hyper-Column Cortex Model 

Syabolic Computing 

Residue Arithmetic and Number 
Theoretic Computing 

Gqod potentfal but inconsistent 
~th Soviet style " 

Soviet and butch intereat 
I . 

Exteoaive investigation in U.S. 
I 

SRecula t1 ve 

Allubject of this report 

A Isubject of this report 

; 

.~ 
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2.0 RESIDUE AlUTHHETIC COMPUTERS 

2.1 Introduction to Residue Arith2etic 

In the residue number system a positive maaber 18 

represented in the form of a set of residues with respect to a 

seqlJence of positive integers at. Ill ••••• "r. ~ch of which ls 

called a modulus. The .odul1aust not have co.on factors; that 18. 

the moduli 8l8t be relatively prille. 'lbe idea i. to have .evera1 

lIloduli IIlIt 112 ••••• lIr and to work indirectly with re.idues 

x aod 1Il1 •. x .ad ~ ••••• x mod -r inetead of directly with the 

number x. We will use the following notation for the residues: 

Xl • X .ad 1Il1. x2'- X mod a2 •• • • • Xr • x .,d -r 

We may reaard (xl. x2 ••••• Xr) a. a new type of internal 

computer representation. a .odular representation of th. inteBer x • 

. The residue oi X .od lit 18 the least positive iateger 

. raainder of the division of x by lit. Where x 18 the IlUIIber to be 

conve' "ted and ~ 18 the modulus. The range N is defined as the 

produc: of the moduli. Only between 0 and N - 1 .re the results of 

the arithmetic operation unique. In the following e.aplea the 

aodull '!:ho.en are S. 7. and 8. Therefore. Ie • 280 and the Dnge . 

6 



before overflow is frum 0 to 279. I If the slgn 1s represented 

implicitly, then the range becomes -140 to 139. 

The advantages of a modulus repres,ntation are that 

addition, subtraction, and multiplication a~e very simple to 

implement. The amount of time required to ,dd, subtract, or 

multiply ~-digit numbers i8 eS8en,1811y proportional to n (not 

counting the time to convert ina4d out of ~dular 

representation) •. This is a cons14erable adPantage with respect to 

multiplication, since the conventtonal methpd requires an execution 

time proportional to n2 for repeated additlpn and shifting. 

In addition, as pointed eft by Knufh (1969) ,. on a computer 

designed to allow many operations Ito take p~ce .imulta~~ously, 

modular arithmetic can be a Significant adlntage even for addition 

and subtractiol\. The operat.ions 1th respe t to different moduli 

can all be done at the same time, which resrlts in a substantial 

savings 1n execution time. The same kind o~ decrease in execution 

time could not be achieved by contentional ~n8, 8ince carry 

propagation must be considered. comment ~y Knuth i8 particularly 

interesting: 

7 
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Perhaps some day highly parallel computers. will make 

simultaneous operations coamonplace, 80 that modular 

adthmetic will be of significant importance in "real-time" 

calcula tions when a ~uiek answer to a single problem 

requiring high preCision is needed. CWithhighly parallel 

computers. it is often preferable to run It separate 

programs simultaneously, instead of running a single 

program It times 'asf.st" since the latter alternative is 

more complicated but does not utilize the _chine any more 

efficiently;. "real-time" calculatioDS are exceptions which 

make inherent parallelism of modular arithmetic more 

significant. ) 

The disadvantages of a modular representation are that it 

is comparatively difficult to test whether a number i8 positive or 

nesative or to test whether or not (ul ••••• ur) is greater than 

(vlt ••• ,vr)' It is also difficult to· test whether or not 

overflow has occurred as the reSUlt of an addition, subtraction, or 

multiplication, and it is even more difficult to perform division. 

When these operations are required frequently in conjunction with 

addition, subtraction, and Dlltipl1cation. the use of modular 

arithmetic can be justified only if fast means of conversion into 

and out of the modular representation are available. 

8 
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2.1.1 Residue Addition 

Modul 5 7 8 

19 + 4 5 3 
87 + +2 +3 +7 

106 + 1 1 2 

R~ 2.1. Residue addition. 

In. the example shown in F1ao 2.1, 191is convert.ed to 4 5 3 

in the residue system. The 4 is thd residue of 19 mod 5. In other 

words, 4 is the least positive integer remainder of the division of 

19 ~ 5. Similarly,S results from~dulus 7~ and 3 from modulus 8. 

Eighty-seven is translated in a si~larmannet.Each column is 

independently added, and the sum i8 lexpressedlas a residue of the 

associated modulus. In the first cdluma, 4 +12 • 6, but this is a 

1 for modulus 5. The other columns ~reprocessed in a similar 

manner. The. result 1 1 2 means t~lthe actjl result. when divided 

by 5, gives a remainder of 1; when vided ~ 7, a remainder of 1; 

and when divided by 8, a remainder 2. The e clues uniquely 

determine the number within the r.an~ of 0 to 1279. As·a quick 

check. the actual answer can be conv!ert,(' into residues to see if 

the digits correspond. 

9 
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2.1.2 Residue Subtraction 

Moduli 578 

106 + 1 1 2 
- 99 + 4 1 3 + +1 +6 +5 

7 + 207 

Plture 2.2. Residue subtraction. 

In the example 8hown in Fig. 2.2, the 8ubtrahend is first 

converted into residues. and each residue digit i8 then complemented 

with respect to itlpartieular modulus. 5 re8ulting in a 1. The 

other residues are complemented in a similar aanner. The rest of 

the example proceeds a8 with addition. 

2.1.3 .!!!ldue Multiplication 

Moduli 5 7 8 

11 + 1 4 3 
xl2 + x 2 x 5x 4 -22 
+11 
ill + 2 6 4 

fl8ure 2.3. Residue multipUcation. 

10 



In, the e18mple shown in 180 2.3, fe multiplier and 

multiplicand are converted into re idues. e product of each 

column is expressed as a residue th respe t to the corresponding 

modulus. 

2.1.4 Modular Multi licative In erae and Residue Division 

The III1ltipl1ce.tive invers , MINV t f a number A for a 

modulus m is the smallest positive number 8 

A*MINV - 1 mod m. 

Division can be performedl~ multiRlying the dividend ~ 

the mUltiplicative inverse of the . 

works when the division 1s exact ,to remainder) and when the divisor 

1s not a multiple of any of the m~uli. 
multiply, subtract, and,test proceIure, 

is quite awkward since the test re uires a Jtxedradix conversion 

(Szabo and tanaba, 1967). 

2.1.5 Conversion Usin2 Chinese IemUnder 1l'h!2!!!!, 

with a procedure 

applied to these particular moduli 

results: 

1 

to a decimal number 

er·Theor.a. When 

ing conversion formula 



mod (56*15 + 120'~ + 10S*ltS' 2S0) 

where MOD(A, B) is the least positive remainder of A divided by B, 

and ItS, 1t7, and ItS are the respective residue digits. The result of 

the addition, 1 1 2, converts to 106 in deciual. If the sign ~s 

represented implicitly, then 

If X > 139, then X 1s re~laced by X - 280. 

2.1.6 Evaluation of Polynomials by Table Look-up 

2 
P(X) • X X + 1 

Res1due Moduli 5 7 S 

0 ••••••••• 1 1 1 
1 ••••••••• + 1 1 1 
2 ••••••••• 3 3 3 
3 ••••••••• 2 0 + 7 
4 ••••••••• 3 + 6 5 
5 ••••••••• 0 5 
6 ••••••••• 3 7 
1 ••••••••• 3 

flaure 2.4. Polynomlal transforms by table look-up. 

12 
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I 
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. 
Ta bles like tba t shown in F ~g. ,2.4 cc n be constructed to 

I 

perform integer polynom:J.a1 transform •• ;The tE bles for the transform . 
X2 - X + 1 are shown. To perform a ~ransform a number is first 

encoded into residues, and then each residue « igit is used to index 

the appropriate table. If X is 11, ~hen this is 1 4 3 in 

residues. The first digit is used t p index t) e leftmost table. The 

result (noted by the arrow in Fig. 2 ,,4) 1s 1. The rest of the 
: 

digits are translated 1n a similar 11 IInner. TI eresult, noted by the 

arrows, is 1 6 7, which, upon USing Fhe convel sion formula, Is 111. 

2.1.7 Residue to K1xed Radix Conv I!rsion 

Moduli S 7 8 

ao + 1 6 7 
- 1 - 1 - 1 
0' IS 6 

x 3 x 5 
al + 1 6" 

- 1 - 1 
0 5 

a2 + x 7 
3 

• 
fJCure 2.5. Residue to mixed radix conversion. 

. 

13 
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The conversJ~n from residues <to a mixed tadix number system 

is siapler than the technique basEd on the Chinese Remainder 

Theorem. This conversion. as shown in Fig. 2.5, can be performed 

with residue arithqetic. It is based on Euclid's base conversion 

algorithm and involves a caet-off and divide procedure. 

The operations 111 the mixed rad~x conversion can be 

performed by polynomial ~·tausforms of the fom P(X~ y) - (X-Y) X"" 

where X 1s a modular result. Y is the modular result to be 

subtracted, and C ia the III1ltipl1eat1ve inverse indicated below. 

If che reSidue number to be converted is I 6 7. then I 1 1 

would be subtracted from this to give 0 5 6. The 0 indicates that 

thia number, i.e •• the weighting factor of ao' is esactIy divisible· 

by S. Rather than dividing ~ 5. the remaining modular results are 

multiplied by the .multiplicative inverse of 5 for each of the 

remaining .~duli. lb. modulus 7 digit , 1s multiplied ~ 3, Wh1~~ 

is the multiplicative inverse of 5 for modulus 7 since 

HOD(5*3,7) • 1. Similerly, 6 1s multiplied ~ 5. The result is 

I 6. I 1 il subtracted from this to give 0 5. To divide this by 7, 

the 5 ia multiplied ~ 7 which 1s the multiplicative inverse of 7 

for modulus 8. 
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The numbers 3. I, and 1 2. a1. a!d ao) which were 

subtracted are the coefficients 0 the numb r in a mixed radix 

number system. The weighting fact t i8~octated with each 

coefficient is the product of 1 an all ~he [previously zeroed 

moduli. In this case, 

. X· 1*5*7*"2 ~ t*S*a'l + 11*a 0 

Thus ttl&. residue number 1 6' 7 i8 epdvalent Ito 3. 1, 1 in II1xed 

radix, wllich is equal to 3*35 +.5*k+ 1 • HI in deci_l .. 

If the &i8n is represente, 1.plici~ly, then 

If 82 > 3, then X illreplaeed Iby X - 280. 

2.2 Table Look-up Method for ~d~r Arj!thmetic 

In table look-up arithmet!c the b1nrry representation of 

the two numbers Xi and Yi which ar. to be ad~ed, "Iubtracted. or 

multiplied are used a8 add'resles t. a random! acce.s Ulemory (RAM. 

ROM. ete.). and the word read fromJthe, selec~ed addre8s if.' the SUID, 

difference, or product.. For elamp e. to addl 2 nuabera of four bit., 

each will require 8 address lines Ed ~.ill then addrea. one of 28 

words in the Ulemory. Each word Wi 1 ~ed tolba of 4 bits (5 if 8 

carry bit is needed). F1g. 2.6 ah this oDeration 

1 
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diaara.atically. A multiplier i. e88enttally the .. me except that 

for ordiuary binary arithmetic: the product can be a8 larea as 

8 bits. 

Memories of thi8 .ize are readily available and operate at 

addre'8 to output delaY8 les8 than SO aaec. On the other hand, if 

16-bit b!uary aritbmetic: .i8 de8ired, the ae.ory require8 32 address 

line. and 32-bit word. to represent the product of 16-bit binary 

numbers. The multiplier in thi8 ca.e would require 232 x 32 • 231 

bit8 of -9lOry (2 1~4 x lOll bit8). This would 'be totally 

unfea8ible at the pre.ent time. Thu8, for ordinary binary 

arithaetic:, table look-up method. can rarely 'be u.ed. 

1024-&1 
Memory 

Xc 

'/'WordS 

Y. 

""4 ,I 

5 8ds per Word 

1'S 

z ... x.=y. 

FI.urc 2.&. Adder or subtractor 

16 

2048·81t 
Memcxy 

It y. ~ Number of 8It8 

% 4/' RequIred ..1'4 

2'Words 
8 BIts per Word 

i8 

~ '" Ity. 

FI,urc 2.6b. Mt.dUpller 



On the other hand, using dUla. r relresentation of numbers, 

table look-up methods become quite ttlactiv. In this case, 

arithmetic is done independently fo each of 1 the moduli, and numbers 

Within the moduli can be represente by bina~ codes of less than 

about 7 or 8 bits. For example, a dular p~ocessor might use 

moduii of decimal values Xi • 101, ~03, 107, 1109, 113, 127, each of 

which can be represented by 7-bit ~nar,y num~ers. The range of 
: 

numbers represented by the moduli 1~8ted above is 

r 
R - n Xi ~ 1.Vx 1012 

I-I 

Alternatively suitable selections of moduli _epresentable by 6-bit 

and S-bit binar,y coding are 

6 bit 

5 bit 

FI .... 2.7. Six and five bit coding. 

"t - 64.161J 59. ~7. 53. 49 

Range - ft x.i III 3.~ x 10
10 

i~l . 

Xi - 32,129, 27, ~, 23, 19 

i L 8 
Ranse -.11 111 .. 1 III 2.11 X 10 

i.l 

l' 

t 



If an increased range a must be represented, these S- and 6-bit 

moduli seta, can be increased to a large number of moduli. 

Direct table look-up addition, subtraction, and 

aultiplication using ~odular nu.bers representable by 5-, 6-, and 

7-bit binary codes require table look-up aeaories of 

5-bit codes, .emory • 210 x 5 bits, range • 2.7 x 108 

6-bit codes, memory • 212 x 6 bits, range • 3.4 x 1010 

7-bit codes, memory. 214 x 7 bits, range .'1.1 x 1012 

In the United States (and Japan), j- and 6-bit arithmetic is readily 

feasible using existing ROMs, PROHa, and lWfs~ Seven-bit 

implementations are still possible but somewhat more difficult with 

available LSI chips. VLSI is, of course, rapidly givinS increased 

Mllory .• iaa8 which will ease the memory size problem. Soviet 

authors write that modular arithmetic aakes table methods very 

attractive and, in particular, are partial to ··optical holographic" 

digital' memories for use in modular aritn-tic cOliputers. 

~shsk1y (1968 & 1970) observes that the'table for 

multiplication can be reduced in 8ize ~ exploiting the 8ymmetries 

that occur. Por example, he notes that the occurrence of zero for 

either operand ui or ai with resultant zero output can be detected 

18 
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sepatately and that a renumbering o. the reaa~nins tables can be 

presented as shown in Pig. 2.8. 

a
i 

6 5 
1 2 

6 1 1 2 
8
i 

5 2 2 4 
4 3 3 . '6 

Pi ... 2.8. Reduced muitipUcation table for ~ulo 1 multi~cation. 

This modification reduces the tablellook up ~ze by a factor of 4, 

as illustrated in Pig_ 2.'8. He a18+ sUlgestsl that an additional 

factor of 2 can be achieved by expl+iting thel symmetries that occur 

about the principle diagonals of th4 multiP11~tion table,. 

Akushskiy also obee, .. ~~ th:! t fpl.:' ... dd~ ': ':""0. a different 

approach involving a type o' nterna,y" ~ncod1~8 of the bits of ai· 

and 8i are the binary enc~:":g of ihe IIOdula~ numbers_ He finds 

that instead of 22n table \.trt~s f4r n bit ~mbers, the number of 

table entries can be reduce~ to less than 3n• 

19 



In order to use the table size reduction techniques for 

both multiplication and addition, a special encoding is described 

which facilitates the addressing of the reduced look-up tables. 

This encoding i8 illustrated below for modulo 7 encoding: 

Digit 

1 
2 
3 

" 
o 
o 
o 

(I' 
i 

01 
10 
11 

Digit 

4 
5 
6 

" 
1 
1 
1 

(Ii 

11 
10 
01 

Recovery of the normal binary weighted code can be achieved 

by inverting the digits of (Ii when " • 1 and adding an appropriately 

weighted number. The weight of "is 

G • P + l' n-l 
v i - 2 

In our exaaple, since Pi • 7 (.adulu8 1) and n • 3 for 3-bit binary, 

3-1 
G • 1 + 1 - 2 • 4 v 

Therefore, binary 4 i8 added to the inverted bits of a
i 

for those 

table entries in which " • 1. 
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digit 4 

Thus, digit 5 

digit 6 

v • 1, CI;t • 11. 

\.! • I. ai 
• 1iO. 

\.! • I. a • 01. i 

-----.--- ---- ---

be'j0m8S binary 100 

be omes binary 101 

be omes binary 110 

As a result of the spedal coding. lit is easy -to address 

the reduced multiplication table i taible lqok-up operations. It is 

also easy to convert to normal binfry ,coded ~umbers for use in 

implementing addition or subtract1~m •. Much lemphasis is "iven in 

Soviet writing on tbe suitability.f table ~qOk-up methods for doing 

modular arithmetic whic;h suggests ~hat a lOll of work has been done 

to improve the hardware implementation aspedts. 

Akushskiy also discusses [tbOdS fqr implementation of 

modular addition and multiplicatio using ,mqd1f1caUons of ordinary 

binary adders. In this method. th 1IIOdular Inumbers are first added 

as in normal binary, and then a correction ~erm 1s added to tbe 

result. The correction term when peeded is Iconditional. based on 

tbe overflow bit from tbe bina~ afdet. On~ modular adders for the 

necessary moduli are available. repeated ad~tion and correction 

operations will yield the modular products. I It is difficult to tell 

whether this method has been t.Pletent~d in Ithe Soviet hardware. but 

it appears very interesting for 1m.lementat~n of modular arithmetic 

in '1SI. 
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Two other methods for reducing the size of tables needed in 

modular arithmetic units are discussed by Soviet authors. In one 

case, a so-called two-stage system is proposed in which, for 

example, if arithmetic modulo 127 is needed it can be carried 

through arithmetic using several smaller mOduli; that is, moduli 

5, 7, 8 would be .uf~icient for addition of numbers modulo 127, 

since the largest value of the sum would be (2 Pi - 2) • 252 and the 

range of a system modulo 5, 7, 8 is 5 x 7 x 8 • 280. If 

multiplies tion 18 necessary ~ the IIIlximum range is 

(Pi~I)2 • (126)2 • 15,876 and it is therefore necessary to include 

more moduli for the second level; that is, mdul1 5, 7, 8, 9, 11 

which would give a range of 5 x 7 x 8 x 9 x 11 • ~/, 720. This 

method for reduction of table s1ze for table look-up hardware looks 

very efficient from the table-size point of view, lince it reduces 

the required memory Size by orders of agnitude. However, between 

each add or multiply it is necessary to correct the set of residues 

in the second level of moduli. . This prob1elll is discussed by 

Ahushkiy, but details of the implementation are not understood (by 

the authors of this report) at present •. 
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, 

Address Coni Addr ss Coni Address COni 

00000o lOGO OJOte 2 _11 
101010 SDU 

... 

000001 1000 01013 D XlOl 1010U lIDOl 
000010 1000 01013 XIXX 101100 1110 
000011 XOOO 01101] I) XDOO 101101 XiOO 
000100 1000 OUOC1 lIu 101110 ID10 
000101 XOOO 01101 D 1110 101111 XXXX 
oooUO XOOO 01101 1110 110000 lIIIOO 
000111 XXXX DUll! D XiOl UOOOI IUO 
001000 XDOO 01UC ~ _1 110010 XiOl 
001001 1001 .OUU ~ liOO nOOll XlOO 
DOl0l0 1010 011~~ XlIX U0100 _11 
DOl0U IOU = ~ IlOO 110101 1010 
001100 XiOO lioo uono IDOl 
OOUOI 1101 10001 P JODI lion 1 xxxx 
001110 IUD 10001 

.' XlOI 
111000 xxxx 

OOUll XXXX lOOlC ~ 1010 
" lUOOI XICICX 

010000 xooo l001C • 1110 lU010 XXXX 
010001' 1010 10011 P IUn lUOU xxxx 
010010 1100 lOOn 

~= 
llUOO IXXX 

010011 IUD 101eX IU101 IXXX 
010100 1001 IDlac ~ 1101 1l1UO xxxx 

111111 IXD 

Table 2.h Modulus 7 Multiplication 

Address Coni Addr ss Coni Address ConI 

DOOOOO XOOO OIOlC XDOO 101010 XDGO 
000001 1001 01011 I) IDOl 1010U IDOl 
000010 1010 01011 XXXX 101100 1010 
DOOOll 1011 01101! ~ lin 101101 ID11 
ooolOD 1100 01100 1100 IOU10 XiOO 
ODOlol 1101 onOl > 1101 101111 IXXX 
ODOUO Ino onOl Xil0 110000 XlIO, 
OOOUI XXXX OU10 ) JIDOO uoooJ 1IlOO 
001000 1001 01110 XDOI 110010 lIDOl 
001001 XlIO 01121 ) 11)10 110011 IDIO 
001010 IOU OUI1 XXXX U0100 .11 
001011 1100 l00DC ~ XiOO U010l 1100 
001100 Xl01 10000 laOl uono XlOI 
OOUOI Xuo 10001 > XUO U01l1 XXXX 
001110 XDOD 10001 XDDO 11IOOD xxxx 
001111 XXXX 100UI ~ IdOl 111001 XXIX 
010000 1010 10010 1010 111010 XXXX 
010001 1011 !loon xou 111011 XXIX 
010010 Xl00 10011 XXXX UI100 XXIX 
010011 1101 10100 XlOl I1UOI XXIX 
01oJOO IUD IOIOCi 1110 IUIlO XXIX 

I nUll XXIX 

l 
Table 2.2: Modulus 7 Addition 
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3.0 FaRTHER DEVELOPMENTS IN RESIDUEARITHHETIC 

The lurpose of this section is to develop a background in 

the mathematics relevant to residue ~rithmetic and its application 

to computers. 

3.1 Residue Arithme~ 

As typically proposed. one selects a large list of distinct 

prime numbers Pl' P2 ••• '. J pt. and in ,order to add or multiply 

two integers. one adds or multiplies their respective residues 

modulo each of those primes to get the description in terms of 

residue classes of the sum or product (for details see section 

2.0). The latter uniquely characterizes the sum or product. up to 

the ambiguity of adding an integral multiple of p. Pl' P2' ••• , 

Pk' If P is adequately large, there is no particular difficulty 

at this juncture. If there are a very large number of arithmetic 

operations, then any ambiguity can be awkward and haa to be resolved 

by some internal procedure sensitive to overflow. 

If, in advance. we bave a rough idea of the IIIIlgnitude of 

the end quantity we are seeking. the overflow in the course of a 

computation is no problem at all-it all comes out in the wash at 

the end. So for ordinary arithmetic, where there is no concern 
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about overflow, residue arithmetic s a perfe tly satisfactory 

procedure. 

By ordinary arithmetic, we mean addi 10n and 

aultiplication. As for subtraction it is ju t multiplication by -1 

followed by addition. Division, in general, s not easily possible, 

and questions about the relative ma nitude of two numbers are quite 
! 

difficult to handle when the number ara desc ibed by their residue 

classes. There is a scheme to hand e this, w thin. the capacity of a 

computer, that does only residue ar tblaetic, lled "conversion to . 

mixed radix system" (see section 2. & Tanaba, 1967). 

This conversion is relatively costl of hardware 

implementation, but with its availa ility, ge eral division, 

scaling, and overflow detection 

Western computing has up being driven 

largely by a fixation with dean arithmetic. 

Given the enormous strides in chip nd relate technologies, it will 

probably persist in these" direction , largel because of the capital 

investment already in place •. While th~re has been a substantial 

theoretical investigation (Knuth, 1 69)[ of t principles of modular 
i 

arithmetic a& applicable to compute design, decisions not to go 

down that avenue were probably inev table a time ago 

(Nussbaumer, 1981). 
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This is by no means to suggest that a tec~nologically 

informed society, starting out afresh on the problems of computer 

design and conversant with the principles of residue arithmetic, 

might not succeed in overcoming some of the serious problems 

attendant on its use, and develop in whole or in part, a perfectly 

'. acceptable format for computation along these altogether different 

lines. 

Residue arithmetic does have some. aepects which are 

pecul14r to its setting. These ap~ear to be the object of 

significant investigation by the Soviets, and in the rellllinder of 

this section we will attempt to descri~ what we think they are up 

to, with the appropriate mathelllltical underpinnings. 

3.2 Application of Residue Arithmetic to Complex Numbers 

One of the Soviets' aajor concerns seems to be the 

applicability of the ideas of residue arithmetic to complex 

numbers. With ordinary reSidue arithmetic in band, one can, of 

course, carry out residue arithmetic on complex numbers simply by 

treating the real and illllginary parts separately, a8 we 

conventionally do. There is, however, a much better way of 

proceeding which enables us to resard the complex number as a single 

entity, rather than _de up of real and i_ginary parts. This other 

way depends on the theory of factorization of complex "integers," 
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developed long ago by Gauss (MacLan!, 1980) Ii nd perhaps not as well 

known in the computer community as t should be. 

The objects with which we .hall be (ealing are the Gaussian 

integers m + ni, where m and n are )rd1nary ntegers and i 2 • -l~ 

The theory of factoriza tion of Gaus ~ian intel ers parallels, in the 

min, the corresponding , statements orordine ry integers. Thus, 

every Gaussian integer lillY be factor-edunlqu~ 1y into a product of 

Gaussian primes, up to the ambiguit of the (faussian units, .1, :l:i. 

And if a Ga usda n integer is di vis! ~le by twc rea ti vely prime, 

~.e., having no ,common factor, GauSiian intel ers, it is divisible by 

their product. Some Gaussian integ ~rs ,and tl ell' residue 

representations a,rel1sted in 'l'able 4.1 of Sf! ction 4.0 below. 

The first question, then, 8 ~hat ale the Gaussian 

primes? They are described as folbws:, 

(1) A rational prime p of the form 4n + 3 is also a 

Gaussian prime. 

(2) A rational prime p of the form4n + 1 factors 

p • (a + bi)(a - bOt and .. + bi and a - bi are 

distinct Gaueda 'primes Ilot differing by 

multiplication 0 a Gaussian un1t. Note that 

(b + at) • (a - 1)1,. 80 t + ai differs from 

I ' 
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a - bi by only a unit multiplication. We note, 

for e~ample, that 5 • (2 + i)(2 - i). 

(3) The rational prime 2 splits, 2 - (l + i)(1 - i), 

but (1 - i) • (1 + i)i, so we get only one new 

Gaussian prime, 1 + i. 

This completes the descriptio~ of Gaussian primes. A list of some 

Gaussian primes is glven in table 4.2 in section 4.0 below. 

For a rational prime, say 7, the residue classes are 

typically described by 0, 1, 2, ••• ,6. What then, is a 

description of the residue classes for a Gaussian prime? For a 

Gaussian prime that is an ordinary prime of the form p - 4n + 3, 

there are p2 residue classes, one for each choice of the residue 

class of real and i_ginary parts. Multiplication of residue 

classes then involves the usual separation into real and 1magina.ry 

parts, With the attendant extra hardware for computer 

implellentttion. 

For a Gaussian prime of the form a + ib, where a2 + b2 - p, 

an ordinary prime of the form 4n + 1, the residue classes are easily 

seen to be described by the numbers 0, 1, 2, • • • , p - 1, with 

addition and lIultiplication of residue classes takes modulo p as for 

the ususl real residue arithmetic described in section 2.0. The 
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i, 

residue classes for the prime a - i me, so the same 

tables used for arithmetic look-up d (a + i ) suffice for look-up 

mod (a - ib). The pairing of the mea a + b and a - ib has 

several advantages beyond the one t noted. If we know, for 

example, the residues of the Gauss integer (m + in) modulo both 

of a'+ ib and a - ib, then we automa ieally k Ow the residues of 

(m - in), the complex conjugate. ce;,we ow the residues of 2m 

and 2n, as well as the reSidue of m + a2• Ad itionally. if'we know 

~he residues of 2m and 2n, we ean f d easily the residue of m and 

11, the real a,nd imaginary parts. 

3.3 1m lementation of Residue itbmetic Usin 

Actual implementation of r hmetic for complex 

numbers m1gh~ be achieved as follow. Pick a suitably large set of 

rational primes PI, P2. • • • • PIt. ll,cong ent to 1 modulo 4. 

Set P • PI, P2, • • • • (av + i y)(ay - ibv)' We will 

carry out residue arithmetic with t stt of u8sian'primes 

ay + iby and ay - 1by • For a gi integer it is 

relatively straightforward to find for each of the 

Gaussian primes in our cedure 1 as follows. Giyen a 

Gaussian prime a + ib, let a-I deno 

p • a2 + b2 • Then the residue of 

residue modulo p of m + a-Ibn, 

tie iny rse of "a It modulo 

+; tn mod 10 a + ib is the 

Gaussian integer lying in the 

square centere~ at the origin of sid P - 1 i uniquely identified 
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by its residue modulo each of the Gaussian primes,in our list. P 

must be suitably large enough so that overflow into adjacent boxes 

is not a problem. It is worth noting, however, that if the answer 

we seek is known, in advance, to l1e in the square above, then 

overflow in the course of a long computation does not affect the 

validity of the answer. With the residues of (m + in) all known, 

there is a Chinese Remainder Theorem enabling us to compute (m + 

in), but this calculation :::lust be carried out in Archimedean 

arithmetic. However, bf using the device known as the mixed radix 

representation, a large part of the calculation can be performed on 

the residue arithmetic computer (see section 2.1.7). 

It is not as well known as it should 'be that the Mchant.me 

of circular convolution and fast Fourier transform can be carried 

out at the level of residue arithmetic. The available literature, 

such as· Nussbaumer (1981), seems to suggest that these devices are 

exploitable only for very special choices of primes and length of 

circle. The truth of the matter is, however, that these 

computational ploys Illy be exploited 'dth only mUd restrictions for 

arbitrary primes and Circles, both for real' aud complex residue 

arithmetic. This fact strongly aUIgests the broad applicability of . . 

residue arithmetic to signal processing. 
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.3.4 Further Comments on Redu in the S ze of Look-u 18bles 

The Soviet literature al 

carrying out 

of residues modulo a collection 0 

particularly effective in reduct 

Introdu es a clever device for 

c 1Il0dulo a la rge prime in terms 

Their device is 

ble sizes if one is 

concerned only with addition. . In priAciple the device also works 

for multiplication, but we have n a really substantial 

savings in table look-up size can be reallz d in this case (see 

section 2.0). We do want to note that the device for 

real residue addition works equal complex residue 

addition. 

Perhaps because Soviets the problem with 

1Ilultiplication, or perhap~ becaus th,y are exploring all 

possibilities, they have describe an alter tive procedure for 

saving memory space in case of su iplicati n, which we now 

consider. The basic idea is simp that ev n in residue arithmetic 

there <is a satisfactory notion of oaarithm Let p be an ordinary 

prime. For our purposes, we firs 

procedure for labeling zero, and 

class by zero. This is, after al 

concentrate on sultiplication of 

p. The essential fact is that 

form a cyclic group. That is, 

1 

suppose e have a satisfactory 

ina suIt plication of a reSidue 

no grea task. So we will 

o non-ze 0 reSidue classes modulo 

not-zero residue classes modulo p 

e 1s a r sidue a (not unique) 



luch that every residue class is uniquely of the form ak for some 

integer k, 0 , k , p - 1. a shall be picked once and for all for 

the prime p and then every non-zero residue class is uniquely 

labeled by its logarithm k. If one residue has a logarithm k 

and a second k' then their product has logarithm 

k + k' (mod P - 1). Multiplication is thus reduced to addition 

modulo p - 1. And the addition can be ~ndled by factoring p - 1 

into relatively prime factors and adding up residues modulo each of 

these factors. If some of the factors are large, whlch would 

require a large look-up table, then the second-stage residue device 

alluded to earlier can additionally be applied. 

The procedure for multiplying described just above works 

equally well for complex residue arithmetic and, in fact, glves us 

lome additional freedom we did not have previously. Let p be a 

ordinary prime of form 4n + 1. Then p factors p • (a + ib)(a - ib), 

and the residue classes of Gaussian integers modulo (a + ib) may be 

selected as residue classes of integers modulo p; that i. 0, 1, 2, 

••• t P - 1. Then a8 was the case for real residue a.~thmetic, 

the non-zero re81clues have a logarithm. and asltipl1cati : i8 

reduced to addition modulo p - 1. 

But additionally. if p is an ordinary prime of form 4n + 3, 

then p is a Gaussian pri .. ; and the residue classes modulo p fall 

32 



I 
! 

into p2 classes, the residues sepa ately of real and imaginary 

part. If we throw away zero, the emaining p2 - 1 residue classes 

form a cyclic group, so there is a residue class a (of Gaussian 

integers) modulo p so that every n n-zero residue class is uniquely 

of form J:., 0 < k < p2 - 1, k lOW playit g the role of 

10aarithm. The log of ~ product i tbe sum of the logs modulo 

p2 _ 1 , so multiplication is redu ed to,adcition modulo p2 - 1 • 

Moreover, the use of logarithms do s not re~uire us to multiply by 

considering the real and imaginary parts seliarately. Hence, from 

this point of view, primes of the orm 4n + 3 are just as good as 

primes of the form 4n + 1, and for tbe former type, a large number 

of factors of p2 ... 1 might make tb m especia 11)' desirable. 

3 
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4.0 USE OF GAUSSIAN RESIDr .RITBHETIC 

4.1 Introduction 

It is not difficult to find residues of 8 given GauBs1an 

integer (m + ni) for each Gauss1an prime (a + bi). Let the residue 

be x. and let the symbol % represent "1IOc1ulo. If Nov 

x • (m + nil % (a + bi) is the de.ired result. Thus, 

x(a - bi) • (m + ni)(a - bi) % (8 + bi)(a - bi) 

xa - xbi • [(a. + bn) + (an - bII)i] % p 

where p • a2 + b2• Let a-Ia % p • I, that iB, .-1 la the 

multiplicative inveree of a, taken module p. Then 

xaa-I • x • (aa-1• • a-Ibn) % p. or x • (a + :a-Ibn) % p. For any 

given p and particular choice of root, a-Ib ia, of course, unique, 

so it .y be delignated a8 a-1b • t; (and for the other root, let 

k; • a-1b) •• 0 tbat x • (a + k;n) % p. Converalon fro. the 

Gau8sian number. to their re.idue repre.entation 18 therefore very 

al.ple. For exa.ple. we ccapute (1 + 21) % (3 + 2i): 
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then 

--.. ----I~--" -----t------------------

a • 3 

b • 2 

p • 13 . 
a-I • 9 (since 3.9 % 13 • 2' % 13 • 1) 

kt3 • 9.2 % 13 • U % 13 • 5 and ki3· 8 

x+. (m + 5n)% 13 and .x- • (m + 8n) % 13 

x+ • (1 + 10) % 13 • 11: and x-· (1 + 16) % 13 • 4 

x+ .. 11 i nd . x- • 4 

The conversion from Gaussian resiclue to GaUJs1an integer form is 

accomplished in the ususl way usb g tbe Chi lese lemainder Theorem or 

via a mixed radix represents tion. It is lDIl h IDOre difficult t~18n 

the conversion into residue form l~ee!sect1 n 2.0). 

4.2 Example of Gaussian Resicllue ArUhm tic 

To illustrate Gaussian rE8id,e ari bmetic, consider 

representing Gaussian integers in ~e8idues ~odul0 (2 + 1), (2 - i), 

(3 + 2i), and (3 - 2i). The conversion i8 11uatrated in 

Table 4.1. It is derived as desczibed abov~. Now using the table, 

addition 1s demonstrated. 

; 



TABLE 4.1 

Residue Representation of Gaussian Integers 

Gaussian Residue Representation 
Gaussian Integers p • 5 p - 13 
(real + illlag 1) %(2 + i) %(2 - 1) %(3 + 21) %(3 - 21) 

m + nl (m ~ 3n)%5 (m + 2n)%5 (m + 5n)%13 (m + 8n)%13 

o + 01 0 0 0 0 
o + 11 3 2 5 8 

+ o + 21 1 4 10 3 
o + 31 4 1 2 11 
o + 41 2 3 ·7 6 
o + 51 0 0 12 1 
o + 61 3 2 4 9 
o + 71 1 4 9 4 
o + 81 4 1 1 12 
o + 91 2 3 6 7 
o + 101 0 0 11 2 
0+111 3 2 3 10 
o + 121 1 4 8 5 
o - 121 4 1 5 8 
o - 111 2 3 10 3 
o - 101 0 0 2 11 
o - 91 3 2 7 6 
o - 81 1 4 12 1 
o - 7i 4 1 4 9 
o - 61 2 3 9 4 
o - 51 0 0 1 12 
o - 41 3 2 6 7 
o - 3i 1 4 11 2· 
o - 2i 4 1 3 10 
o - 11 2 3 8 5 
1 + 01 1 1 1 1 

+ 1 + 11 4' 3. 6 9 
+ 1 + 21 2 0 11 4 

• 
• 
• 

-3 -21 1 3 0 7 
-3 - 1 4 0 5 2 
-2 Oi 3 3 11 11 

+ -2 +11 1 0 3 6 
-2 +2i 4 2 . 8 1 

• 
• 
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TABLE 4.1 (Cont'd) 

. 
Ga us sia ~ Residue Re presen ta t ion 

Gaussian Integers p - 5 P -= 13 
(real + 1mag i) %(2 + 1) X( - 1) %(3 + 21) %(3 - 21) 

m + n1 (m + 3n)%5 (m 2n)%5 (~ + 5n)%13 (m + 8n)%13 

-2 -21 2 4 1 8 
-2 -Ii 0 1· 6 3 
-1 01 .4 4 12 12 
-1 11 2 1 4 7 
-1 21 0 3 9 2 

+ -1 31 3 0 1 10 
• 
• ..... - ..... -

-1 -21 3 0 2 9 
-1 -11 1 2 7 4 

Gaussian Rest ~ueAddtt on: 

Module (2 + i') (2 -1) (3 + 21) (3 - 21) 

( 1 + 21) + 2 ~ 11 4 

+ (-2 + 1) + 1 -+~ +3 +6 

• (-1 + 31) + 3 0 1 10 

• %5 %13 

Similarly, a multiplication exampl is illus~rated below: 

3 ' i . 
I 

1 



- -- -_ .. _--------------------

Module (2 + i) (2 - i) ~3 + 2i~ P - 2i) 
0+ i) + 4 3 6 9 

x (1 + i) + x4 x3 x6 x9 

• (0 + 21) + 1 4 10 3 
aa::Yi_ .. _ .... --

%5 %13 

Assume we wish the residue of the aaanitude squared of a Gaus.lan 

integer: 

Module (2 + i) (2 - i) (3 + 2i) (3 - 2i) 

(1 + i) 

x (1 - i) 

• (2 + 01) 

+ 

+ 

+ 

4 

x3 

2 

3 

x4 

2 

6 

x9 

x2 

9 

x6 
x2 

Note that since we know .. priori that the i_ghary part is zero. we 

need only do one of the indicated modular multiplications since the 

results will be identiealfor all the modular aultipl1eations. 

In a similar aanner. extracting the real or imaginary parts 

is a straightforward task: 

(1 + i) 

+(-1 + i) 

(0 + 2i) 

+ 

+ 

+ 

4 

2 

1 

Multiplying by (2i)-1 + (1, 4, 4, 9), 
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3 

1 

4 

6 

4 

10 

9 

7 

3 



(0 + 2i) 

x (0 + 2i)-1 

(1 + Oi) 

1 

xl 

1 

produces the desired imaginary part. 

I 

1 

10 

x4 

1 

3 

x7 

1 

Archimedean and Gaussian primes up to 149 are listed in 

Table 4.2. 

9 .. 
I 
i 
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Arehimedean Primes 

1 
2 
3 
5 
7 

11 
13 
17 
19 
23 
29 
31 
37 
41. 
43 
47 
53 
59 
61 
61 
11 
13 
79 
83 
89 
91 

101 
103 
109 
113 
121 
131 
131 
139 
149 

TABLE 4.2 

Gaussian Pr1mes Less Than 150 

(1) 

(3) 
(2 + i) 

(1) 
(11) 

(3 + 2i) 
(4 + i) 

(19) 
(23) 

(5 + 2i) 
(31) 

(6 + i) 
(5 + 41) 

(43) 
(47) 

(7 + 21) 
(59) 

(6 + 51) 
(67) 
(11) 

(8 + 31) 
(19) 
(83) 

(8 + 5i) 
(9 + 41) 
(10 + i) 

(103) 
(10 + 31) 

(7 + 81) 
(121) 
(131) 

(11 + 41) 
(139) 

(10 + 71) 

40 

Gaussian Primes 

(1 + 1) 
(1) 

(31) 
(2 - i) 

(11) 
(111) 

(3 - 21) 
(4 - 1) 

(191) 
(231) 

(5 - 2i) 
(311) 

(6 - 1) 
(5 - 41) 

(431) 
(47i) 

(1 - 21) 
(591) 

(6 - 51) 
(671) 
(711) 

(8 - 31) 
(79i) 
(831) 

(8 - 51) 
(9 - 41) 
(10 - 1) 

(1031) 
(10 - 3i) 

(7 - 81) 
(1211) 
(1311) 

(11 - 41) 
(1391) 

(10 - 71) 



5.0 A SAMPLE PROCESSOR USING C AUSSIAN R~SIDUE ARITHMETIC 

One of the most intensive'~ used al orithms in signal 

processing is the Fast Fourier TraJ sform (FF r). In o~der to explore 

the potential of the new Gaussian 1 esidue me hods discussed above, 

we have sketched out a design of a cascade Frr processor in the 

style of Despain (1974) but using (l&us,1an r~aidue arithmetic. 

The FFT calcula tes the dil crete Four-ier transform 

This expression can be converted ~ the FFT Form of Cooley & Tukey 

(1965). Despain has worked out an efficient pipeline organization 

of the FF! that is well suited for our.purpo~es. 

The pipeline structure sh(wo ~n F18~res 5.1-5.6 is derived 

by Despain (1974) and consists of nly: the t~ree modules shown in 

Fig. 5.1. 
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Figure 5.1. Despain Cascade 
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4 



~ 
~ 

6 

'L.JI' 
I ' I • I I I II..-r-..JL----L... _____ _ 

Control 
ROM 
128x6 

Pillute 5.4. Residue pipe conflguraUon 

Nole: 3 8Kx6 PROMs Required 

flllUre 5.5 Residue pipe stage m 

--'.- ---------

AddIPass 

"r" 

i 



l:
VI 

6 l S! 6 ., 

&OS! 6 
'7 

7. 21 5, 
, i 

7·21 r« I· - J 

5141 at 1 
> t 

5·41 <f .. , 
7 

6', 5, 
7 \ ~;~<~--~ 

6'1 ;e« I , - I 

Nale' 38 4K1I6 PROMs and 6 Adders ReqUired 

Figure 5.6. Residue to binary conversion for FFT Cascade 

0--0-6 .0--0-0 ®m,mZm3 

18 _ (4 PROMs) 

0--®-9 ®m,mz 

t 12 ~ 
(3 PROMs) 

®m, 
(2 PROMs) 

0--0-0 
®m,m2 

1 



Basically, the operation of the processor is as follows: The first 

butterfly (BF) module allows the input u
i 

to pass unchanged into 

the shift register of length 2n- 1 until it is f'l11o At that point, 

the incoming data and the data in the shift register are combined in 

a 2-point DFT: 

i • 0, ••• 
N 

'''2"-1 

The bi are sent to the CORDIe rotator module which applies the 

proper rotations (twiddle factors), While the bi + ~ are sent back 

into the shift register. When all ~ 2-point DFT's have been 

computed, the bi +~ are allowed to pass out of the shift register 

into the CORDIe rotator. The operation of th. next butterfly moduJp. 

is Similar, except that each input datum ia combined with one 4 
away. The entire computation is completed after n· 10g2 N 

stagea, where one atage consist. of the butterfly module, CORDIe 

rotator. and shift register. 

The Gaussian residue technique ia ~ll suited to this 

calculation as it consists of only complex multiplication. and 

additions. The input need only be converted into Gaussian reSidue 

fora; all calculations can then be performed in this system. Then, 
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if necessary. the om the ~ussian residue 

to binary or decimal representation 

Because we wish to minim1z multipl cations because they 

lead to long cascade into a base -8' 

FFT cascade. This changes only the CORDIe r tators by specializing 

them. To obtain a FFT processor fo 

base -8 pipelines. 

multiplication by all 64 roots of u 

doubles the required number of bits 

we then need a pair of 

tor ca ble of performing a 

signal. Assume we start with 8 bit. Since all of the computations 

in the reSidue representation DUst integer operations. 

and since scaling is impossible. we must car enough bits of 

precision so that we can represent s exactly, even though 

there is only a 1 bit increase in r ion per stage. which 

means that at most 8 + 10g264 • 14 its woul be meaningful. Of 

course, we would right away realize t~t we ould not represent the 

64th roots of unity exactly. and wo Id,round these off at 9 ~it8 

(since they are applied after the 3 d stage) However, this would 

imply that the central twiddle fact r ~ltip y and the two non

trivial twiddle multiplies internal to the se 8 pipeline1 would 

require an extra 9 + 11 + 12 • 32 b ts. brin ing the total to 

14 + 32 • 46 bits. This would be and costly. 
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Rowever, there are ways around this problem. For this 

example, we will set our sights a little lower and derive a 

processor which will guarantee 6 bit precision in the output. The 

methods derived in Despain (1979) allow us to use small integer 

approximations to the rotations at the cost of introducing a 

constant complex gain into the final reiults. We achieve this by 

USing a .i rotation internal to the base 8 aodule. To minimize 

the number of bits which need to be carried through the computation, 

we need to find complex integers of the form x + yj whose 

arguments approximate the angles we wish to rotate by to the 

. accuracy desired, and for which x and yare small. 

Multiplication by an x + yj will perform the desired rotation end 

will introduce a known, correctable gain. To rotate by the same 

angle in the opposite direction, we au~tiply ~ x - yj. A 

computer program was written to search for these integers and 

produced the results shown in lable 5.1. Some small integer 

approximations to other useful angles are a180 included. From the 

table, we choose 2. j for the .i rotators for 6 bit accuracy. 

For the central rotation between the base 8 sections, we 

must find small integer approximations to the rotations 

n ir n - 0, 1, • • • , 8 with the added constraint that the gain 

introduced by all of these rotations mu8t be a constant to Within 

6 bit accuracy. Again, 8 computer program was written to search for 
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integers with theae characteristic • The r suIts are shown in 

Table 5.2. 

TABL 5.1 

Small Complex Integer App oxJaatio to Rotations 
angle x y ccuracy(bi ts) 

ll/8 2 1 6.4 
S 2 9.0 

12 5 11.5 
29 12 14.0 
70 29 16.6 

.. /16 4 . 1 7.0 
5 1 12.5 

111 22 13.1 
136 27 14.0 
156 31 . 15.0 
171 34 . 16.2 

.. /32 1 0 6.0 
7 I, 7.1 
9 1 • 8.9 

10 1: 12.0 
51 5. 13.7 
61 6' 15.5 

132 13 i 19.8 

TAIL 5.2 

6 bit approximations t 

n 
o 
1 
2 
3 
4 
5 
6 
7 
8 

n rir wi h gain of 14 
y 
o 
2 
2 
5 
5 
7 
7 
9 

10 
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To deteraine the number of bits we now require to avoid 

overflow, we now need to find the DBximum gain due to multiplying by 

, the set of numbers we have just chosen. 1f For the ~ 8 retations, 

the gain of 2 ~ j is 2.236., Thus the dynamic range requirement 

due to multiplies is given by the product of this gain and the gain 

for the central multiply. In our case, this product is equal to 70" 

which corresponds to a 6.2 bit gain. Thus. we need a dynamic range 

of 6 + 10g264 + 6.2- 18.2 bits in all. From Table 4.2 we choose 

the primes 61, 53, 41, and 37 whose product is 4.9 x 106 which 

allows a dynamic range of 22 bits. Ve need the primes to be. less 

than 26 since our PR.OMs have only 13 bits of address and two data 

inputs are required for an add. 

This design requires approximately 200 chips to realize a 

6 bit, 64 point FFT processor with a processing rate of 40 million 

complex samples per second. Due to the high chip count, this is not 

an especially attractive design. ' However, despite the large chip 

count, the latency is small and thus the design could be useful in 

critical applications. 
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6.0 SYMBOLIC COMPUTING 

6,1 Introduction 

The basic idea of aymbol1~ computi ~ ia to compute "a_rtn 

rather than "faat," A computing p .. oblem cal generally be solved in 

a number of ways. At one extreme, a simple algorithmic formulation 

will be employed by the programmer and the machine will compensate 

with massive numerical calculations, At th. other extreme. the 

simple formulation will be subjectad to extensive symbolic reduction 

in order to reduce ail numerical cjllculaUol as IaIch as possible. 

What is being suggested here is tb~t the COl puUng machine can and 

will be employed to do the .Yaboli~ reductl.~ that i8 usually 

_nually performed, . This hal grea~ potent~ 1 In very complex 

situatiOns. although human manual ~nalys1s 4 ften produces superior 

results in le8s complex cases, An example c f this phenomena occurs 

in everyday computer progralllllling p~actice. It is well known that 

any clever human programmer can pr~duce mort efficient _cbine code 

than can any opUmidng compiler. pro,ided hat the progra1llll1ng task 

i8 not too complex. When the cOlllp~extty of the programming task is 

large, however. optimizing compliers product superior results. 

The criUcal idea Is this !!or lalge, complex 

calculations, I8chine symbolic an pull"t:..on of the prograllJlling task 

1 i ' 



might be able to radically improve the program. In fact, what is 

envisioned is that the statement of the computing task would be 

submitted in mathematical form' to a symbolic manipulating system. 

The system would then process this statement of the computing 

"problem, formulate it, reduce it, and create an efficient program. 

The program then would 'be 'compiled, optimized, and executed in the 

usual fashion. Because extensive symbolfc manipulation has been 

applied, radical speed improvements might resul~. At present, there 

are no such flystelDS (at least in the, West). 

6.2 Historl 

The idea of employing an automatic machine to manipulate 

symbols was credited by Pavelle et al~ (1981) to Babbage and 

Lovelace. Of course, Babbage was the first to propose, in 1812, 

automatic numerical calculation. While Babbage did build and 

demonstrate numerical computers, he and Lady Lovelace only vaguely 

speculated on .the possibility of buildIng a machine to manipulate 

symbols and to play chess. (Machine chess requires, of course, 

symbolic manipulations.) A simple machine, constructed in about 

1890, to mechanically play chess endgames was probably the first 

machine to automatically manipulate symbols. However, its symbol

manipulating capabilities were extremely limited. 
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The use of a computer to automati 11y and symbolically 

.. n1pulate a numerical computer p ogram to mprove it was probably 

first employed in compilers. Com Hets opt adze programs by 

rearranging formulas, making usef common ubexpres.Bions, and so 

on. The result of even quite slm 1e optim1 ations 1s sometimes 

dramatic even though only very sl ple symbo ic operations are 

eaployed. 

Computer programs design specifi lly to manipulate and 

solve mathematical equations bep toappea in the' early 1960s. 

For example, Slagle (1963), in hi dissertation work, 

crea ted a program named SAINT to 

integration problems at appronma 

freshmen. There are now many sym lie _nt ulatton aystems. The 

most developed is HACSYMA (Hartin F4teman 1911). None of these 

.ystems i8 yet capable of providi the rad cal improvements in 

performance we seek. 

6.3 ~nguage Issues 

Classical mathematical n tation is not the ideal form to 

express the original calculation urrent work in computer 

language theory indicates that an ideallan ge would be IDOre 

formal and precise than mathemati 

idea of statements with well-defi 

3 

tical properties. 
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Backus (1978), the father of FORTRAN, has' extensively examined this 

problem and has proposed the new language "fp. It Current research 

indicates "fp" will be advantageous for 'IIIlny kinds of programming 

tasks,. especially symbolic manipulation, but "fp" has a significant 

disadvantage in the awkwardness of its expression. 

PROLOG is a langUage born in France, raised in England, and 

adopted by Japan for its "Fifth Generation" computer development 

program (Kowalski, 1979). It was created to be eff!uient in "logic 

programming." As such, it i!l well adapted to symbolic IIBnipula tion, 

especially for theorem proving, an~ so on. It seems too weak in the 

numerical calculation area to be suitable for the type of "radical 

computing" we have ir. mind. 

It appears that some new computer language will be 

needed. It· might include, for example, the familiar expressive 

style of classic mathematical notation as accepted by HACSYHA, the 

formal properties of the expression of nfp, rt and the logical 

calculus features of PROLOG. There is much work to be done in this 

area. 

6.4 Current Development of SymbOliC Manipulation Programs 

Modern symbolic 'IIIlnipulation programs have impressive 

capabilities. They can solve complex IIilthematical systellS that are 
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well beyond the capabilities of a most all programmers. They do not 

yet compete with first-class math maticiaru except in their ability 

to handle simple, but DIlsslvely t dious 8}'11 bol1c calculations, for 

example, manipulations of large p lynomtal!. As time goes on, more 

and more .thematical knowledge i being i11corporated into these 

systems, so significant-improveme ts are eJpected. 

One of the most exciting developments in symbolic 

manipulation programs is the capa Hity of !I.hese systems to produce, 

autoDlticaUy, computer programS he_elves, whenever extensive 

numerical calculations are needed Appendi~ A.l contains an example 

of such a program produced ~ HAC YHA to ca~culate numerical answers 

to a partial differential equatioI s problem that had been 

formulated, .nipulated, and reduc ed 8ymbol~cally. The form of the 

program is a FORTRAN function thai represen s the heart of the 

_ calculation that will provide the numerical results. Note that this 

function is non-trivial and would ha~ requ red many man-hours of 

programming effort if it had been produced ~y hand. A further 

feature is that programmer-produc. d errors re avoided, and 

debugging is no longer necessary. 

During the next few yearE, ~e can expect new approaches to 

symbolic manipulation systems whiclh will dl place the older systems 

that have grown obsolete. SAINT ,~s replac d by HACSYHA, for 
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example. ' One such newly developed system is SHP (Cole and wa1ha~, 

1981). It is just now starting to be distributed to outside users, 

so it is too early to see if it i8 sufficiently innovative to 

displace MACSYMA. SMP is written in the language nc, II a very 

popular language used for an exceptionally large class of 

applications, and available on all sized machines from 

microcomputers to DBxicomputers. HACSYKA, on the other hand, is 

written in a particular variant of LISP that is no~generally 

available. As mentioned above, symbo~ic manip~lation programs are 

beginning Lo produce programs themselves. SHPproduces numerical 

evaluation programs, wri~ten in thb same language "C. It MACSYMA 

produces its program ,in FORTRAN, a language efficiently complled and 

executed on almost all computers, but which is' less expressive than 

"c" and is more divorced from the hardware architecture of modern 

computers. 
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7.0 CONCLUSIONS 

7.1 Residue Arithmetic 

It would appear that so parts 0 the Soviet computational 

mathematics community are set tin out with dogged tenacity and 

considerable skill to I8ke resld atithme Ie a working basis for 

comput,r architecture. As we ha noted fore, we in the West are 

probably already colDlldtted to Ar i ... dean rithmetic. They, on the 

other hand, are starting out afr h, witho t the same intellectual 

or capital framework, to find a ifferent th. It is not known 

just how interested the rest of 

in this alternate method. 

tutorial material which enthusia 

e Soviet scientific community is 

ms of publications and 

indication of their determinatio. They a e obviously bringing to 

the attention of their engineer! a~d com uter communities a circle 

of ideas .from number theory and lsebra, a beit mathematically 

elementary, with which our compu r .cient sts are not generally 

acquainted. 

Some, though not all ~ of the Soviet .aterial 

shows considerable ingenuity in plying n .her theory ideas to 

computer design. ble bat after a period of 

time, by.dint of working tive y on these concepts, that 



they Will come up with computers every bit as good as ours. perhaps 

better for some purposes. poorer for others. but most strikingly. 

vastly different than ours. Indeed. they may have already achieved 

significant advances for certain clasRes of signal processing such 

as filtering or FFT. 

·7.2 . Symbolic Manipulation 

Symbolic IIBnipulaUon of user "programs," or more 

accurately user specifications. could turn out to be the key to 

radical improvements in computing power.· The field is rapidly 

developing. with major developments expected in both the East and 

the West. 

The relative magnitude of the Soviet effort is 

impressive. Appendix A.2 demonstrates the extent of their work. 

Appendix A.3 contains a sample of this effort. Symbolic 

manipulation by computer fits well with the Soviet style of computer 

science, and mathematical traditions (e.g., Mordukhal-Bottovskoi's 

work--for reference, see item 78 in Appendix A.2). 

7.3 Fina I Remarks 

It seems unlikely that the Soviets have managed to find a 

new. radical approach to computing. However. they do seem to be 

deeply interested in the two critical subjects discussed in this 
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report, res1due arithJlletic and 8,.. bolic co. utina- 'l'bese two areas 

are of intense, current research :f~tere.t, nd it is 11kely that one 

or both will be an intearal part (~ the nex revolution 1n 

computing, with the Soviets active!y partie pating in this 

revolution. 



APPENDIX A.l . 

FORTRAN PROGRAM PRODUCED BY HACSYHA 

The 'ollowln9 FORTRAN was produced by MACSYMA. Ic represencs the 
'interloop' 0' a program Co calculace the numerical solucion of a sec 
of par:-Ual di Herenth I equ~cions. 

subroucine sec.acCil,JI,KI,ild,Jld,s,x,y,z,hl,h2,h3,cf112,ef121,e 
1 fI22,cf123,ef132,ef211,ef212,cf213,cf221,cf222,cf223,cf231,cf23 
2 2,cf233,cf312,cf321,cf322,cf323,ef332) 

c ild,Jld,Kld are 'he dimensions of all array •• 
c. 1I,.;I,KI vive ,he size of 'he problem. 
c s is che inpuc array of densicies. 
c hl,h2,h3 are inpuc differences, 
e x,y,1 are che inpuc arrays of coordinates. 
c quanciCie. of the form cf followed by in,egers are 
c che output arrays. Here we use 'he convention that 
c the difference form of che differencial equacion is 
e written as a sum over ii, J1 and kl where 
c these indices run from 1 '0 3 and each 'erm in 'he sum 
e is of the form2 
c cfi1J1K1Ci,J,Kl.gti-i1+2'J-Jl+2,k-Kl+21 

real sCild,Jld,kl),xCild,Jld,KI),yCild,Jld,kl"zCild,Jld,kl',cf112 
1 (ild,Jld,kl"cfI21Cild,Jld,kl"ef122tild.Jld,kl,.cfI23(ild,Jld, 
2 k I', cf132Ci Id, J Id, k I)' cf2UU Id, J Id, I< I), cf212Ci )d, J Id, K I', ct213 
3 Cild'Jld,kl',cf221Cild'J.d,kl),cf222Cild,J.d,kl"cf223(iId,Jld, 
4 kl),cf231Cild,Jld,I<I),cf232Cild,Jld,I<),cf23SCild.Jld,kl),cf312 
S Cild,Jld,KI),cf321Cild,Jld,kl"cf322Cild,Jld,kl),cf323(ild'Jld. 
6 kl),cf332(ild'Jld,kl' 
real Jac,Jacl,Jac2,J· 

2 ae3,xl,x2,x3,yl,y2,yS,zl,z2,z3,xll,xI2,x13,x22,x23,x33,yll,y12, 
3 yI3,y22,y23,y33,zI1,zI2,z13,z22,z23,z33,.O,sl,.2,s3,al1,bll,cl1 
4 ,aI2,bI2,e12,alS,bI3,c13,a22,b22,c22,a23,b23,c23,a33,b33,c33 
real CC1,CC2,'C3,cC4,CCS,CC6,ci7,c,8,CC9,CC10,Ctl1,'CI2,CCI3,c,14 

1 , 'C1S,CCI6,cCI7,'CI8,cC19,cc20"C21"c22,cC23,,,24,cCZS.c,26,tc 
2 27,cc28,c'29,"30,"31,c'32"c33,cC34,CCSS,cc36,"37"c38,c,39, 
3 n40', U41, n42, n43, n44, U4S, n46, n47, U48, U49, uSO. uSI 
real c,52,cc53"c54"'55",56,"57",58,,c59,c,60,cc61,c,62,cc63, 

1 cc64,cc6S,cC66,c,67.cc68,c,69,c,70,ct71,cc72",73"t74, ,c75,cc7 
2 6,C,77",78",79"c80"C81",82"c83,c'84,c,85,cc86",87,tt88,c 
3 c89",90"c91"C92,c,93",94,cc95"c96,c,97,c,98",99,,,100,tC1 
4 01,tCI02,ttl03,CC104,CC105,cCI06 

integer i Id,Jld,i I,JI,kl, 11,Jl,Kl 
11 - 11-1 
Jl - JI-l 
1<1 - 1<1-1 
do 1 k-2,kl 
do 2 J-2,Jl 
do3 1-2, it 
sO - • (i f J, to 
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51 ~ ts(i+l.d.K'-sti-l'J.K"/hl 2.0 
Xl • txtl+1.J.K)-x(i-l,J,K)'/hl 2.0 
yl = (ytl+l'J,K)-ytl-l'J,K')/hl 2.0 
zl = txtt+l.J,K)-zti-l,J,K')/hl ~.o 
s~ = (s(1'J+l,K)-sCi,J-l,K»/h2 2.0 
x2 = txti'J+l,K)-x(1'J-l,K»/h2 2.0 
y2 = tyti'J+l,K)-yti'J-l,K)'/h2 2.Q 
z2 = (z(i'J+l,K)-zti'J-l,K»/h2 2.0 
53 • tsti'J,K+l)-sti'J,K-l»/h3 2.0 
x3 = (xtl'J,K+l'-x(i,J,K-I')/h3 2.0 
y3 = ty(i'd,K+I)-yti'd,K-l»/nS 2.0 
zS = (x(i'J,k+I)-z(i,J,K-l')/hS 2.0 
xli = (xti+I'J,K)-2t x(i,J,K)+x( -1'd,K»~hlt*2 
yll = (Y(l+I,J,K)-2t yCi,J,!(hy( -1,d,K»Vhl**2 
:11 = (Z(1+1,J,K)-2t z(i,J,K'+zt -1'J,K)'~hl*t2 
x12 = (x(i+l,J+I,K'-X(l+l'J-l,K -xCi-I,d I,K)+X(1-1,~-I,K»/(hl*h2 

I '/4.0 
y12 • (Y(1+1,J+l,K'-y(i+l'J-I,f( -y(i-l'J~I,K'+y(i-l'J-l,K')/(hl*h2 

1 "4.0 
:12 = '(ztl+l,J+l,K)-z(i+I,d-1,K -zCi-I,J 1,K'+Z(1-1,rl,k»lChUh2 

1 )/4.0 
x22 = (xCi, J+l,IO -2t xC i, JI K hxC , d -I, f(» /h2t*2 
y22 = (y(i'J+I,K)-2*yti'J'~)+YC 'J~I,K}) h2t*2 
x22 • (z(l'J+l,K)-2*zti,.;,KI+z( 'J-I,f(»Jh2.*2 
x13 = (x(i+l,J,K+l)-xCi+l,.;,K-1 ~x(i-l'J K+l)+X(l-l'J,K-l»/(hl*hS 

1 )/4.0 
ylS = (Y(1+1,d,I<+1)-y(1+1'J,I<-1 -Y(l-l • .; K+l)+y(i-l.d,K-l»/Chl*hS 

1 )/4,0 
xl3 = C:;:(1+1'J,K+l)-z(1+1'J,k-l -zCi-I,.; K+l)+z(i-l,.;,k-I»/Chl*h3 

1 )/4,0 
x2.3 = CX(i,J+l,K+l)-xti f J+l,K-l -xCi,J-l K+lhxCi,J-l,K-l»lCh2*h3 

1 '/4,0 
y23 = CY(I.d+1,K+l)-ytl • .;+I,K-l -yt1.J-l 1<+1)+yCi'J~I,K-l)'/(h2*h3 

1 )/4.0 
x23 = (Z(I,J+l,I<+I)-:;:C1,J+l.K-l -z(l'J~l K+l)+zti'J-l,K-l»/th2*hS 

1 )/4.0 
,x33 I: (xC i, J. K+II-2*xC i. J'. Khx( , .;'K-l» Ih3,u2 
y3.3 &\ (yti.d.K+1)-2tyCi.J,Khyt 'J,K-l»)lh3**2 
:33 = tZ(1 • .;,k+l)-2*z(i,JtlO+Z( .d,K-l)l/h3u2 
die = xl*Y2tz3-x2tyltz3-xlty3.%~+x3tYltz2+x2*y3*ZI-x3*y2*ZI 
dlel • xll*y2t z3+xl*yI2*z3-x2ty 1*z3-x12 f yl t z3-xl1*yS*z2-xl t Y13t z2 

1 +x.3*yll*z2+xI3*yltz2+xl*y2tz 3-*2*ylt~13-xlty3tZ12+x3tyl*z12+x2 
2 *ya*Z11-xatY2tzll+x12*y3*Zl-~13*y2*Zl+x2tyI3tZl·x3*yI2tzl 
~ae2 = xUy22tz3+x12*y2tz3-x2*y 2*:t3-x22.yI4z3+xUy2*z23-x2*yUz23 

1 -Xl*y3*z22+x3*yltz22-x12*y3*r2-xlty2S.z2+x3*y12*z2+x23tyltz2+x2 
2 *ya*z12-x3*y2tz12+x22ty3*zl+~2*y23tzl x3*y22*zl-x23*y2*zl 

Jae.3 = xl*y2*z33-x2*Yl*zS3+XI*y~3*:t3+X13*y2tz3-x2tYI3*z3-x23*yltza 
I -Xl*y3*z23+xStyltz2S-xl*y33*r2-~13*yS*z2+x3*y13tz2+x33tyl fz2+x2 
2 tY3*Z13-x3.Y2*z13+x2*Y33txI+~231YSfZl x3.y23*zl-x33t y2*zl 
ell :00 z1*t2 
bll = ylf*2+cl1 , ' 
III = xl*t2+bll . 
c12 = z1*z2 
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b12 • yUy2+C12 
a12 :I: xl*x2+b12 
ciS .. zUz3 
blS == yUyS+c13 
alS I: xUxS+b13 
c22 = z2**2 
b22 • y2**2+c22 
a22 :I: x2**2+b22 
c2S .. z2*z3 
b23 = y2*yS+c2S 
a23 == x2*x3+b23 
cSS ,. z3**2 
bSa == y3**2+c33 
a33 = x3**2+b33 
ttl I: 2*cI2*c33-b12*c33-2*c13*c23+blS*c23+b2S*clS-b33*c12+2*b12*bS 

1 3-2*b13*b23 .. 
tt2 = -2*c12*c2S+b12*c2S+2*clS*c22-b13fc22-b22*c13+b2S*c12-2*b12*b 

1 2S+2*b13*b22 
tt3 • -z2*z33+z2S*zS-y2*yS3+y2S*yS 
tt4 • -z22*Z3+z2*z2S-y22*yS+y2*y23 
tt5 • zl*zSS-zl~*z3+ylfy3S-ylS*y3+2*bS3/hl 
tt6 .·Z12fz3-2fzlfz2S+z13fz2+yI2*y3-2fyl*y23+y13*y2-4*b231hi 
u7 = z1*z22-z12*z2+yl*y22-y12.*Y2+2fb22/hl . 
ttS = c12*z2*z3S-c22*zl*zSS-c12*z23*zS+c13*z22*zS+c22*z13*z3-c2S*z 

1 12*z3-c13*z2trz23+2*c2S*zI*z2S-cSS*zl*z22-c23*z13*z2+cS3*zI2*z2-
2 c12*y2*y3S+bI2*y2*y3S+c22*yl*ySS-b22*yl*y3S+cI2*y2S*y3-b12*y23* 
3 y3-C13*y22*yS+blS*y22*yS-c22*ylS*y3+b22*yI3*yS+c23*yI2*yS-b2S*y 
4 12*yS+C1S*y2*y2S-b13Iy2*y2S-2*c2S*yt1y2S+2*b23Iyl*y23+cSS*yl*y2 
5 2-bS3*yl*y22+c23*yI3Iy2-b23*ylSly2-c33*y12*y2+bS3*yI2*y2-b12'x2 
6 *x33+b22*xl'xS3+b12*x2S*xS-blS*x22*xS-b22'xlS'x3+b23'xl2*xS+bI3 
7 Ix2*x23-2*b23*xl'x23+b33'xl*x22+b23IxlS.x2-b33*xI2*x2+(-4*c22Ic 
8 33+2*b22IC3S+4*c23**2-4Ib2S*c23+2Ib33fC22-4*b22*b33+4Ib2Sf*2)/h 
9 1 
tt9 • 2*c22*c3S-b22*c33-2*c23**2+2*b2S*c23-b3S*c22+2*b22*b33-2*b23 

1 1*2 
ttlO • -2*cI2*c33+b12Ic33+2*cI3*c23-b13*c23-b23'c13+bS3*c12-2*b12* 

1 b33+2*blS*b23 
ttl1 • 2*c 12*c23-b12*c23-2IcI3*c22+bI3'c22+b22*c 13-b23*cI2+2* b12*b 

1 23-2*bI3fb22 
U12 I: b23*JacS-b33',jac2 
ttlS • b23*Jac2-b22*Jac3 
tt14 = b3S*,jacl-blS*,jac3 
tt15 • b12*,jac3+blS*,jac2-2fb23*,jlcl 
tt16 • b22*,jacl-b12*,jac2 
u 17 • -2*C12*c23*,jac3+bI2Ic23*,jacS+.2*clS*c22*,jacS-blS*c22*,j ac3-b2 

1 2*c 13*,j acS+b2S*c 12*JacS-2*b 12'b2S*,iacS+2*b lSlb22*Jlc3+2*c 12*c33 
2 *Jac2-b12*cSS',jac2-2*cISlc23fJac2+bI3fc2Sf,jac2+b2S*~lS'.;ac2-bSS 
S *c 12* J ac2+2*b 12*bS3*,j a.c2-2*b 13*b2S* Jac2-2fc22*cS:!tIJ ac 1 +b22*c33* 
4 ,jacl+2*c23ff2*,jacl-2*b23fc23*,jaCl+bS3*c22IJacl-2Ib22fb33*,jacl+2 
5 fb23ff2*,jatl 

tt18 :I: 2*c12*c23-b12*c23-2*c13*c22+blS*c22+b22fclS-b2SfC12+2fb12*b 
1 2S-2*blS*b22 
tt19 .. -2*c12*c3S+b12*cSS+2*C1S*c2S-bI3*c2S-b23*c13+bS3*cI2-2*b121 
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1 bS~+2*bla*b2S 
tt20 • 2*cll*c23-bl1*c23-2*cI2*cI3+bI2* 13+blS*cI2-b23*cl1+2*bll*b 

1 23-2*b12*blS 
tt21 = z2*z33-z23*z3+y2*y33-y2 *yS+2*b3 
tt22 = -zl*%33+z13*zS-yl*y33+yl *y3 
tt23 = :12*z3+%I*.23-2*zI3*%2+ 12*y3+yl y23-2'ylS*y2-4*b13/h2 
tt24 c -zI1*z3+z1'zla-yll*y3+yl*yI3 
tt25 • zll*.2-z1*z12+yl1*y2-yl y12+2'bl Ih2 
tt26 = -cl1*:2*.33+c12*zl*%33+ l1-z23*z -cI2'zIS'%S-clS*zI2*.S+c23 

1 +:II*zS-clS*.I'z2S+2'clS*zl 'z2-cS3* I1fz2-c23f'zl'zI3+c33*zltzl 
2' 2+cllty2*y3S-bllty2*yS3-c12 y1*ySS+b 2.yl*ySS-cl .. y23*y .... +bll.y2 
a 3*y3+cI2*yI3*yS-bI2*ylS*y3+ 13'y12*y -b13.y12'yS-c23*yl1'y3+b23 
4 .yl1*yS+clS*yl*y2S-blS*yl*y 3~2.clS. 13'y2+2'blS'ylS'y2+c33*yll 
5 .y2-b3S l yl"y2+c2S'y1*ylS-b S.yl*yI3 cS3*yl~yI2+b3S*y"y12+bll* 
6 x2'xSS-b 12*x 1 *xSS-b l1*x2S*x +b 1;2'x 13 x3+b 1 S*x 12*xS-b23*x Il*XS+ b 
7 13*xltx23-2*bI3'x13*x2+bSS. llfx2+b2 .x"x13-bS3'xl'x12+(-4*cll 
8 *c3S+2*bl1'c3S+4'cI3u2-4*b 3*ctS+2. SSfcl1-""bl1*b3S+4'blsu2) 
9 Ih2 

tt27 a -2'cI2'cSS+b12'c3S+2*cl fc23-b13 c23-b23'c13+b3Stc12-2'bI2' 
1 bS3+2*blS'b2S 
tt2S = 2*cl1*cSS-bll*c33-2*clS *2.2'blS cI3~b3S'cl1+2*bl1'bSS-2*bl 

1 S**:::: 
tt29 = ·2*cl1*c2S+~11*c2S+2*cl *clS-b12 clS-blS*cI2.b2S*cll-2*bl1* 

1 b2S+2tbl2tblS 
ttSO = bSa*J3C2-b2S*JacS 
~tSl = blS*JlcS-bSS*Jacl 
ttS2 = bI2*JacS-2*blS*Jac2+b23 Jacl 
ttSS = blS*Jacl-bll*JacS 
ttS4 = bl1*Jac2-b12*Jacl 
ttS5 = ~*cl1*c2S*JacS-bJl*c2S* leS-2'cl *e13*JacS+b12*cI3*JacS+blS 

1 *c12*JaeS-b23*cl1*JacS+2*bl *b2S*Jac -2*b12*blS*JacS-2*cll f CSS* 
2 Jac2+bl1*c3S*Jac2+2*c13**2* ac2-2*bl fc13*JIC2+b3S*cl1 t Jlc2-2*b 
S '1*bSS*Jac2+2*bI3**2*Jac2+2 c12*cS3*'acl-bl~*c33'Jacl-2*clS*c2S 
4 *Jacl+b13*c23*Jacl+b23*clS* acl-b33* 12*J.cl+2*b12*bSS*J~cl-2*b 
5 lSf b23'Jacl 

ttS6 = -2*cll*c2S+bl1'c23+2*cl clS-b13'cI2+b2S*cl1-2*bl1* 
1 b2S+2*bI2*bI3 

ttS7 = z22'zS-z2*z2S+y22'yS-y2 y23+2*b2 Ih3 
ttS8 = -2'zI2'%S+zl'z23+z13'z2 2'yI2'YS yl*y23.yI3*y2-4*bI2/h3 
ttS9 s -zl'z22.z12*z2-yl*y22+y 2'y2 
tt40 = zll*z3-z1'zIS+yll*yS-yl y13+2*bl Ih3 
tt41 • -zll'z2+z1*Z12-yll'y2+y 'y12 
tt42 • -cl1'z22*z3.2*cI2'zI2*z -c22*zI1 zS+cl1*z2.z2S-cI2'zlfz2S+c 

1 IS*:I*.22-cI2*zI3.z2-clS.%1 'z2+c23f 11*%2.c22Iz1':13-c23.:1'%1 
2 2+cll*y22fy3-bll'y22'y3-2.c 21y12*y3 2*b12*y12Iy3+c22*yl1*y3-b2 
3 2fyll *yS-c Ilfy2.y23+bll.y2' 2S+c12*yl *y23-b 12.yl'y2S-cI3.yl*y22 
.. +b13.ylfy22+c12I yI3*y2-bI2* 13fy2+cl *y12*y2"bI3I y12*y2-c23*yl1 
5 *y2+b2SIV11fy2-c22IylfyI3+b 2*,1*yI3 c23*yl.yI2-b2S'yl*y12+bl1* 
6 x22.x.3-2*b 12*xI2Ix3+b22.x.ll x3"'b lUx Ix2S+b 12ltx1fx2S-b! 3*x 1 *x22 
7 +b12*x13.x2+blS.xI2*x2-b2S. I1tx2-b2 txl*x13+b2S.xl*x.12+t-4',11 
8 Ic22+2f~11tc22+4*cI2**2-4*b 2' 12+21 22.cll-4.bllfb22+4*b12**2) 
9 Ih3 

tt43 • 2*c12*c23-b12fc23-2*cI3 c +blS'c22.b22.c13-b23*c12+2'b12.b 



1 23-2*b13*b22 
tt44 = -2*cll*c23+bll*c23+2*cI2*c13-b12*c13-bI3*cI2+b23*cll-2*bll* 

I b23+2*bI2*b13 
tt45 = 2*cll*c22-bll*c22-2*cI2**2+2*bI2*cI2-b22*cl1+2*bll*b22-2*bl 

1 2**2 
tt46 = b22*Jac3-b23*Jac2 
tt47 • -2*b12*~ac3+bI3*Jlc2+b23*Jacl 
tt4S = b12*~ac2-b22*Jlcl 
tt49 = bl1*Jac3-b13*Jlcl 
tt50 = C12*Jacl-bll*Jlc2 
tt51 = -2*cl1*c22*Jlc3+bll*c22*Jlc3+2*cI2ff2fJlc3-2fbI2*cI2*Jac3+b 

1 22*cl1*JIC3-2*bl1*b22*JIC3+2*b12*f2*Jlc3+2*cll*c23fJIC2-bl1fc23 
2 ~vac2-2fcI2*cI3*Jlc2+b'12*C13fJlc2+blS*cI2*Jac2-b2S*cl1*Jac2+2fb 
3 II*b2~*Jac2-2*bI2*bI3*J.c2-2*cI2fC23*Jlcl+bI2*c23*Jlcl+2*cI3*c2 
4 2"'~ Ie I-b IS*c22*Jac I-b22*c'13*Jacl +b23*c 12*JIC 1-2f bI2*b2S*Jac1+2* 
5 b13*c22*Jacl 
tt52 = -2*b22/h3**2-2*b33/h2*f2 

, tt53 = -2~bl1/h3**2-2*b33/hl**2 
tt54 = -2*bll1h2**2-2*b22/hl**2 
tt5'5 = (.q*cllfc22-2*bl l*c22-4*c12**2+<4*b12*cI2-2*b22fcU+4*bll*b22 

1 -4*b12**2)/h3If2+(4*cl1*c33-2fbll*c33-4fcI3**2+4*bI3*c13-2*b33* 
2 cl1+4*bll*b33-4*bI3**2)/h2**2+(4*c22*c33-2*b22*c33-4*C23**2+4*b 
.3 23*c23-2fb33*c22+4*b22*bS3-4*b23**2)/hl**2 

tt'56 = -z22*z3+z2*z23-y22*y3+y2fy23+2*b22/h3 
tt57 = 2*z12*z3-z1*z23-Z1S*z2+2*y12*y3-yl*y2S-yI3*y2-<4*bI2/hS 
tt58 = zl*z22-z12I z2+yl*y22-y12*y2 
tt59 = -zI1*:3+z1fz13-yll*y3+yl*y13+2*bll/hS 
ttGO = zI1fz2-z1fzI2+yl1*y2-ylfyI2 
tt61 = cll*:221:3-2fcI2f%12f%3+c22*:11*%3-cl1*z2*z23+cI2f%I*:23-cl 

1 3*%I*z22+cI2*%13*z2+cI3*zI2*%2-c23*%11*:2-c22*zl*%13+c23*zl*:12 
2 -Cll*y22*y3+bll*y22*y3+2*c12*yI2Iy3-2*b12*yI2*y3-c22*y11*y3+b22 
.3 *yllfy3+cl1*y2fy23-bl1*y2*y2S-c12*y1*y23+b12*y1*y23+cI3*ylfy22-
4 b13*yl*y22-c12tyI3*y2+bI2ty13ty2-C13*yt2ty2+bI3*yI2ty2+c23*yll* 
5. y2-b23*yll* y2+c2,2*yl ty13-b22*yl *yI3~c23*y1ty12+b23*yl*y12-b lUx 
6 22 t x3.2*bI2*x12*x3-b22*xl1*x3+bl1*x2*x23-b12*xl*x23+bl3*xltx22-
7 b12tx13tx2-b13*x12*x2+b23txll*x2+b22*xlfxI3-b23txl*xI2+(-4*cl1* 
B c22+2*bl1*c22t4*c12tt2-4*b12*c12+2*b22*c11-4*bl1*b22+4*bI2**2)/ 
9 h.3 

tt62 = ~2*cI2*c23+b12*c23+2*c13*c22-b13*c22-b22fcI3+b23*cI2-2*bI2* 
1 . b23+2*blS*b22 . 

tt63 z 2*cll*c23-bl1*c23-2*c12*clS+bI2*cI3+blS*cI2-b2S*cl1+2*bl1*b 
1 23-2*bI2*bI3 

. ,,64 • -2*cll*c22+bl1tc22+2*c12**2-2*bI2*c12+b22*c11-2*bl1*o22+2*b 
1 12**2 
tt65 = b2S*Jlc2-b22*Jac3 
't66 • 2*b12*JacS-b13*Jlc2-b2S*Jlcl 
't67 = b22*Jacl-b12*Jac2 
tt68 = b13*Jacl-bl1*Jlc3 
tt69 = bl1*Jac2-bI2*Jacl 
tt70 • 2*cll*c22*JacS-bl1*c22*Jlc3-2*C12**2*JIC3.2*b12*c12*Ja,3-b2 

1 2*c 11*,jlc:3+2-b l1*b22*,jac3-2tb12u2*,jacS-2*c 111c23*J ac2+b 11*c2S* 
2 ~ac2.2*C12*cI3*Jac2-b12*cI3'Jac2-b13*c12*Jac2+b23*cl1*Jac2-2*bl 
3 1*b23*Jlc2+2*bI2*b13*Jlc2+2*CI2*c23*Jacl-b12,c23*Jacl-2tc13*c22 
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.~ *Jlcl+bI3*c22fJacl+b22*cI3* 12*Jacl+2*bI2*b23*Jacl-2*b 
S 13tb22tJICl 

tt71 • -2*cll*c23+bl1*c23+2*cl *cI3-bI2 cI3-b13*cI2+b23*cll-2*bl11 
1 b23+2*bI2*bI3 
lt72 • -z2*z33+z23*%S-y2*y33+y 3*yS+2*b 3/h2 
lt73 • zl*:33-:1S l zS+yl*yS3-yl *y3 
tt74 = -zI2 I z3-z1*%23+2*zI3*z2 yI2*yS-y *y23+2*y13*y2-4*bI3/h2 
lt75 • zI1*zS-zl*zI3+yl1*yS-yl y13 
u76 • -%11*z2+z1*zI2-yl1*y2+y *yl:2+2*b l/h2 
u77 • cl1*z2*z33-cI2Iz1*z33-c 1*z23*z3 cI2*zI3*Z3+cI3*zI2*zS-c23* 

1 :11*z3+cI3*zl*z2S-2*clS*zI3 %2+c33*% 11%2+c231%1*zI3-c3S*:I*%12 
2 -cl1*y2I yS3+bl1*y2*y33+cI2* l*y33-bl *yl*y33+cl1*y2S*yS-bl1*y2S' 
3 *yS-c12*yI3*y3+bI2*ylS*y3-c S*yI2*y3 b13*y12*y3+c2S*yl1*y3-b2S* 
4yll*y3-c13*y1*y2S+bI3*yl*y2 +2*c ISly 3*y2-2*b13*y13*y2-c33*yl11 
S y2+b33*yll1y2-c23*yl*yI3+b ly1lylS+ 3S*ylly12-bSS*yUyI2-bll*x 
6 2*xSS+bI2*xl*xSS+bl1*x23*x3 blZ*x131 3-b13*xI2*x3+b2S*xl1*xS-bl 
7 3*xl l x2S+2*b13*x13*x2-bS3Ix llx2-b23 xl*xlS+bSS*xl*x12+(-4*cl1* 
a c3S+2*b 11*cSS+4*c IS**2-4*bl IC 13+2*b IC 11-4*b 11 *b3S+4*b IS**2}J 
9 h2 . 
lt7a • 2*cI2*c3S-bI2*cSS-2*cI3 c23+blS* 2S+b2S*clS-bSS*cI2+2*b12*b 

1 SS-2*blS*b2S 
tt79 • -2*cl1*cS3+bll*cSS+2*Cl **2-2*bl fcI3+b3S*c11-2*bl1*b33+2*b 

-I 19**2 . 
tt80 • 2I cl1*c2S-bl1IC2S-2fc12 clS+bI2* lS+blS*c12-b2S*cl1+2*bl1*b 

1 2S-2*bI2*blS 
tt81 • b~3*JacS-bSSfJac2 
tt82 • bS3*J_cl-bIS*Jac3 
tt83 • -b12*JacS+2*blS*Jac2-b2 *J,cl 
tt84 • bl1*Jac3-bIS*dacl 
tt8S • bI2*Jacl-bl1*Jac2 
tt86 • -2*cl1*c2S*JacS+bl1*c2S Jac3+2*c 2*cI3*JacS-b12*clS*JlcS-bl 

1 S*clZ*Jac3+b2S*cl1*JacS-2*b 1*~2S*Ja 3+2*bI2*blS*JacS+2*cll*c33 
2 *Jac2-bll*cS3*Jac2-2*cI3**2 Jac2+2*b S*c13*Jac2-bS3*cl1*Jlc2+2* 
S bl1*bS3*Jac2-2*b13**2*Jac2- *c12*cS3 Jacl+b12*c33*Jacl+2*c13*c2 
4 3*JIC.I-bI3*c23*JIC1-b2S*cI3 Jac;l+bSS c12*Jacl-2*bI2*b33*Jac1+2* 
S b13*b23*Jacl 

tt87 • 2*cll*c2S-bl1tc2S-2*cI2 cl~+b12* lS+bI3*cI2-b2Sfcl1+2*bll*b 
1 23-2*bI2*blS 
ti88 = -2*cI2*cS3+bI2*cS3+2tcl c2S-b23*c13+bS3*c12-2*b12* 

1 bS3+2*b13*b23 
tt89 • 2*cI2*c23-bI2*c23-2*cI3 22+b22*clS-b23*c12+2*bI2*b 

1 2S-2*bI3*b22 
tt90 • %2*z3S-z23*zS+y2*y3S-y2 *yS 
tt91 • z22*z3-z2*z2S+y22*yS-y2 y23 
tt92 = -zl*z33+z1S*%3-yl*y3S+y S*yS+2*b S/hl 
tt93 • -zI2*z3+2*zl*z23-z1S*z2 y12*y3+ *yl*y2S-y13*y2-4*b23/hl 
tt94 • -zl*%22+z12*z2-yl*y22+y 2*y2+2*b 2/hl 
tt9S • -c12*z2f%SS+c22fzl*z3S+ 12Iz2S*% -c13*z22*zS-c22*zI3*z3+c23 

1 *zI2*%3+c13*z2*z23-2*c23*zl z2'+c33* l*z22+c2S*zI3*:2-c33*%12 I z 
2 2+cI2*y2*y3S-b12fy2*y3S-c22 yltySS+b 2tyl*yS3-c12*y2S*y3+bI2*y2 
3 3*y3+clS*y22*y3-blS*y22*y3+ 221y13* -b22*yI3*y3-c23*y12*y3+b2S 
<4 *yI2*y3-cI3*y2*y23+bIS*y2*y S+2*c23*yl*y23-2*b2S*yl*y23-c3S*yl* 
5 y22+bSS*yl*y22-c23*yI3*y2+b 3. 13*y +cSS*yI2*y2-b3S*yI2*y2+bI2* 



6 x2'x3S-b22*xl*xSS~bI2*x2S'xS+bI3*x22*xS+b22.xIS*xS~b23*x12*xS-b 
7 IS*x2*x2S+2*b2S*xl*x2S-bSS*xl*x22-b2S*xlS*x2+b3S*x12*x2+(-4*c22 
B *cSS+2*b22*cSS+4*c2S**2-4*b2S*c2S+2*bSS*c22-4*b22*bS3+4*b2S**2) 
9 /hl 

tt96 = ~2*c22*cSS+b22*cSS+2*c2S**2-2*b2S*c2S+bSS*c22·2*b22*bSS+2*b 
I 2S**2 
tt97 • 2*c12*cSS-bI2*cSS~2*clS*c2S+blS*c2S+b2S*clS-bSS*c12+2*b12*b 

1 SS-2*b13*b23 
tt98 = -2*cI2*c2S+bJ2*c23+2*clS*c22-b'IS*c22-b22*cI3+b2S*cI2-2*b12* 

1 b2S+2*blS*b22 
tt99 • b33*JIC2-b2S*JlcS 
ttl00 • b22*JlcS-b2S*Jlc2 
ttl01 = blS*JlcS-b3S*Jlcl 
ttl02 • -bI2*JlcS-blS*Jlc2+2*b2S*Jlcl 
ttl0S • bI2*Jlc2-b22*Jlcl 
ttl04 • 2*c12*c23*JICS-bI2*c23*JlcS-2*cIS*c22*JICS+blS*c22*JlcS+b2 

1 2*clS*JacS-b2S*cI2*JlcS+2*bI2*b2S*JlcS-2*bIS*b22*JlcS-2*c12*cSS 
2 *JIC2+bI2*cSS*JIC2+2*cIS*c2S*JIC2-blS*c2S*JIC2-b23*cl~*Jlc2+bS3 
S *c12*Jlc2-2*bI2*bS3*Jlc2+2*b13*b2S*Jlc2+2*c22*cSS*Jlc1 -b22*cSS* 
4 JIC 1-2*c2S**2*.;acf+2*b2S*c2S*"acl-bSS*c22*Jlc1+2*b22*bSS*Jlcl-2 
5 .*b23**2*Jlcl 

ttl05 = -2*c 12*c23+bI2*c2S+2*clS*c22-blS*c22-b22*clS+b2S*c 12-2 *b12 
I *b2S+2*blS*b22 
ttl06 • 2*c12*c3S-b12*cS3-2*cI3*c23+blS*c23+b23*clS-bSS*cI2+2*b12* 

1 b33-2*b13*b23 
cf112Ci'J,K) • (sO*ttl-112*b3S*.0+113*b2S*sO+123*blS*sO-133*bI2*.O 

1 )/(hl*h2*JlcI12'/2.0 
cfl21(i t J,k' = (sO*tt2+112*b2S*sO-113*b22*.0-122*blS*SO+123*bI2*sO 

1 )/Chl*hS*Jac**2)/2.0 
cf122(i t J,k) • (51*tt9+s0*tt8+IS3*.O*tt7+123*50It,6+122*50*tt5+11S 

1 *sO*tt4+112*sO*tt3+5Slttll+s2*ttl0-112*b2S*s3+113*b22*5S+a221bl 
2 S*sS-a23*b 12*sS+a 12*bSS*s2-11S*b23*s2-a23*blS*s2+133*b12 *s2-a22 
3 *b33*sl-a33*b22*sl)/Chl*Jlc**2)/2.0+(50*,t17+aSS*.O*,t16+12S*50 
4 *tt15+122*.0*tt14+llS*sO*ttlS+a12*sO*ttI2'/(hl*Jlc**S)/2.0+123* 
5 b2S*51/(hl*Jlc**2) 

cfI23Ci.J,k) = (sO*ttI8-112*b2S*50+alS*b22*sO+a22*blS*sO-123*bI2*5 
1 0)/Chl*hS*Jlc**2)/2.0, 
cflS2(ltJ,k) - (sO*tt19+112*bSS*.0-alS*b2S*sO-a2S*blS*.0+ISStb12t s 

1 0)/(hlth2*Jac**2)/2.0 
cf211 C it Jt k) I: C50..tU20-lll*b2S*50n12*blS*sO+alS*b12*sO-12'S*bl1*5 

1 0)/(h2th3*Jac**2)/2.0 
cf212(1'J,k) • (SOttt3S+ISS*sOtttS4+12StsO*ttS3+11S*.OtttS2+aI2*sO 

1 *USl+lll*sO~n30) /(h2*JacttS) 12. 0+ (sS*tt29 .. 2*n28+SUn27+s0* 
2 tt26+133*50*tt25+12S*sO*tt24+11S*.O*'t2S+112*.O*tt22+1 11*50*tt2 
3 l+al1*b23*sS-aI2*blS*s3-a13tbI2*sS+a2S*bl1t.S-ll1tbS3*52-ISS*bl 
4 1*s2+aI2tb33*sl-aI3tb2Stsl-12S*blS*sl+IS3tbI2*sl)/(h2tJlctt2'/2 
5 .0+aI3t blS*52/(h2tJlct*2) 

cf213(itJ,K) • (50tttS6talltb2S*sO-aI2*blS*sO-alS*b12*sO.a23tbl1t5 
1 0)/Ch2thS*Jlctt2'/2.0 
cf221Ci,J,K) • (sO*tt51+123*50*,t50+a22*sO*tt49+llS*sO*tt48+112*50 

1 *tt47+ll1*sO*tt46'/Ch3*Jac**S'/2.0+Cs3*tt45+s2*tt44+s1*tt43+50* 
2 tt42+123*sO*tt41+122*.0*tt40+11S*50*ttS9+112*50*tt38+111*sO*ttS 
S 7-ll1*b22*53-122*bll*sS+lll*b2S*s2-112IblS*s2-alS*b12*s2+12S*bl 

A-7 



4 l*s2-a12*b2S'sl.alS'b22fsl.122'blS sl-12S*b12.s1)/thS'Jlc*.2)/2 
5 .O.112'b12fsS/thSfJlc*.2) 

cf222( i, J. k) a tsOfn55n33'! O*n54.a2*sO*n53+all fsO*n52) / ,sIC" 
I 2+4.a12*b12*sO/(h3**2'JlCi'2)+4.al~*bI3'50/th2**2'Jlc"2).4*12S 
2 'b23'sO/thl**2fJlc*f2) 

cf22S(itJ.K) • (50*tt?0.I23fI0*tt69.a 2'50*tt6S.alS*sO*tt67.112*.0 
1 'tt66.all'sO.tc6S)/(hS'JI f'3)/2.0 's3*tt64.52.tt6S.51*ct62.50' 
2 n61+a2SfsO'n60+a22'50ft 59.11S*. *n5S.112'.0'n5?+l11150'u5 
3 6nl1tb22fsS+l22'bll*5S-1 Ub:23*s2 112*b13*s2.alS'b12's2-a23'b 1 
~ l'52.a12*b23*sl-a13'b22's -a22'b13 51.a23*bI2*sl'/Ch3*Jac.*2)/2 
5 .0-aI2'bI2'53/(h3'Jac'*2) 

cf231 t i. J. k) a; (sO'u7l .. 1 U 2a~.0-al ~.blStsO-ll3*b12's0 .. 23'bl1t. 
1 0)/th2'h3'Jac •• 2)/2.0· 
c'232 ( i, J. to .: (sOtnS6.~SSf O'US5 .. ~S'.0'US4 .. 13.s0.nS3+a.12*sO 

1 'ttS2.al1*.~*tt81)/th2'Ja "S)/2.0 (53*ttSO+s2*tt79.s1*tt7S.50' 
2 tt77.aS3'50'tt?6.a23'50*t ?5+.13'5~ftt74.a12*sOftt73 •• 11.s0'tt7 
3 2-al1*b23*5S+a12*blS*s3.1 3*b12'53 a23'bll's3.al1*b3S's2.133'bl 
4 l's2-a12'b33'sl+a13*b23's .1~3*b13~s1-a33'b12'.1)/(h2'Jac"2)/2 
5 .0-a13'b13*s2/(h2'Jlc**2) 
cf2S3(i'J,k) c (sO'ttS7-al1* 23*sO.aI2'b13*sO+a13*b12*sO-a23'bl1's 

1 O)/(h2'hS'Jac •• 2)/2.0 . . 
c'312(i'J,k) • (sO*ttS8.a12.~33'50-ala*b23*50-a23*b13'.O+a33*b12's 

1 0)/(hl'h2'Jac.*2)/2.0 . 
cf321(i'J,k) • (sO*ttS9-aI2*~23.s0~al~'b22*sO+a22fb13.s0-aZ3*bI2*s 

1 0)/(hl fh3'Jac**2)/2.0 I . 

cf322(i'J,k) = (a12*sO*tt99.JO'ttl0~fa33'.0'ttl03.a23.s0.ttl02.a22 
1 .sO*Ctl01.a13.s0'ttl00)/(~ltJaC'*~)/2.0.(.3'tt9S+s2'tt97+51'tt9 
2 6.5.0*C t95+133*sO.tt94n2S~sO.t t93,. a22'sO*n92+113*sO't t91+112's 
a 0*tt90.a12'b23.s3-a13tb22~s3rI22.t13'.3+a23*b12*.3-a12*b33*52+a 
4 13'b23's2+a2S*b13*s2-a33*b12*.2+1~2'b33*sl+133'b22*sl)/(hl*Jac' 
5 *2)/2.0-a23*b23'sl/(hl*Jac'*2) 

c'323(1, J,k) = (sO*tU05+112*b2$'50-.1a'b22's0"a22'b13'sO+l,23'b12* 
1 sO)/(hl*h3'Jlc**2)/2.0 : 
cf332 ( i. J,k) til: (sOttU06-a12*b33'sO+113*b23*.On23'bI3*50-a33.b12. 

1 sO)/(hl'h2*Jac**2)/2.0 .. 
3 continue 
2 continue 
1 conUnue 

return 
end 

I 

I 
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A BlILtOClW'llY OF SOVIET VOW 
IN ALClUIAIC MAIIlPULATIONS 

AUoDio K. KIOLA 
I.tituto d1 AUli.l del Sl.te.i • tnfo~tiea 

Yla Juonarroti 12 
001.5 IOHl (ITALY) 

In tbe June 1979 • Summer School on Prolrammina b •• he.n oraanl.ed hy the Jullari.n Ae.d.., of Science. in 
Priaorlko (Bull.ri.). ~na other topic. Symbolic aad Allehr.lc Manipul.tion. v •• covered vith • fev lec
ture. hyaa .nd vith ,0De p.nel di.cuI.ionl. Thelecturer.vare Profe •• or. Lavtov. Ior.to. Havel, Potto.in, 
.auer, Pllul •• Ir.hov, AMronico. Hioh. 
Recently Prof. Potto.in aant ae • biblloar.phy of the vorkl dona in lu •• i. In CoIputer Allehr •• I do think 
th.t thi. bihliolr.ph, could he of iatere.t of our c~nit,. 'rof."otto.in .ddre •• i.; 
- 630090 Hovolihiuk 90 - Coaputer Center - 1.V. Pottolin.--VSSI 

1. S.A.Ahraaov. On Ration. 1 runcdoa.'S-iDI. 
J. eo.,ut. Math •• nd Math. Pb,.., Y. II, No.4, 
1971, pp. 1071-1075. 

2. S.A.Abraaov. OIl S- Alloritlla for Aillbralc 
Tr.n.foraation. of FunctioDil tapre •• ion •• 
J. Coarput. Hath. and Co:Iput. &ch., 1to.3, 
KbArkOY, 1972. pp. S5-S7. 

3. 1.R.Atlllrod. L.F ••• lou •• Input LaDlu'le for 
Auto.tic Prolr_ial Sy.tea 5Ull:S. 11'1: "Auto 
.. tiz.don of Prolra_n.". No.3. li.y, 1967.-

4. I.l.Ataalrod. L.r •• elou •• Input La~luale for 
Autoaatic Pro,r ... ina 5y.te. SIRl~S. Kh.rk09 
Vniver.ity. 1969. • 

S. I.k.Atlelrod, L.r.Belou •• Oa Itproce'linl 
Liter.l-Analytic.l Inforaation by eo.puter. 
J. libera«tik •• No.6, 1966. 

6. 1.R.At'elrod, L.F •• elou •• OIl Symbolic Manipu
latioa in Conv.r •• tionll Prolr~na S1.te. 
SImUS. In: "Proc. Z-nd All Caion Coafennc. 
on Pro,r_ina". Sectioll K. Hovosibirak,1970. 

7. 1.a.lokI.lrod. eo.putatioll of la~re'lionl in 
SlIUCS-Syst ... III,; "Autou::iza::ioc of rro
,ra_inl". "0.2. Itiev. 1969. 

8. l.t.At.elrod. I..F •• elous. aecurliv. 'rolr ... 
Oraanization in SIRIUS-5y.tea. In: "Autoaati
&atiOIl of Pro,r_l~". No.3. lCiay. 1969. 

9. l.a.AIe.elrod. On Synux An.lyd. ia SlIICS
S1ste •• In: "Aur._ti ... tlon of rro,r-'.na". 
10.1, liav. 1969. 

10. £ ••• Ar.y •• A.Sbutenkov. Solutioo of Line.r 
Allabra Proble •• ia Avro-A.'CA!.ltllt-S,.ua of 
prOlfa_ina .1'Id Aut_tic DIIlp, 'fo-slt, 
To-Ik UOlveraity, 1971. pp. 191-196. 

11. I.A.Aray., A.Sbuteokov. C.V.Sibiri.koy. In
tcrpreUtion Sylta. for Solution of Lara_ 
Pr~~leal. l •• u •• of pro,r ... in, and.Autoaatic 
De.llft. To..\. Tn..1t Uniyer.ity. 1971. 

12, E.A.Ar',I, G.Y.Sibiri.kov. Tha AVTO-AllALI'1'IK 
Prolr_lnl Sylt ... J. COIIput. tlath. alld talput. 
tlach., 110.3, lII.rkov. 1972. 

13. I.A.Aray., G.Y.Sihiri.kov. AvtO-NCALIUIt. IIovo
aibir. Ulliver.ity. 1973. 

14. I.A.Ar.ya. A.Sbutankov. the R .. Uatioft of 
External rom vith C.nan "-tboll. ioU. At.d • 
•• Uk 55SR. 1974. 214. No.4. pp. 737-738. 

IS. I.O.labaey. SolIe ExtendOl'l of I'Ol1'lWI for 501-
vin, Cele.d.ai Hech.nic. Prob1 .... 'roc. 5-r.h 
eonf. 01'1 Hath •• Dd Hech •• Touk. y.2, pp.14S-
146. 

. 16. H.M .... h.nov •• On Sou Alpectl of Syabolic 
Haaipulationa. J. c:o.put. H.th •• nd. COIIput. 
tlach •• No.3, lIIarkov. 197Z. p. 60. 
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17. ".H.leah.ROY'. I.V.'otto.ift. Purpo.e of Dif
procenor and it. Input LeAP"" "port of 
Prolr ... !n, Depart. of tbe c:o.putina Center. 
Siberian .r.acb. USSR •• ovo.ibirlk. 1966. 

11. K.H.lexhinov., •• 1.Ko.tiukov •• C.A.Plotbikov., 
I.Y.Potto.ln. Outline of Difproce •• or Al,orl
tbu. aeport of Pro.r.-in, DepartMllt of the 
Coaputill, Canter. Sibed.n .1E'.nch. USSI. 1I00o
libir.k. 1966. 

19. K.H .... hlDOV •• V.L.tatkov. 1.Y.Pottolin. Re
I.arch. 00 S,-bolic Manipul.tion iA the Com
putlna Ceoter, Siberi.n Ir.nch. Aead.., of 
Science', USSR. J. eo.put. Hatb •• nd COIIpur.. 
Hach •• No.3, Kbarkov, 1972, p. 21. 

ZOo L.r •• elov., I.I.Aklllrod. On Realization of 
StilUS Aut_tic Pro,r ... ina SY.I: ... In: "Auto
aatiz.tion of Pro,ra..in,~. No.3. Kiev. 1967. 

Zl. L.r.leloul. An.lytical Differenti.tion in 
SIllUS-Syltea. In: "Aut_dation of PrOlr .... 
.iA,". 110. 2. lCieY, 1969. 

22. L.r.Selou •• D1aaaic StOr.,. Alloc.tion in 
SIIlUS-Sy" ... In: "Aut_cbadoD of Pro,r __ 
.inl'·, 110. 2. Xiev. 1969. 



23. Vu.V.llacove.hehen.ky, V.C.Ion'archuk, I 
Yu.S.ri.haan. On Efficiency of 'robl .. Solvinl 
Analytical HnhotS. by Caaputer., In: "llIu" of 
Accur.cy antS Efficiency of Comput. Allori~". 
'roc. of S,.po.iua, v. S, Ki.v, 1969. 

24. Yu.V.Blasov •• hch.n.ky, Yu.S.ri.h .. n, Y.A. 
Shcherb.kov. The 'rolr_ for Analytical Sol
vin, of Nonll ••• r Aacill.tion Equation. on 
KIl-2 COftPut.r with ANAL1TlK Input Lanlual •• 
J. Xib.m.tik., No.6. Xi.v. 1971. 

2S. V.C.loniiarchllk, S.Y.hlr.binaky. On ... le' 
Principl.. of AHAttTIK-LanCual' Impl ... nt.tion. 
In: "theory of Autoaata". No.2. Xi.v. 1968. 
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lIaROmOCIssCllS .IB JIIOGRI-BlIB S!Ruc:mlB .AID 
.lULflBlOClSSCIl systilS lID mOGRA-ILI COIOlUtAflO. 

!quJ'01. U S S ~ 

K1croproo ••• or. w1~ Pr0sr!!!!bl. Struc-
.tE!.::. 

'!'h. d ..... lopMDt ot LIe t.ohDolol7 , 
all~. at pr.I.Dt to 1apll •• Dt DIW,rlD
eipl., ot 1I10roproo ... or 11D~ •• 1I OD a 
ch1p. !b... pr.lllolpl.. COD,ilt 1D appll- , 
catiOD to alcroproc ••• or. ot hllk 1 ..... 1 
J.aDcua," ba.4Mi OIl a 11a1t4Mi .. t ot larll 
opareUuD. rath.r ~8D a lar .. _bar ot 
~l .lelDeDtarJ c~ •• W'rD lar •• 
1.Dt'srated circuib 11'" tha oP,portwUt, 
to work out .ucb 1I10roproo ... or .oh •••• 
that will allow prosrlllll1.Dc ot lI1eropro
e •• lor .tructur. but Dot the coaputatloD 
proc.dura thu. ptrtorm!DI ad~UltlDe tor 
execuiioD ot ODe or aDoth.r lara. opara
t10D frOID a ,1TeD .et ot operatloD'~ 

Con.i~ar de.1gD priDcipl.. ot II1cro
procls.or. that ta.t.ad ot a I.i ot 11101'0-
oparaUon. K-(Kf,K" ... K,,} az.euh larS' 
operation. trOID a g1.ID •• t of .. crooper-
aUOD8 O .. {O"O" .... On} • 'fbi ,.t of .cro
operation. C-fOrIO" ... On} -7 be cho.eD 
.uffic18Di17 UD!T,r,al for 101.1nI&DJ 
probl •• tbet "7 be 101.14 uliDI ua1 •• r
ea1 .et of '.lI.'Dt&1'1 c0.u4. K. A .. t 
of lars. oplratiODl .u.t .t.pl1t,r th."1D
formatioD IzChalll' b.t ... D alcroproc' •• or 
l17.telll _orll:illl 1D parallel. It 11,.'1'1 
ilDportani to ChOO.1 the •• t ot op.ratioD. 
O .. {Of.Ol," . O,d 10 thd ihl ad3U1tlDs 

of II1croproc ••• or for IZlcutiDl '.'1'1 
particular oplratioD be plrtora.a bl ~I 
1I0.t .lIIp11 .,thod. 

'he author ba. d ••• lop.d the Itrue
tural lIetbod of realizatioD of larl' ope
raUoea 4£ 0 iD II1croproe .. ,orl (Plg.1). 

r.~I~~4-4/~n/nn~~-n~~Sion.75 0 IqAO tEEr 

r---------HP1 
I I 
1 I 

~~O I 
~ I 
I I' 
I 0 LUJIf I 

e:ic I 
I 
I I 
I nu I 
I I 

I I II 
LPC 

p(o)l- ____ - - - _..;.._J 

Pig.' 
lD th1. 0 .... .,.". lar,. op.nUcm 0, 
11 p.rfo~ 4u. to thl prop.r ad~Ult. 
.ent of the aloroproc .. 8. 1ntH'Dll 
etruOturl. Th., II1croproo .... etl'Ucture 
ad~ult"Dt tor plrtoraiDl larsl operaiiOD 

0;,f!018 40n. bJ .. au ot ob.us1J2C thl 
:lDt.ru.l o.-ut&Uo ot •• paratt etruc.. . 
taral porUoD ot .lLtJ of the II1croproc .... 
or (PiI.') 4u to th. rlOoat1praUOIl of 
.p.c1&l c..-utat1OD atl'Uctur. b'1DI pert 
ot .lLU. It I1T •• the pOlllb1l1tl to IX.
cute thl larSi op.nUoD Or: •• a whole. 
without Iplltt1Dl it 1D t1ae tDto •• e
,ullie. ot 11I .. nt&1'1 c~a ~! K .All 
the DlC .... arJ alcroop.raUoDI K· coap-
1'1 .. 4 1D tb. OPlftUOD O;.(K) .J. a.cu
ied tD parallel It OD. '11.1. pros:ra-1Dl 
tb. lII1eroproc ... or etructur.. AI a result 

'1 fo I &t:-e:: oJ, 5yp f' Cltt CSl(5. ,?~cn;()JilC;; S 
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the e%eeuUon tlllle of the operaUon ole 0 
abarpl1 deerea.ea. fhe 1ntormation ex
chazlse b.tw3cn the 1II1eroproceB.or Md the 
.elllo:, beoom.. .1IIIpler beeauaein th1. 
case the progrlJlDe, P (0) 18 written in a 
high le~el,language,and the loading ot 
communication channels 18 1es •• Such a 
progra=me require. le.s melllo:, a1:e and 
make. the p'roc'8s ot 1II1croprocessor proS
ramm1ng allllpler. 

sets ot Large Operations ot Micro roce
.!!,!g 

fo mate the atructure and the llliero- . 
processor adJustment tor 8%eeuting a con
crete operation 0, € 0 dmple the .et ot 
large operations ot the microproces.or 
O={4,0.1, ... OM} must be II1l'I.1.III1zec1. On 
the other haDd. 1:1 order to 6neure the' 
solution ot an1 problems the aet ot macro 
operations mUBt be sutt1cientl1 universal 
Beeide., the .et ot large operatione 
0= {O" OZ. " .O,,..} must be ot such a kind 
that tbe information exchange and pro~le 
distribution bet.een microprocessor of .. 
mult1processor 87stelll be·.imple. It ls 
a180 neceee&r7 that a. far a. poaaible 
the operations q f 0 should c011'1clde wit 
operation. ot coml.llonllathematlcal lan
guage. Ii Will aiapl1t.J the information 
exchaQIe between the ~croproceBaor 
,.truciure and the progr .. er at .ost. 

SUre11 one can tor. a •• t ot large 
operatlon. executed b1 ~croproce .. or. 
With programmable structurt ditt.r.ntl1. 
ObTiouu7, to obta1n opt1llaa 1'a1'1ant. ot 
lara' operatiOD .ets 11 pos.ible oDlJ on 
the baal. ot eutticlent1J ~ot0UD4 theor 
tical 1D .... stipUon. and anen81~. ape 
.ental work with IIIUltiproc •• aor ~.te.B 
u.1D, aicroproceaeora with progr .... bl. 
.tructu.H. Rllbt DOW ho.eTer .e can out
liDe the wa7a ot aolution of thh proble 
proceeding trOll the con.id.ration ot the 
.ost probable ta.te aDd s18D1atloD ob
~ect. real1z.d 1n multlprooe.aor .,.te.D 

Tas • and simulated obJects lIIOat 
. , 

otten r al1zed 11'1 mul1iproce.sor 81st,ms 
include aub..,Btems. The operator. of 
theee b8Jeteme 11181 be described by tun
ctional dependencea; 81siems ot algebraic 
~d ord nar, dlfterentlal equations; 
tartlal ditferentlal equations; integral. 
Teet or d tensor tranatormatlona; logi-

, cal tra 8formation8 an4 dependences; mat
rix and recursi~e transformations etc. I 

AD81sing the structure of the pro,,:, 
cessors pertorming the large operations 
.e me, onclude that every large opera
tion in ludiDg ~~=~~l transformation, 
integra 10n ot ordinary ditfere~tial 
aquatiC, ,j and partial ditferential equa
t1ons, trix, vector and tensor trans
format! 8, rotor, gradient and d1ver
gence 0 orations a8 wall as 1Dtegration, 
differs t1al and arithmet1c operations 
ore ,yn heel:ed OD the bas1a of aome base 
f,Jstem r operatoro which includes o~era
tore ot '8WlllllaUoD 2:. • mul tiplieation M. t 

dUtere tailon 11 , Integration I and 
the 8im leet logical operato:'D ~ (com
tar1eon aign etc.). 
1 An7 large operat10n e1DtbesiB comes 
10 the saltz.t1on ot the corresponding 
eomblDa 10n8 ot the 11.ted operators i.e. 
to the, djultment of the required opera

tat10n. Hence 1t 1a poss1b1e to 
t a microproces80r With program
ruature with the help of 80me 

proceaaora realizing base ope-
co..utation 8J8tem a.s1gnea 

for co ect10n ot e1e.eniary procesaors 
(Pig.2). 
I Ele ent~ proces.ore neceaa&r7 tor 
teali 10D ot baae operators ma7be ern-
~hea1z d1tterent17.In the aimplest 

rJ ele.entar.r operator 11187 raa-
1 one CODcrete base operator. An 

processor 1a more optimum, It 
e.lize an, bas. operator. and 
djuetea tor reall~iD£ an, con
.e operator trom the given aet 
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Hg.2 
In the latt.r ca •••• obtain a 8Uttl

ciently universal microproc •• sor (Hg.2) 
whose structure may be progrUIID.d tor per
for:a1n& a wide ruge of complez large . 
operatIons consld.red partlal1J in the 
preylous .ection. Procramm1D& aicropro
ces.or stnacture tor psrtonaZll a larc. 
operation 1. r •• li:ed in two Ita, •• - ad
justment ot .• 1ementU'J preces.orl for p.r
forming tbe neceS8&r7 bas. opera tore aDd 
adjustment of commutatIon structur. for 
the formation of tbe mec,sBarf combina
tl0DS of e1e •• nt&r1 proc.s.orl. 

Multiproc •• sor Slat •• with Prograamabl. 
Arch:lt.ctur. 

Microproce.sor with procrammabl. 
s~ructure proy14e us with .. pl. pO.llbl~ 
11t1 ~o cOD,truet multlproc.s.or struc
tur. tba\ w:Lll .u.ble u 4",. to the pva-

11.1 informatIon proc.s.iDe to iner •••• 
the coaputaUolI. ., •• d, prorl4e solution 
ot -DJ 00.p1u proU ... 1Jl real an4 
s,..4ac ti.. tICal.. to rai,. rsl1.bUU1 
ud yltal1t1 of c-putiDI 1181 •• , ud 
prOYid. t.cbDoloCJ or tbetr produotion. 

'\-17 

Charact.ristice ot multiproce.~or 
compllter st:ructurea d.p.nd on the badc 
principl.s of multlproceseor construotion 
8. ~.1l a. on the et:rucwre archiUct\lre 
as a whole. Iful tiproceeaor .t:ructur. 
architecture ie defined b1 methode of 
construction and recontlguration of com
municatlon chanae1. inelde the structure 
and b: the .e.0%1 organlsatlon. 

According to formation .ethode ot 
communicatlon channels multlproce.sor 
st:ructures "J b. dlyided into time 
abared bUll structure., _tr:lx structure., 
hIerarchical structures and 8truc~ure. 
Witb UDlversalcoeut8Uon. Dependlnc on 
the me.clr'J orgcnisation the mentloned 
multiproce8sor structures mn, be also 
dlvIded into multlproces.or 8truCtureS 

. with c.:&1:red. cOIIIIIIon tor.ll proce •• or. 
.em~ and into multlproce.8or struc~ure. 
w:L th dIstributed t 1nd1 yidul fer everJ 
proc •• sor memorJ. 

!he create.t ep •• d .nd tl.x1bi11tJ 
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Nnlt trca iptll •• lIuac 114 Upno'.OZ' 
.mac ... wi~ 411b'lbute4 "oZ"J' aD4 
1m1""l'Ml C"o.a::tdloD. !'h. P\'Oo"'OZ" of 
tht ••• tnctu .. , wozok on the ba.l. of a 
larS' optnUa at ... u4 .tnotu. pro,-
1'&III!I1.Da. 'is,' .ow .. II1C1'01I1'0C'''01' 
.tnctu. with 41.tl'l~t.4 ."0r7 aDd 
1m1"'ll'aal oOlllrNA.O.Uon. IDtO:ratiOD a
chUC' b.tIr ... D the .101'0111'001"01" aDd 
tht ".017 1. 1'.alist4 t~ouch 1'1s14 
.tnlp", c0IIIIIIUI.10.t1oD oh"tl.. lDtoma 
tl0D aChaD&. betw"n tht aicropl'oc",Ol' 
,0" tbl'ougb .t1'allbt tlG1bl. .lect%' 
co~c&tloD chanDtl- ~tbt.l •• 4 b7 t 
pro~ .ttb04 1D • .ptclal hoaoS'" 
neOUl Co.Iltat10D ItructUZ'l. 

!hl .4~ult.'Dt ot •• 1a1lar .u1t1pr 
C".OI' .tructur. for .ol",1nS on. or ano .. 
.r.problt. cOD.l.t. 1D aultlprocl •• or· 
• tructu~1 pro~1Da tOl' a.out1DC lar 
op.ratione u4 1D progrUll1%l1 cOIIIIIIUJl1ca 
tloD oh&Dnel. bttween aioroproc"'01'a 
the Co:IIINt&UOD .truotur •• "'1 & rtnlt 
programming aultlprocl"01' ooaputtna 
.truotur. rith 41.tr1lnah4 ... 017 an4 
unl",.real commut.tlon rill b. p.rf~ 
1D th. laDp&I' ot " IUttlCl'DtlJ b1sb 
It"'el aD4 t.Il1. will r.aul' 1D the t.ell 
t&tion of tb. prog::raa1Dg proo .... H1ah 
.peed of 1Dtormatlon prOCI •• !nI aDd 
au. .iapllc1t7 of 41.t.r1but1Dg .Iparat. 
talk. bttlr~ID .1croprocI •• or. wortins 
parallel arl pzoOT1cSlcS b., aul t1p:rOCI .. or 
.tructwt with 411t1'lbuttd IDNlO1'J aD' 
\IJl1nr.al cOIIIIUtation aD4 bJ 1"tal:lsaUo 
1111",. op.:.·l0D8 1D m1croproc.,.or •• 
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APPBNDIX A-1 

FORTRAN PROGRAM PRODUCED BY MACSYMA 



APPEND~X A,2 

REPRINT OF "A BIBLIOGI~ar OF SPVIET WORKS 
IN ALGtBRAIC M~IPULATI( NS" 

b 

Alfonso • Hlola 
[SIGSAM Bull •• .!1, ~, J7ebruaty 1981.] 
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EAElUTIVE SUMMARY 

~The Workshop for Automated Software Progrdmming. was sponsored 

by the Strategic Defense Initiative Organization (SOlO). under th~ 

auspices of JASON, The purpose of the workshop Wdsto examine the 

key issues surrounding the generd~ion of software for the SOl system 

and in particular the merits of autonating part9f this proc~ss. 
, . ::. 

The participants included representatives from government. 

ac~d~mia, and industry ~ith experience in SDI pl~blemst software 

system development dnd automated programming. 

First, SOl concepts were, eXCimined. Next, issues in software 

systems were considered. The:'l automated progranm,ing was examin!!d. 

It was d~scovered that there are finly very rough estimates of 

just Itow big the s:'ftwareproblem is. '!xcept that it is likely to far 

exceed in size am' '.:ost any progrdming project yet attempted. It is 

doubtful that all ~ " software cdn bu built with only toda)'s tech

nology, 

Current research and development sugge~ts that pro~rammer pro

ductivity might be greatly impruved by d combination of new technolo

gies. 
" 
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We make the following recomm 

1. Develop a Computer-Ai 

containing ~n expert 

vdrious applicdtions. 

I' 

ion Syst~m (CASS) 

core that can be adapted to 

C:. Develop, a Very High LeVer Languagel (BOOLE) similar to the 

way AD,A was develope,d. 

3. Develop an Automated 

'tion with tile DARPA n .. "",1I'" 

4. Establish Conf2rences, 

'and especially in the 

specification and alltnm .. tI 

5. Develop a library 

independently and 

6. Dev~lop Software Stand 

a. ADA 

b. IEEE Floating Poi 

(APS) in coopera-

Studies, ·Schools", etc., to 

programing techniques 

building automatic 

n~nnrAmmi~g systems. 
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1.0 INTRODUCTION 

1.1 Description of the Workshop 

A workshop for Automated SOftWlre Progra ing, sponsored by t~e 

StrategiC Defense Initiative Organi atlon, (SD 0) ilnd under the 

auspices of JASON, was conducted 1- July 198 in La Jolla, CA, The 

purpose of the workshop was to exam1ne the ke issues surroundi~ the 

g~neration of s)ftware for the SOl stem andiin particular the 

merits of automating part of this p~oce$s. 

The participants included a nUter of JA10NtS interested in this 

problem and a diverse set of repres ntatives rom various government, 

academic, and industrial laboratori s. About 1/3 of the participants 

had worked on some aspect of SOl prqblems. ab4ut 1/3 had experience 

with large software system develo 

active research in automated progra~ing. 

'First, as can be seen from the ~orkshop ~genda (see Appendix A), 

the SOl concepts and especially how Ithese related to the SOl software 

problem were eXd.ined. Next, exper nees Witl large software systems 

were considered. Then the state of automatic programling research 

was presented. At the end. we disc ssed what conclusions we could 

come to and what recom.endations to SOlO we could agree on. 
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1.2 The Software Problem 

The SOl battle management system (estimated to be about 20% of 

the total software required for the SOl 'program) will consist of a 

number of defense layers. each of which must handle between 104 and 

106 obJ~cts moving in space. Computers (with software) must provide 

real-time management of· most of the information processing and deci

sions in a rapidly evohing battle.· All of this ,must be acc9fllplisht.t(i 

in the face of unreliable systems and the unpredictable loss of 

system components due to battle damage. Despite this, the software 
, . 

must be designed to maintain system integrity and effectiveness 

during the battle. 

The number of functions and the complexity of each is very 

large. Table I, illustrates some of the functions that must be per

formed by thp software. It can be seen that the design of the, ' 

software poses an unprecedented challenge. 

How Ml arge- is thi~ challenge? We have only very rough esti

mates •. For example, Bell Telephone laboratories, in solving a muc~ 

smaller, but related set of problems, in the Safeguard 8"0 system, 

generated sGme two miilion lines of code. This required about 1,200 

people over a period of six years (approxi.ately one line of code 
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ABLE 1 

SOME COMPLEX FUNCTIONS ~O BE IHPL~MENTEO BY SOFTWARE 
[Pro~ert, 1985 

COMMUNICATIONS NETWO~K 

- Data relay - packet" 
dssembly/dis~ssembly . 

- Data error detection/correction 
- Security .~ ; 
- Protocol conversion 
- load management . : 
- Hardware/software reconfiguration 
- Cross-talk .~nd hand-over 

algorithms 
- Diagnostics 

COMMAND AND CONTROL 

- Battle control algorithms" 
- Target assignment (multiple 

assignments) 
- Object tracking calculations 

(glob~l view) 
- W~apon selection 
- Data base rnanageme~,t 
- Autonomous action rules 
- User/machine interfaces 

1-

SURveIllANCE PLATFORMS 

- Tdrl,get recognition and 
iscrimination algorithms 

- Se~sor control and sensor data 
rocessing 

.. la~et'tracking algorithms 
- Au onomous actioA .rules 
- El ctronic warfare algorithms 
.. l1i, 5 ion execution a~gorithms 

SY'STEMS 

- Navigation 
.. Pr ulsion 
- Te ,inal control 
- Se or cuntrol 
- El ctric power management 
.. Sel f defense 
- At itude control 
.. Fi e control 
.. fa et acquisition/track 
.. Be control 
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per person each work day, [3]. The full set of SOl software will be 

much larger due to the much greater complexity of the SOl 

architecture as compared to the BMD terminal defense softwarei 

It is possible to see some of this complexity from·\the olitl ine 

for battle.management as presented in the Fletcher Panel Report 

[3]. Figure 1 illustrates a layered model of battle management. The 

Bf1D software referred to above represents on1y a fra'ction of the box 

labeled "Terminal Battle Management" because the BMD software was for 

isolated terminal defense, but not coordinated, multi7ayered, defense 

as shown.)n· the model. 

Each of the boxes in Figure 1 represents unique functionality 

corresponding to the environment, etc., in which it ·operates. Hence 

unique software is requited for each box. Now a very crude estimate 

can be made. There are six boxes, eaC:1 of greater than 2 x 106 lines 

of code or a 'total of more than 107 lines of code, 

. The effort to program large complex systems does not, unfortu

nately, grow linearly with the size of the problem. It grows much 

faster. This phenomena is explained in tile famous book by 

Fred Brooks liThe Mythical Man-Honth" [28], in which he illustrates 

that if twice as much code is to be produced it requires, not twice 

the "Han-Months", but many more, 
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Sensors 

Boost,Phase 
Battle 

Management 

1 
Weapons 

Handover 

Sensors 

Mldcourse 
Battle 

Management 

! I 

Handove 

Weapons 

Sensors 

r---1.!--..., 
Terminal 

Battle 
Management 

r 

local Functions 

Track 
Classify 
Allocate 

Weapons 

+ ~I ____ --li.-___ oI-___ .j.........J 
~. 

Knowledge 
Of Current 
Situation 

Global 
Battle 

Management 

Comjland 
Autt10rlty 

GlobCll Fur..:tlons 

Surveillance 
Rules of Engagement 
Sltuatlqn Assessment 

Delegation 
Mutual Defense 

A.ure 1. Layered model of battle managemefL [from Flet~ Panel Report] 
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The problem of modelling the progrdmmer time needed to create 

software ha,s been stud ied for more than 20 years. While we have 

little faith in the predictive power of any of these models, we have 

little else to rely on. Recently a group at IDA, attempted to esti

mate the programming effort required for the SOl using the best of 

these models (1]. The results as illustrated in Table 2, indicate 14 

to 28 years will be required to produce the software. These are very 
, ' 

crude estimates that can only indicate the seriousness of the soft-

ware problem, not provide any reliable estimate for planning. 

1.3 Signal Processing 

Figure 2 is a schematic of the data flows in a computer system 

typical of a single platform. It provides some idea of the computer 

processing requirem~nts. In examining the software programming 

requirements to accnmplish this processin~, it is soon evident that 

while the bulk of tile data processing is'needed in the sensor signal 

processing~ that the problem of programming this, while a large 

effort, is not the critical part of the software problem and can most 

likely be handled using current technology. The remainder of the 

software supports very complex decisions, etc., and this type of 

software is notorious for its difficulty. 
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TABLE 12 

SOl BATTLE HANAGEHE~T SYSTEM (BMS) 
[Probert I 11985] 

• Best case - 19 million Tines of C!de 
45,480 person years ofef ort: 

-- 14 years minimum time to eliver 

• Worst case - 35 million lines.Of~Ode 
-- 94,666 person years of ef ort 
-- 18 years minimum time to eliver 

• Best case with support software -I (3:1) 
.• 118,858 people years over 22 years 

• 

• 

• 

Worst case wi th support software 
-- 247,402 people years overl28 years 

Cost (with support software). 
-- Best case - $12 • 18 b;11~on 
•• Worst case $25 • 37 bil1ibn 

Target allocation function of BHSlalone is ~OS of total SDI 
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Fl,ure 2, Data flow for a single platform, [Fletcher Panel Report] 
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Froln the brief examination we meAde of the 1501 software problem 

we were able to conclude the followiria things: 

1. It is evident that no o~e ~nderstand~, in any detdil, just 

how big the software develdoment Dro~lem is. It is recom~ 

. mended that SDIO immediatel~ focus 0la more detailed 

estimate of the SDI SOftwdrle'reqUire nts. 

2. It is highly unlikdly that e for Sill can be 

created using t~day's tect: ology •. T us some improvement in 

programmer productivity will need to come from research 

breakthroughs, probably in the area f automatic program

ming and especially in tne rea of co puter-aided require

me~ts specification. 

3. Due to the apparent need t develop ~w software technology 

and to expand the base of ogramminJ professionals, SOLO 

should cons ider bui ld ;ng t rogramrr.ing profes~ 

sionals by sponsoring conf ences, w kshops, "schools\ 

summer studies, etc., in g eric soft are technologies 

critical to the SDIO task. 
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1.4 Related NASA Space Station Activities 

~ASA I sSnace Stat ion program 1S now well into the p lann ing phase 

with ~ separate (code S) administrative group at Heddquarters. 

Although on a much smaller scale, manv'1ssues concerning Space 

Station are analogous to issues in SOl, including software. The 

current Space Station concept inc1u:~:~s riot only a manned station in a 

low inclinotion orbit, but also one~t more satellites in polar urbit 

at higher altitudes ard possibly an unmanned platforPl co-orbit'lng 

with the manned platform. This constellation of satellites 1!ust . . 

handle data at rates in thl: hun,~reds of megabfts per second. Tne 

analogy with SOl is clear. 

Some areas of common illterest between SOl aod Space Station are 

listed below, Many more are likely to emerge as theprogrdms 

progress. 

. 1. Control of multiple, interrelated spacecraft 

2. High data rate communications between multiple spacecrdft· . 

and multiple grovnd stations 

3. Contro 1 of observat ion and"esponse wi th inputs and outputs 

at multiple node~ 
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4. Flexible decision ma~ing ~eyed to al seri~! of ' observations 

5. Intensively networked computer systems 

',hese issues in .. olvt, ,i1assive software develop,ltmt :s does 501. 'fence 
, . 

we recommend that SDI ~oftware progtdms tracklanr cooperate with 

analogous NASA SpaceStatio~ softwate efforts 

A part of the space Station prtgram withlparticular interest for 
';.; s 

SOl is what is being called "Tel esc ence". T e idea is that an 

experimenter on the Earth or possib y the man ed Space Station Plat

form remotely conducts an experimen on one 0 the space station 

platforms. Thus observations are m de. appro riate data conveyed to 

the remote experimenter and the exp4rimenter then alters the experi-
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::: ment parameters in accordance with bservatio s as they are made. To t 
~ support this activity NASA isdevel ping the ecessary communications ~ 
~ Jnd data management tools. Althoug en a dif erent scale than SD1, 1 
~ Telescience willg~nerate many of t e same so tware problems as i 
f S~I. Hence exchange of information and possi le cooperation with ~ 
~ NASA would seem fruitful. The Tele cience pr gram is now using the ~ 

~: Space Shu ttl e as a testbed. 1 n form tJ on ar i s ng out of th is act;v it1 ~ 
~ should be of direct interest to SOl andlsoftw re development in ( 
~ ~ 
I " 

I~ particular. • I: 
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2.0 ISSUES 

2.1 Introduction 

The next part of the workshop considered the past and current 

approaches to large software systems, w·ith the goal of identifying 

what the critical issues might be for the SOl software. Tilere was 

considerable discussion of the development, usage, utility and defi

ciencies of the DOD d~velo~d language MADA" [5]. Then the STARS [6] 

program, designed to provide ·an order of magnituae improvement in 

defense software, was considered. Next a series of new approaches to 

the development of complex ,software systems was considered. Some 

issues of 'software safety were also explored. 

The following issues were identified dnd discussed: 

1. What is the proper role of Software Engineering? 

2. Is real-time, distributed, problem solving even possible? 

3. How can we come to trust the software? 

4. How can such ldrg~, complex, operational software systems 

ever be tested? 
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5. 

6. 

7. Can developments 

no 1 ogies be ex uel.:(.trul 

ductivity? 

2.2 ADA 
II 

nrw~r~ be monitored? 

ineering and related tech

large improvements in pro-

developed by DOD [5] to 

achieve a large improvetnent i1 ttl' costff creating and maintaining 

DOD software systems. The wots~ p gro p includedpartic~pants that 

rnnr~ ~~~ that used ADA, analyzed 

ADA affect i veness, and managed the devellopelllent of an ADA progra.ing 

environment. It would be fai 

dominated by ADA fans as oppo d, to ADA critics [6J. Still, less 

than 1/2 of the participants mployed A A in their own programming 
" : I 

work. It was reported at the or shop hat IIfOre than a million and 

one-half lines of ADA code ha n com leted in creating the ADA 

support environment. This wa e by 19h1y competent, slllall teams, 

in a period of about four yea s. It ap elrs t~at use of ADA probably 
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2.4 Current Programming Paradigm 

The construction of software is foremost a design process.' The 

programmer is an integrdl member of the over-all system design " 

team. The general process of design begins with a high level, 

usually somewhat vague set of statements of what is desired of the 

system to be d~signed. For SOlO this is President Reagan's call to 

"Eliminate the threat posed by nuclear ballistic missiles". The 

system designers must understand what general sorts of component 

systems can be brought to bear to help achieve this goal. An impor

tant part of th~design process is then to first generate a set of 

informal requirements, which if"they dre satisfied. will achieve the 

goal. As studies are conducted, design alternatives explored. etc •• 

these requirements become more formal and eventually become specifi

cations. Part of these requirements become the input for the next 

level of design, perhaps for a major software system. The programmer 

is then faced with the task of converting his given level of inforllal 

requirements into a c~mputer program, which is the ultimate formal 

specification of computer behavior. This design goes by several 

na,es such as ·step-wise refinement.- figure J illustrates this 

process (for programming). 

It was mentioned earlier that programmers only achieve about one 

line of production code per hour. It only takes about 10 -seconds to 
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actually type such a line of code. What happens for the remainder of 

the hour? As for any intense intellectual activity there is no 

simple answer. However much of the time is spent trying to under

stand, from the vague requirements, what ;s really needed. Figure 3 

illustrates the current programming parddigm. What is clear from 

this observation is that the SOl software problem is not dominated by 

problems of code generation from formal requirements, but the probl,:m 

of developing a final, correct, formal specification of the software 

function.' As is always the case in large complex system design, the 

errors and misunderstanding~mostly occur at the interfaces between 

independently developed modules. 

SOlO thus needs to develop a very high level specification 

ldnguage (BOOLE) and an associated computer-aided specification 

$ystem. Such a system should dllow both non-programners (but techni

cally sophisticated engineers) and programmers to accept informal 

reqUirements and turn these into a set of formal specifications. 

later, as much of this process ;s automated, it may be possible for 

tile system to automatically generate speCifications for component 

sub-systems, given its knowledge data ~ase and d formal input spec;

fication. ThiS is a critical task, as the architecture of the SOl 

system is likely to be re~designed many times as new technologies, 

etc., come to light.' 
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2.5 Bottom-up Design 

An alternative design metho is "bott m-up design" which· 

proceeds by building larger comp nents fr smaller ones, until the 

desired system appears. In term of softw re, this is the process of 

building libraries of reusable s broutines such as the Collected 

Algorithms of AC" or the IHSl Li rary. Si ce much of the low level 

software for SOl will no doubt b common a ross many programming 

modules, this is a good design s rategy fa getting started. To make 

this approach work, it is very i portant t . establish standards 

before the libraries are started Later t e library subroutines are 

provided to a top-down design sy tem as co patients, and are incor

porated into the evol ving design The STA S program is beginning to . 

develop many such reusable sub-r utines in ADA, and many of these 

should be useful to the SOl. 

2.6 Conclusions 

It can be concluded that so tware eng neering techniques will be 

needed for the SOl software task '11.1" will not be sufficient. It is 

recommended that SOl develop mor powerful software engineering tools 

by automating many of the activi ies that uman programmers now per-

form. 
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software will be getting the specifications straight and in a formdl 

form. A Computer-Aided Speci;icalion System (CASS) to aid engineers 

and progranmers should be deve'loped. 

ADA should be adopted as d standdrd language by SOl but there 

should also be a very high level specification langudge (BOOLE) as 

well. SOl should sponsor the developmer.t of BODLE. 

SOlO should work with the STARS progr~m to establish standards 

for and libraries of reusable subroutines. SOlO should also begin 

development of libraries of subroutines peculiar to its own mission • 



3.0 AUTOMATED PROGRAMMING 

3.1 Introduction 

'While it would be nice if it 

mate the production of software, 

goa 1 for SO!. It does appear tha 

effort could be automated, howeve 

le to completely auto

inly not a feasible 

software development 

table research and 

development support, it is highly ikalj'tha SOl could develop pro

grafllll;ng environment systems that 

programming task. 

The current prQgramming para~ gm is ill strated in Figure 3. It 

is very labor intensive with many 

be injected. In dn automated nrnflI''' 

first obtaining a formal specific 

tic system to transform it into a 

which human errors can 

am. How can this be 

accomplished? First, observe that a progritmrnpr ;s an expert in a 

narrow technical domain. S/he emp oys a ser es of well-known, 

generic methods to solve programmi prob • Much of this work can 

probab 1 Y be captUl'ed us ing an expe -srstems 

knowledge-based) approach. Figure 4 i1llustr one concept for 

automatic programming. Note that rt of the system is 

essentially a computer-aided spec; 
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earlier. The second half represent the more specialized program' 

synthesis function. We will discus this lat r. We will now discuss 

the structure of a generic computer aided spe ification system that 

could be the general structure of a system to use at several levels 

of the specification process, as we 1 as the pecification part of 

the automated progranming process. 

3.2 A Com uter-Aided S ecificat10n S stem 

There are d number of componen s that dr needed for a 

computer-aided specification system 

1. A new, high-lev~l, formal anguage a the specification 

level (BOOLE). 

2. A translator program to co vert BOOl programs into English 

language reports • 

3. A specialized screen edito tailored for BOOLE. 

4. A series of testing, debug lng, disp ay and housekeeping 

too 15 ta i1 o red for BOOLE. 
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5. An Expert System (Knowledge Based System) specidl iZed fo' 

the particular specification task at hand. For the automa

tic programming system, this.would be an automatic program 

generator that <ac'cepts BOOLE and produces ADA and other 

conventional code. 

6. A personal workstation, designed for specification and pro

gram development, using the above software systems, with a 

high resolution screen, high perform~nce processor, computer 

network interface, UNIX compatible operat 1n.9 system, ADA 

compilers, etc~ 

The logical structur~ of such a system could be like that shown 

in Figure 5 • 

3.2.1 A New language 

Herein we have proposed that new language "BODle" be 

developed. There was general agreement at the workshop that such a 

language for specification be based on mathmatica1 logic. This is 

because the best of the current languages used for program specifi

cation are generally based on logic. Examples include the languages 

Prolog (PROgramming in lOGic), Setl (mostly set theory based, but 
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entries in the symbol table, (entered so fdr) and warning of 

the use of an undefined variable, etc. 

3. A 'pretty printer-displayer' that formats the source 

material into a pleasing form • 

3.2.4 Expert System for Specific Application Areas 

The ultimate goal of each specification node will be the automa-
.'. 

tic conversion of a given specification into an assembly plan and t 

set of component specifications. ThiS isa classic engineering 

design task requiring much generic engineering knowledge as well as 

specific application knowledge. If the design process is to be auto

mated, it will require the transfer of this knowledge from engineers 

to the system. This is now a reasonably well understood process (for 

narrow technical domains) that is called "Knowledge Engineering" and 

the result is an "Expert System (or Knowledge Based System),- "ost 

Expert Systems have extensive facilities for English-like dialog • 

While such facilities may be helpful, the primary input and output, 

in this case, is the formal language "BOOLE. It 

At first, in attempting to solve the SOl problem, much of the 

deSign work will be done by humans. As the expert system b built, 

more and more knowledge will be incorporated, untn it can accept 
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formal specifications (in its area ~ f experti e) ana automatically 

generate an assembly plan (in BOOLE and a se of component specifi

cations {in BOOLE). 

At the end of the chain, the f nal speci ication must be. ron

verted into purchase orders for har ware or i to conventional low-

level computer instructions for sof ware. 

Later, as either the higher le el specif cations change, or new 

technology, techn,iques or component become a ailable, the system 

should be capable of automat ica11y esolving he design problem.' 

Human supervision will still be nee edat all levels to review the 

decisions made by the automatic sys em. 

3.3 Automatic Program Generation 

Above we proposed a generalap roach for many different types of 

design. Here we will expand these deas in t e context of automa· 

tically generating programs: 

There are sev~ral featur~s tha co~'d rna e up a future automatic 
I, 

9rogramming system: 

1. Program development supp~r 

2. Algorithm design 

: .. ~.:~ .. 

:::::::: ..... 
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' .... .. . .. . ..... 

:.:..:.:. 
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3. Automatic program analysis 

4. Program optimization 

We will discuss each of these in turn. 

3.3.1 Program Development Support 

There are now severdl examples of experimental program develop

ment support systems (sOIIetimes called "programing environments") 

that have potential for greatlyincreas1ng programmer productivity 

[27]. "uch professional programmer effort generally goes toward 

docum~ntation and control of versions of progra. modules. This can 

be automated to a large degree. Some of tl'lese are: 
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9. Coordination of source cO(e-~~iting and object code m.in

t~nance 

10. Checking on compatibility of update 

11. Preparation of user documlntation 

There are a number of example~ of progrcmming aids that do these 

tasks individually. For example, I nder UNIX the "make" system can 

support automatic compiling'to mal taiA object code when source code 

is edited. There are also several systems il either research or 

development that try to handle all of the ablve tasks. Three were 

di)cussed at the workshop: 

1. The Rational ADA programm ng enviro ment by Rational Inc. 

2. The FDS Knowledge based p ogramming system by USC-lSI. 

3. The ~HI knowledge based p ogramm1ng system by Kestrel 

Institute. ar.d its succes or REFINE by Reasoning Systems 

Inc. 

3.3.2 Algorithm Design 

Algorithm design is one of tht most inti l1ectual1y challenging 

tasks that face a programmer. The e are exci lient textbooks in the 
I 

subject such as the three volume s ries "The Art. of Computer 

3- 1 
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Programming" by Knuth [29]. Much of this knowledge can be captured 

by an expert system or knowledge based system. One of the most 

advanced systems that has a powerful algorithm design capability is 

the CHI system developed at the Kestrel Institute. 

3.3.3 Automatic Program Analysis 

Automatic program analysis is probably the best understood pro

cess of all the topics we are considering. loday's compilers can 

provide an extensive analysis of programs submitted to them. What we 

have in mind here is an extension of this, with facil ities to 

identify potential performance problem areas, etc. 

3.3.4 Program Optimization 

Modern compilers have powerful optimization facilities. It is 

envisioned that these would be extended modestly for th~ proposed 

system. 

Programs written at a high level are improved by applying pto

gram optimization techniques such dS the classical techniques' used in 

optmizing compilers: 

1, Global flow analysis 

2. Live variable analysis 

3-12 

.... - -.- .~- .. ~- .. .... ~ ~.:I 
.' ~., .. 
t, , ," 
" , 
I::' 
I • 

,." * 

::::~ 
~ 
• 4 
~ ...... : 
\"1: 
r\' 

~ 
.:..J r: 
r~~: 
r 0 , . 
r .. "1 
" . · " · . 
~ 

I 
/':' 
" 0' ..... 

~ ". 
f·. ,.. :. 
\' > , 

~ 
~ · . ~ .... 
~ . 
o • ... , . ". I . .. .. 
r· 
~ 

~~~ 
~, 

". 

! ~. 
~ 

t. 
r .. 

H , \ 

i 
; 
:~ 

i~:;...t..""::..J.~ ... ...I4" •• ' .......... " ,-. -. -. eO' .... -, ., ., ' •• , ~ •• ,..- .... ,,'" .... j ...... ' .. - .... '" •• tit _ , .. "'" t '" « .. , •• r ... "".y r r1r c' r5T T .. - r r )" r r·'< 



r, . 

f: 
f. 
t. 

P. 
~' 

I 

.... -.-•• - ..... «.l .~*-....... "]to ..... ;,. .. ~ - '.'OO "." ... ":;":..""T: ..... :. --:-~.~ .. '":""'.'t,. 

: I 

3. Available expression analysls 

4. Use/def links 

5. Intel"procedural analysis 

Additional optimizing technique4 proven if) research systems for 

automating programming inclyde: 

1. Reduct ion in strength (fini.e d iffere~cing) 

2. Loop fusion 

3. Copy optimization 

4. Recursion removal 

5. Algebraic manipulation 

6. Alternate sel~ction of datalstructur 

3.4 Conclusions 

It was the concensus of the 

ming paradigm offered a good app 

generation problem. There are now 

programming environments: 

1. The Rational ADA programm 

2. The FDS knowledge based 

hop that Ian automated program

part of the software, 

eral examples of very powerful 

environm.nt by Rational Inc. 

stem by USC-lSI 
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3. The CHI knowledge based programming system by Kestrel 

Institute, and it successor REFINE by Reasoning Systems Inc. 

Each of these systems is currently being used to produce soft

ware, and yet each is continuing to be developed into a yet more 

powerful tool. While there is no system available today that would 

be suitable for SOl, it ,is likely that such a system could be 

developed from these and other examples of the state of the art. 

A SOl automatic programming system would not be completely auto· 

matic, butwou1dgreatiy enhance the productivity of programmers by , 

automating many of the tasks that progriu1Iners are forced to do today. 

It is recommended that SOlO begin the design process for 

BODLE. Also that SOlO should start the development of dn computer-

aided specification system •. Finally SDIO should begin the developM 

ment of an automatic programming system with BODLE as the main 

language, but with facilities to generate ADA and lowMlevel (machine) 

code. 
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It is doubtful that all the sof~ware tha~ will be needed can be 

built with only today's technology fbr a reasqnabl~ cost (a fraction 

of the projected SOl budget). Therel are a number of directions in 

current research and development tha~ suggest Ithat, over the next 

5·10 years, large gains in programmer productilvfty could be 

achieved. A factor of five to ten WrUld be enlough to make the task 

practical. The workable approaches 

1. Develop a Computar-Aided SICific.atiln System (CASS) con-

ta i n ing an expert system c e that c n he adapted to var lOllS 

applications. Hultlple pro osals sh uld be sought and 

eva1uated. 

2. Develop a Very High Level L~ng~age (~OOLE) similar to the 

way ADA was developed. MU1riPie proRosals should be sought 

aod evaluated. 

3. Develop an Automated Progr in cooperation 

with the DARPA program. Hu/ltiPle prqposals should be sought 

and evaluated. 
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• 4. Establish Conferences, Summer Studies, "Schools", etc., to ~::~: 

~~: tr a f n .ore pro fes. i ona I. f n advanced progr'nm ing techn ique. ~:{:: 
~~: and especially in the techniques of building automated ~::::::~ 
~~ specification and programling systems. ~:t 
! r~ ~"t{ : ...... 

~ 0 
~<: 5. Develop a SOIl ibrary (SOIL) of reuseable subprograms, both ::.:~::. 
,,:'" . , .... " ... 
\.: . . ::::. 

I
-. independently and in cooperation with STARS. ~>. " 

, .. 
.. , " .... " 

. f 6. Develop Software Standards for SOl (SOISS) ~f;::: 
.. II ..... 

~ ,. .) ... 

a. ADA 

b. IEEE Floating Point Arithmet ic 

c. Communications Protocols 

d.. Data Base Formats & Organization 

e. Graphics Display 

f. System Calls 

g. Network Protocols 

7. Begin top-level specification. of software soon so that more 

realistic estimates of the true size of the software problem 

can be made. 

8. Track dnd cooperate with the Space Station software work. 
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"'-1.0 INTRODUCTION 
. -... ~ -......... 

~ Space systems have ,bp.come an important part of our military 

force structure. U.S. military space systems include 

communications. navigation, weather observation, mapping and 

geodesy. attack warning and threat surveillance. In general, there 

is a trend towards larger spacecraft which stresses .survivability, 

autonomy, and extended life. 

Solar photovoltaic power supplies together with battery 

(nickel-cadmium cells) have in the past provided outstanding service 

for systems requiring average powers up to about 10 kw. During our 

study, presentations by industry and government laboratories 

indicate that improved solar-cell technology (use of GaS cells) and 

new batteries (nickel hy~r~gen) should result in mission effective 

average power levels approaching 25 kw. 

Howev~r, there appear to be a number of important military 

applica.tions which will require power leve'::"s in the tens tCI hundreds 

of .kilot·~tts. S~ch missions include the following: 

• ~pace based ra~ars to track ships, aircraft, m1s~iles, 

ant: satellites.' 

• Infrared trackers for missiles, aircraft, and 

satelUtes" 
J 

• Space ba,ed communicaUor. alld radar jammers; 4. J. 

• Jam resistant communication$ 8dt.~11ite8 
• ,tfH) ~ 

1 



This is a very ~n~~mplete list but serves t1 identify a class of 

~ppllcations which we believe will require ~ong duration power 

systems beyond the capabilities of 

battery systeas. 

Nuclear reactor power Platts appea~ to provide a 

particularly attractive and cost e fective ~OI11t10n for the class of 

applications just discussed. 

Another class of applications whic~ is frequently discussed 

but poorly defined at 'present inc:l~es 

laser and particle beae types. Except 'for 

nuclear reactor supplies do' not 1.pjear to' 

appllcations which appear to requite short 

at levels in the tens to hundreds 

turbine driven generators using It 

energy 

usekeeping functions, 

weil matched: to these 

mediUll duration power , 

s. Fuel cells or 

appear more suitable 

for these applications, though notlwell deve~oped at present. 

/, 

2 

, 
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2.0 PHOtOVOTTAIC POWER SYSTEMS 

2.1 Introd~~~ 

Solar cell arrays have suppU,,'d nearly all of the primary 

power for space craft flown to date. ,Where continuous power is 

required through eclipse periodS, batterystorag(: ~s required; 

systems to date have utilized., n1ckel.cadmi~;(NiCd} cells. 

To date only silicon solar. cellfiJ.' have been used tn 

oparational spacecraft power systems. However, Gallium Arsenide 

cells would appear to be the preferred cell type for future 10D~ 

duration, high power space app1icatio4s. ,Ga-As solar cells not only' 

yield somewhat higher basic converL~on efficien~ies but more 

importantly will have greater immunity to natural a~d man ~de 

radiation. 

For silicon solar cells the "end of 11fe" (BOL) output 

power density which is achievable appears to be only about 0.3 to 

0.6 of tile baqic solar cell efficiency. This reduced per~ormance 

occurs because of "initial losses" as a result of array assembly, 

opera tins temperatcrp., packing factor, etc; and "lIission losses" 

which res llt frQl1l ,latural spac 1 radi, tion, theru1 clcl1ns, and 

array (rientation. The net result is that so-called 15% silicon 

ce4ls yield an EOL output power densIty which runs between 60 w/a2 

and ~20 w/m4• Thus an array operattns at 60 w/m2 would require 

3 



• 1700 m2 to give 100 kw BOL powerloutput a~d • 420 m~ area to 

provide 25 kw EOL power. A pictori~l co.par~80n between possible 

solar arrays for 25 and 100 kw and ~he proPoled SP100 nuclear syste. 

is aiven 'in Flg. 1.' As can be seel a 100 k ,BOL solar array would 

be about half the area of a foothal field. 

2.2 Pro ected Performance Ca 

The Space de the Ipace transportation for 

, lifting payloads from Earth to Lowrt;h Orb t '. (LEO) and when an 

orbit transfer vehic!.! (OTY) is de loped, Pfyloads will be 

transferred from LEO to Geo~ynchro us orbiti(GEO). Considering the 

Shuttle's limited paylodd C8pabiliE PbotoV!ltaic ~r systems for 

GEo-bound payloads must have high cifie p wer (w/ka). In order 

to maximize the life of a photovol icsyste, which is 8ubjected to 

tt~8pace radiation environaent, t~re must ~ radiation damsae 

control, especially for exposure tq electron, and protons. In 

additiOl, to providing economical Ptr for 'Ie practical ~se of 

near-Earth space, there is a need r hiah er levels at low cost. 

The need for hiah specifiq power is driven not only by the 

.weiaht constraints of Shuttle, hut IbY OTV capability of transferrina 

an assembled apaceclaft or Platf0:tfr~ LEO I to other orbits for 

operational uae. The heainning-of 1f. speclfic power of solar 

arrays has increased from the val of appro 1mately 2 w/kg for 

4 
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Vanguard to the 66 w/kg level of t~ N4SA solar electric power unit 

(SIP). 

Barthelmy has written th8tlpresent ~ solar orbit power 

systems are relatively heavy J(2-3 lIb) due I primarily to the energy 

storage (battery) weight. TYpicall~ 40% of the overall power system 

weight is attributed to the batterylWhile t~ remaining weight 

percentages are divided approximate y equall between the solar 

array and the power distribution a control subs~steas. For 

geosynchronous orbit apPlicatiODS.fhe batteft. solar array, and 

power distribution and control sub stem we~ ht percentages are 

approximately equal. Solar power stem ene gy density for present. 

geo~ynchronous applications are in 

To meet the specific powe 

concentrator configurations are be 

confi8uration will require advance 

substrates. coatings, and applicab 

to major advances in array structu 

of 6-7 w/lb. 

both vlanar and 

. The planar 

11s. encapaulanu, 

on process tn addition 

required 

for a concentrator confi8uration wIh ~he eayhaSis need6d on high 

efficiency cells, elevated tempera re operakion, and more complex 

syste~ considerations. 

Another major need is to 

solar cells and arrays for use in 

lifetime is principally due to the 

cells when exposed to charged part 

6 

limited o~rating 

rformance of .. olar 

ion, although dc .. :raded 

I 



performance has been attributed to a lesser extent to ultra-violet 

exposure and high teaperature operation. Space applications in CEO 

and transfer of spacecraft froa LEO to GBO through the Van Allen 

radiation belts require arrays which DUSt withstand ionizing 

radiation. Hid-altitude syste.saust be designed for aaxiaua'EOL 

performance after exposure to 5 x l016/ea2 1 aev electron equivalent 
< « 

radiation dose. The lifeti~ of space solar cells has been 

increased significantly Since the original introduction of the pIN 

silicon solar cell. Iaproveaents have resulted fro. the use of 

higher resistivity, shallower junction, and RIP silicon cells. 

Additional iaproveaents are anticipated by the use of vertical 

junction cells, SO \II silicon cells and Gallium Arsen!.de (GaA8) 

cells. Low degradation can be obtained when the cells are protected 

with suitable coversthowever, weight is added to the structure. 

The desraded performance is due to radiation-induced defects. Vbat 

is needed is radiatlondaaase control; that is, the ability to 

.iniaize or eli.inate both the defect for.ation and the effects of 

the duase. 

It has 'been shown that the radiation daaased solar cells 

may recover to nearly initial perforaance levels by .eans of either 

thermal or laser annealins. A thoroush understanding of the 

fundaaental .. chanisma 18 required to control radiation da"S8, not 

only in existIng solar cells, but those yet to be developed, sucb as 

the multlbandgap cells. It should be noted that the practical 
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implementation of an array anneali1g has not been fully 

demonstrated. 

However, the possibility I18S been s~ggested that GaAs cells 

operating in a concentrator' config\ratlon at temperatures near 2000 C 

might be continuously "self-anneal ng" and t~us relatively immune 

from particle radiation damage. S licon. cel~ efficiency degrades 

rapidly as temperature increases a d thus do~s not appear suitable 

for such applications. 

2.3 Hardening of Solar Power ~ystems 

The current solar power s stems are deSigned to meet JCS 

Nuclear Survivability DeSign Crite ia with r~latively modest 

(~ 10%) weight and cost hardening penalties. Hardening penalties 

to envisioned laser threats appear to be muc~ higher (> 50%). 

Solar array hardening dev lopaents ~re currently focused on 

laser hardening, with maintenance f the cur ent capability against 

nuclear radiation threats. The la er harden ng activity includes 

(1) increasing the temperature, cap~bility of all array components by 

use of welded interconnects, Integ al coverg 8SS, and high 

temperature adhesive, and (2) mini1 izing energy absorption using 

reflection and filtering or avoida ceo Most efforts in the past 

dealt with silicon cell technology but as tpe GaAs cell technology 

matures, it must be hardened also. Tberefor~, advanced cell 

hardening, integral covers, and hiih tempera ure contact Breas 



address both GaAs and silicon. DOD is also evaluating concentration 

concepts as a means of increasing system hardness. Most schemes to 

date involve a reduction in efficiency and an increase in weight to 

achieve hardness. If dem.onstrated, the self-annealing performance 

of GaAs cells together with concentration might become a 

particularly attractive option for hardening. 

2.4 Batteries 

Space power systems based on solar cell technology require 

batteries to store energy for use during periods of spacecraft 

eclipse or wbenhigher than normal peak loads are needed. To date. 

this requirement has been met by the use of nickel-cadmium (Nied) 

storage cells. It, however, appears the preferred storage system by 

the latter part of the de.cade will make use of nickel-hydrogen 

(NiH2) cells. It is anticipated NiH2 battery systems will be 

lighter for a given power output and will have a longer service 

lifetime. Other storage cells involving lithium, sodium, etc., show 
-

promise of even better performance than RiH2 cells, but their 

operational availabiltiy and cost cannot be predicted with 

confidence at the moment. It should be noted that although the 

weight per unit energy stored for NiH2 cells is less than for HiCd 

cells, the volume for a given energy storage is somewhat greater. 

A number of pertinent characteristics of NiCd and NiH2 

storage systems are listed in the table below. 
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TABLE 1 ' 

Pertinent Charae eristics of • 

NiCd and NiH2 St~rage Syslells 

Watt-Hour/Kg 

Watt-Hour/ml 

Watt/Kg 

Cost $/kw 

Hied NiH2 

24WH/Kg 

61 kwb/m~ 

10 W/Kg 

= $500/~att* 

40 WH/Kg 

70 kw hr/.3 

20 W/Kg 

I:t $500/Watt* 

*based on battery sYBtelll costs for srstelllS of a few kw 

The numbers in this table suggest th~t a 100 w NiH2 storage battery 

system would cost = $50 lIi11ion dol1~r8, woul~ weigh a 5000 kg and 

would be several cubic meters in vol~me. It lbould be noted that a 

production facility does not appear ~o be ava.lab1e at present for 

producing such a system. 

10 
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3.0 NUCLEAR SPACE POWER 

3.1 Introduction 

As mention~d earlier, solar photovoltaic systems (which are 

already at a higher power density than RTGs)deHver power for 

approximately 50 w/tg, not including the necessary batteries. 

Depending upon the specific system design, the addition of the 

batteries briftgs the figure of merit down to about 10-25 w/kg, so 

that a 100 kwemission, powered by solarphotovoltaics, will require 

power supply ~ight of something of the order of 5000 kg, which 1s 

clearly prohibitive. In addition, such a mission would require ~re 

than 1000 m2 of solar panels, which would have to be packaged in the 

STS shuttle and deployed in space. Host people with whom we have 

discussed this believe that the upper practical limit for solar 

photo"oltaics is in the regi<nof 25-40 kw. 

By contrast, a reactor system of current design is expected 

to supply electricity at about 25-50 w/kg, without the battery 

requirement, and the figure of merit improves as the power level 

increases. Thus, the balance of preference shifts at about 25 kw 

mission requirement, and continues to favor nuclear power at still 

higher levels. We will discuss some special features of the nuclear 

option below. 

11 
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Among the missions with r 

space-based radars and space-based 

although each can be operated at s 

lower power levels, by trading ath 

1n this range are 

unication systems, 

not dramatically) 

The re are, .of 

course, more conjectural lIIissions equlring ven higher power, like 

directed-energy weapons and manned litary ses in space, but we 

will ignore these for the mo.ent. stablish d missions requiring 

between 10' and 20 kw already exist e entualneed for higher 

power is not illusory. 

Before the U.S. stopped in the early 1970s. we 

had flown only one reactor, SNAP 1 A. which operated at a power 

level of 560 watts, at an efflcie of 1/4% as a technical 

demonstration. The Soviets have f relatively 

low power levels (the 6IOst notorio presumably 

in a quest for the lower drag at I otbital altitudes that is 

another feature of a concentrated COSMOS 954 

illustrated the existence of safet will discuss below. 
i 

Before getting down to ca S. it is well to remind 

ourselves of some basic numbers th are use ul in orientation. The 

central one is, of course, the ene y eoncen ration of fissionable 

material. A kilogram of 2.6 megawatt-years of 

fission energy. so that, ritlcal mass of the 

order of ten tillle~ that, and ly recovering 10% of 

that energy, one is thinking of a t-years of electricity 



stored in a reacto' core. Although other system features (like heat 

rejection, to be discussed below) become more challenging at higher 

power levels, the fdct is that nuclear po~er is well-suited to power 
• 

requirements in the region between 100 kwe and 1 Mwe. Lower powers 

are wasteful of energy available. 

In the following ~ections we will go briefly through some 

of the consider"aUons and options in the selection of a nuclear 

electric power syst~m for a spacecraft. 

3.2 Types of hactor. 

Among the types that have been discussed are the following: 

• gas-cooled reactors 

• reactors cooled by pumped liquid metals 

• reactors cooled by heat pipes 

• rt!8ctors cooled by other pumped liquids 

• direet-conversion-~ooled reactors 

Each of these reactors has its advocates and its specia~ features. 

For example, some people are con('l"lrned about the durability of any 

kind of rotating machinery (pumps) in space, although existing 

systems using moving parts seem to function reliably. 

Micrometeorite puncture ot coolant lines is another issue affecting 

both gas- snd liquid-cooled reactors. As will be seen below, we 

think there is time to resolve these questions. 

13 
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3.3 Types of Conversion 

Among the means of convel ing fiss on energy to electricity 

that have been investigated are tt~ follow! g: 

• - thermoelectric conve""sion 

• thermionic conversicp (direct and indirect) 

• thermophotovoltaic cpnversion 

• magnetohydrodynam1c ~onver81o~ 

• dynamic conversion 

- Rankine cycle 

- Stirling cycle 

- Bray ton cycle 

With the exception of magnetohydrc ~ynamic clmversion, all of these 

are possible candidate convers.1.on technolog esto be mated to a 

reactor heat source. The first t"o'have be~n IDOst extensively 

studied, and SNAP lO-A was thermOE lectric, ~lth the principal 

concern about the various dynamic techno log es having to do with 

moving fluids and moving parts. ~Ihe Sovlet~ appear to have used 'the 

first two. We discuss the first I hree in s ighUy greater detail. 

Thermoelectric converslor is the mpst developed form, has 

been widely used (even in spaca), but suffers from some 

disadvantages. It is relatively inefficien , typically a few 

percent, so that the radiated pow4r requirenents are high for a 

given amount of electricity. It perates a a relatively low 

temperature, which compounds the adiatton problem, though the 

41 
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search for high-temperature thermoelectric materials continues. It 

requires less extrapolatiun of the current state-of-the-art than the 

other options J and was the choice for the SP-100. to be discussed 

below. 

Thermionic conversion (direct conversion through a plasma 

diode) had a burst ~f development in the sixties, but has not 

prospered since. It is in many ways the most promising option 

because the effic4!~cy of conversion is high. typically lS~ or more J 

and the heat rejection temperature at the anode is high, wblCQ 

rel :.-!ves the radiation problem even more. Thus, it is part': .!ularly 

. well suited to direct conversion systems with in-pile ther.mocouples. 

and such syst;~ were in fact tested .at Los Alamos in the early 

sixties. On the other hand,. the cell spacing has to be small to 

achieve btgn efficiencYJ and the geometry has to be preserved under 

difficult env1ronmental cond1tions, so that there remain unresolved 

materials problems that involve technical risk. Even so, th1~ is a 

prom1~ing technology. 

The~ophotovolta1c conversion was a sleeper--we bad never 

heard of it befor~--and it is· by no meana clear that it is 

appropriate to the space nuclear application. Nonetheless, it is so 

appealing that we give it some space here. 

Recall that photovoltaic conversion in a normal silicon 

solar cell proceeds by the absorption of 4 photon in the p-n 

junction region of a cell J with the electron-hole pair subsequently 

15 
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separated by the intra-junctio~ f eld. TN optimum photon energy 

required to create the pair is, 0 course, just equal to the energy 

gap between the valence and condu tion banes in silicon, 

approximately 1.1 volts. Any pho ~n energ] over this contributes to 

kinetic energy of the electron an hole. ar~ is subseq~ently lost 

into heat. Thus, a 1DIljor source )f ineftie lency in a normal silicon 

solar cell derives from the fact ~hat the .olar spectrum·is of 

Pl'lnck fol'1ll, with a peak in :-he green at al')ut 2 volts, so that 

fully half the energy of ea(h pho on is waited in this way. (Of 

coursC., theTe are other inefficle ~cies in he cell.) There bels been 

a great deal of research effort ell.pended or the ses!ch for materials 

with larger band gaps, to more c13se1y mate h the solar spectrum, but 

the beauty and simplicity of the hermoph010voltaic idea is that of 

matching the solar spectrum to th!!cell, r~ther than the other way 

around. This is possible because the secord law of thermodynamics 

permits one to cool· radiation w1t~ 100% ef iciency. Efficiencies 

greater than 30%.have in fact bee~ achieve« in the laboratory for 

photoelectric conversion with si1 con cellI. ~nfortunately, this 

technique, though it would work ji.tst,as we 1 in sr.ace, remains 

limited to silicon cells, which 1~ turn 10le efficiency dramatically 

at temperatures over about lOOoe, so I the hl at rejection problem is 

still severe until new high-tempe~ature phc tovoltaic cells are 

discovered. Until then, thi9 1s pnly (and it is) a very promising 

earth-bound technology. ..!!. higher tempera ure materials can be 

161 ; 
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found, the potential for driving the cells directly with a reactor, 

rather than with a degraded solar spectrum, is rea •• 

3.4 Heat Rejection 

There is no alternative to heat rejection by radiation in 

space, except for very short missions in which one is willing to 

squander working fluid, and such missions are of no apparent 

interest. For high power systems, the weight of the radiator begins 

to dominate the system weight, unless advantage is' taken of the fact 

that thermal radiation from a black body increases as ~. 

For orientation, consider the following numbers. A black 

sphere in sunlight in space, at a distance from the sun equal to 

that of Earth, absorbs sunlight on an area of .R2, while radiating 

from an area of 4WR2, and comes to equilibrium at a temperature of 

about. 2800 K, while a flat black collector, Uke a solar cell, comes 

to equilibrium at about 330°K.. Thus, any system whose rejection 

temperature 1s as cool as·a warm solar cell must have the same 

radiating area as a solar array. There is an enormous advantage to 

higher radiating temperatures, and a factor of three in radiating 

temperature (typical, for example, of thermionic'systems) translates 

to a factor of eighty in radiating area. It is worth pursuing, 

despite the inevitable materials problems. 

Apart from more visionary direct-conversion thermionie 

schemes, most radiator plans are one or another form of fin··.lm,," 
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radiator system, with heat transfe from the reactor accomplished by 

a working fluid, or by direct cond ction at the lower power 

levels. The working fluid may pla other roles, or may be in a heat 

pipe, but the principle is the s~. All s~ch schemes are limited 

as described above. 

3.5 Power Conditionina 

We have very little to sa here, e)cept to note that 

nuclear electrical supplies are ap roprlate to missions requiring 

steady supplies of power. Mission requiring large bursts of pulsed 

power (such as the illusory direct d-energy'weapons) require power 

conditioning in a form we have not discussed. Whether this should 

take the form of expendable fuels )r storage via batteries, 

flywheels, inductive stores, capac tors, or whatever, is beyond our 

scope •. 

3.6 Shielding 

Shielding is an integral Part of 81 y spacecraft design, to 

protect sensitive parts of the pay oad from the ravages of nuclear 

radiation, but the design of the s~ielding c epends critically upon 

details. Some military payloads, already hirdened against nuclear 

attack, 1IIily require little help, w~Ue otheu may need a great deal 

of protection. We see no way to d sign an s ll-purpose shield 

(shields are heavy), and believe i Wlstefu to put the entire 

l~ 
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burden of shielding on the power supply designer. and none on the 

psyload designer. Yet the designs we have seen tend to incorporate 

a "shadow shield" designed to do just that. 

Given the increasing hardness of modern electronics, we 

think it wise to divide the burden, and to reduce the weight of 

whatever shadow shield may be required by providing special 

protection, at the payload. of its sensitive parts. We call this 

the jock~crap concept. 

3.7 Safety 

No military reactors will be launched, in the present and 

foreseeable climate, unless there 1s careful attention to both the 

real and the apparent safety of the system and pr~cedures. To be 

sure, there is safety inherent in the fact that one contemplates a 

"cold" launch, with the reactor activated once it has achieved a 

stable orbit. Thus, an abort,d launch brings no fisaion products 

back to Earth. On the other hand, once a reactor bas been 

operating, it is a repository for fission products, which will then 

need to be stored for at least several hundred ye.rs. The Soviets 

accomplish this by an end-of-m1ss1on boost into a higher and 

therefore longer-lived orbit, but the reliability of that system was 

illustrated by the failure of COSMOS 954. 

There exists an interagency system for the approval of 

space nuclear launches, but we have no information on its 

19 



I 

. 
- - --_._-

i 

I 

.. 

effectiveness. We do think that tt~s .ubjec warrants real 

attention in DOD. 
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4.0 SUMMARY 

In summary, we believe that there really is an impending 

need for nuclear power in space, and that there is a surfeit of ways 

to get there from here. The most blghly developed (in the sense of 

design) concept is the Los Alamos SP-IOO, a 100 kwa design 

incorporating heat pipe cooling, theraoelectric conversion, and a 

shadow shield that constitutes over 25% of its weight of nearly 

3000 kg. It is a point deSign, and serves, in our view as a clear 

demonstration that one can design .• nuclear electric system in this 

power range. 

On the other hand, although Solar/Battery BYsteas as large 

as 100 kw cannot be ruled out on technical grounds, operational and 

cost considerations appear to make use questionable for Air Force 

systems at this power level. 

The specific cost ($/W) of solar arrays has decreased over 

the past twenty years, principally because the size of the arrays 

has increased. An inforaal industry survey (Randolph, 1981) puts 

the cost of solar arrays between $500 and $1000/W for a 1981/82 ti_ 

frame. However, recent NASA studies 8UlSest design concepts for 

achieving planar or concentrator solar array at costs below 

$lOO/W. The technolosical feasibility and verification of econoaic 

payoff remain to be demonstrated for such concepts, and hardenina 

considerations have not been considered in th.s. low coat options. 

21 
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A study completed in 198 by Gene al Electric for DARPA 

concludes that the Solar/Battery ower sys em costs for the 25 kw 

and 100 kw power levels will cont nue in e cess of $1000/W in the 

1990 time frame. This study alsq compares the R&D costs for both 

Solar/Battery systems and reactor systems t the 100 kw level and 

the 25 kw level. It concludes t 

systems the R&D costs leading to 

$600 M. The cost of follow on un ts are e timated to be about 

$200 M for the Solar/Battery M for the reactor 

system. At the 25 kw level, the reactor system are 

about the same as for a 100 kw .y tem whil R&D costs for the solar 

system are est1matedto be less t an $100 • Follow on units at the 

25 kw level are estimated to be a out $40 for either system. 

Because of R&D schedules and the ecess1ty to develop 

solar-cell and battery production faailiti s for a 100 kw solar 

system or thermoelectric cell pro uction c pability for a reactor 

system, it is concluded that an i edlate rogram start 1.s necessary 

if 100 kw systems are needed in t e 1990 t e frame. It should also 

be noted that the weight and vol 

Solar/Battery are believed to be yond th planned capability for 

shuttle/OTV launch. At the 100 k solar 

panels do not appear desirable fo surviva 111ty, mechanical, and 

maneuverability reasons. 



Because of the large R&D costs associated with 100 kw power 

systems, it would be desirable to find ways to spread this buy in 

cost over several programs, since no one space program will likely 

be able to afford the total c09t.Unfortunate1y, space systems 

. appear to be the only viable users of these specialized systems. 

The reactors and high temperature radiator cooling systems appear to 

be only useable in space and therefore not useable in other Air 
.. I' '. 

Force prime power applications. Reactors ~ght, however, be 

combined in SOlIe way to. provide power ,for ma~~uverabllity or even 

orbital transfer as well as" ,supplyin~,lectr1ca1 power for the space 

systems. 

It app~rs that the,Air Force sbou~u develop a Statement 'of 

Operational Need (SON) for spacecraft use of nuclear power 

systems. We believe, however, that the wide variety of technical 

options we have outlined above suggest that some technical 

competition is in order before the nation plunge. on a. specif.lc 

systell. We know all too well that tbe better is often the enellY of 

the good, but we also believe that.t~e need for nuclear electricity 

in space, while real, is not so.proximate that one need forego an 

orderly choice of technology. We are not advocating a dilatory 

selection procedure as a means of avoiding the issue, but think that 

we can afford the luxury, in this case, of developing the mission 

requirements concurrently with the technical selection. After all, 
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they do influence each other. It is also e sential that the 

relevant Government agencies, DOD, NASA, an DOE, all contribute 

their expertise and resources towsrd a time y re801ution of the 

technical and mission questions. ~is will require modest R&D 

expenditures (a reasonable number of 1I111i08 of dollars a year for 
., 

the next few years) to'assure a meaningful ~utcome, but the price of 

entry for such a nuclear electric system is golng to be of the order 

of. a half-billion to a billion dollar. anyw y, and a reasonable 

number of tens of millions spent to do it rgbt would seem to be 

prudent. 

i, 
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